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Preface 


The 20th century was rich with great scientific and mathematical discoveries. One 
of the most influential events in mathematics was the introduction of the Lebesgue 
integral (Lebesgue, 1901) followed soon after by Borel’s development of measure 
theory (Borel, 1903). Combined with Cantor’s set theory, whose axiomatic form ap- 
peared in the beginning of the century (Zermelo, 1907), these sources with their deep 
and remarkable ideas made possible the development of a large number of function 
spaces that are extremely important in modern analysis, such as Lp-spaces (F. Riesz, 
1910), Sobolev spaces (Sobolev, 1938), Schwatz’s distributions (Schwartz, 1951), 
and many more. Undoubtedly, modern functional analysis, including measure the- 
ory, the theory of topological vector spaces, and operator theory, with their various 
powerful techniques and methods, ultimately takes their origin from these remark- 
able sources. 

Another extremely influential series of events was the emergence of the math- 
ematical formalism of probability theory (Kolmogorov, 1933) in conjunction with 
the introduction of Brownian motion (Einstein, 1905; Wiener, 1927) and Lévy pro- 
cesses (Lévy, 1938). These led to a number of deep developments in the theory of 
stochastic processes, two of which are the It6’s stochastic calculus (It6, 1948) and 
the theory of stochastic ordinary and partial differential equations. An important 
attribute in this chain is the Fokker-Planck-Kolmogorov equation (Fokker, 1913; 
Planck, 1917; Kolmogorov, 1931), which provides a deterministic way of describ- 
ing stochastic processes. 

By the 1950s the ideas behind Sobolev spaces were well understood, Schwartz 
distributions were introduced (justifying, in particular, the Dirac delta function in- 
tensively used in physics), mathematical theories of Brownian motion and Lévy 
processes were developed, and mathematical reasoning of stochastic integrals, It6’s 
stochastic calculus had emerged (justifying the Langevin stochastic differential 
equations introduced in 1908). This spawned the rapid development in the 1960s not 
only of new powerful methods and generalizations of the above theories, but also the 
initiation of a number of new theories. Just to mention a few, these are the theory of 
pseudo-differential operators (J.J. Kohn and L. Nirenberg 1965, and L. Hormander, 
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1965) in its modern form, Fourier integral operators (H6rmander, 1968-71), contin- 
uous time random walks (Montroll and Weiss, 1965), and fractional order Fokker- 
Planck and diffusion equations. There was an abundance of applications of these 
theories in the natural and social sciences and engineering, including the filtering 
theory (Kalman, Bucy, 1961), etc. In the scope of these theories, a number of long- 
standing mathematical problems have found their solutions. The related theories of 
fractional order differential operators and equations have also led to a huge number 
of applications in science and engineering, as well as inside mathematics itself. 

Many good books and papers have been written about the classical theories men- 
tioned above, and continue to appear, since extensive investigations, discovering 
new concepts and developing new theories, are ongoing. With no pretense of com- 
pleteness, we refer the reader to the books [Nik77, BIN75, Tri77, Tri83] on func- 
tion spaces, [Hor83, Tre80, Tay81, Shu78, Won99] on pseudo-differential operators 
and Fourier integral operators, [[W81, Pro91, KSh91, Sit05, App09] on Ité calculus 
and stochastic differential equations, and [OS74, SKM87, Rub96, Pod99, KST06, 
Mai10] on fractional calculus and fractional order differential equations. 

What is the present book about? This book is an introduction to the theory 
of pseudo-differential operators with symbols singular with respect to dual vari- 
ables combined with fractional order differential equations and their applications 
to various applied fields. One of the essential requirements in the classical theory 
of pseudo-differential operators is the symbol must be smooth on the cotangent 
bundle, that is a(x,€) € C*(Q,R"). However, in the solution of many problems 
of mathematical physics pseudo-differential operators with singular symbols arise. 
For instance, solution operators of two- or multi-point boundary value problems fre- 
quently appear to have symbols singular in dual variables. For example, the symbol 
of the solution operator of the following simple nonlocal boundary value problem 


07 u(t, x) re 07 u(t, x) 


ot? Ox? 
(0,2) = 9(2), u(1,2) = u(2,2),2ER, 


(t,x) =0, t € (0,2), xER, 


is (see for details, Section 2.2) 


[ cos(&t)[sin& — sin(2& )] — sin(€r)[cos€ — cos(2& )| 
sin& — sin(2é) ; 


which has irreducible singularities at the points wk, k = +1,+2,..., and +a/3+ 
2mm,m = 0,+1,.... Nonlocal boundary value problems arise, for instance, in 
plasma physics, diffusion in porous media, etc. Pseudo-differential operators with 
symbols singular with respect to dual variables (YDOSS) allow us to revisit from 
a new angle many classic boundary value problems, as well. Examples include 
the Schrédinger operator i Z =a vi w7A, arising in the theory of relativisti- 
cally free particles, the theory of Bessel potentials with symbols |€|~%, where a 
is an arbitrary positive number. Many other examples, including fractional order 
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pseudo-differential equations with singular symbols, will be considered throughout 
the book. 

Pseudo-differential operators with symbols singular with respect to dual 
variables were first considered systematically by Cordes, Williams [CW77], 
Plamenevski [Pla86], and Ju. A. Dubinskii [Dub82], though episodically appeared 
earlier in works of other authors (e.g., [Kon67]). Cordes and Williams used meth- 
ods of abstract algebra to define algebras of pseudo-differential operators with non- 
smooth symbols with respect to dual variables € = (€1,... ,6,), and applied these 
algebras to solution of singular elliptic pseudo-differential equations. Plamenevski 
used the Mellin’s transform approach to the construction of singular pseudo- 
differential operators. Dubinskii defined his operators with the help of infinite 
order differential operators. The latter requires the analyticity of the symbols in 
domains not containing singularities. Hence, the corresponding algebras of pseudo- 
differential operators have locally analytic symbols. We also note that pseudo- 
differential operators with symbols singular with respect to the current variable were 
studied by Nagase in [Nag77]. 

Our approach is different from those mentioned above. In Chapter 2 of this book 
we introduce and study DOSS in the form 


Af) = ae f als SPLAUG IE a8, 
) 
IR” 

where F'[f](€) is the Fourier transform of f and (x,€) = x,€) +...,+xn&,. Due to 
singularity of the symbol a(x, € ), this operator is not well defined even on infinitely 
differentiable functions with compact support. Indeed, let fo € Cf (R”), such that 
F[fo](60) = 1 in a neighborhood of a non-integrable singular point ) of the symbol 
a(x,&). Then the integral in the above definition of the operator A diverges. There- 
fore, we introduce a special class of test functions and the corresponding space of 
distributions, for which the operator A with a singular symbol a(x, & ) is well defined. 
The space of test functions denoted by %_,(IR"), where G C R" and p € [1,°°), and 
the corresponding space of distributions (we call them yw-distributions) denoted by 
yr! Gp! (IR”), are relatively new and not adequately presented in the literature. These 
spaces are studied in detail in Chapter 1. The Fourier transform of any function in 
‘YG p(IR"), by definition, has a compact support contained in G. The dependence 
of spaces ‘Y _,(IR") and YG yf (R") on the parameter p is not formal (see details 
in Section 1.10). L. Hérmander in his book [Hor83] pointed out that the Fourier 
transform is not well adapted to L,-spaces. However, in the above construction 
one cannot avoid working with Fourier transform in Lp-spaces, since ¥ »(IR”) and 
YY’ . _,(IR”) depend in an essential way on p. 

Chapter 4 discusses the existence and uniqueness problem of general nonlo- 
cal boundary value problems for “DOSS as well as their applications to vari- 
ous problems of analysis. Initial and other types of boundary value problems for 
fractional order “DOSS are important to include in our book due to their wide 
applications in science and engineering. For instance, the fractional order Fokker- 
Planck-Kolmogorov (FPK) equations are used as mathematical models of various 
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processes in physics, biology, finance, hydrology, etc. In particular, it is well known 
that a deep triple relationship exists between the classical FPK equation, its associ- 
ated It6 stochastic differential equation, and the corresponding driving process. The 
driving process in the classical case is a Brownian motion. If one changes the driving 
process, then its corresponding stochastic differential equation and FPK equation 
counterparts will also change. In this sense the driving process plays an important 
role. What is the driving process in the case of fractional order FPK equations? 
And what form does the associated stochastic differential equation assume? These 
are natural questions arising in the case of fractional FPK equations. Chapter 7 dis- 
cusses these questions in detail. The reader will see that the driving process can be 
described as a scaling limit of continuous time random walks, which first appeared 
in the literature in 1965 in the paper [MW65] by Montroll and Weiss. The stochas- 
tic differential equation associated with fractional FPK equation will take a form 
that is driven by a time-changed Brownian motion if there are no jump components. 
Random walks, including continuous time random walks, approximating mixed and 
time-changed Lévy processes, which will serve as driving processes in SDEs arising 
in Chapter 7, will be discussed in Chapter 8. 

Chapters 3, 5, and 6 provide fractional calculus background including recent 
developments in this area, such as distributed and variable fractional order differen- 
tial operators, as well as boundary value problems for fractional order differential 
equations. Chapters 5 and 6, in particular, discuss fractional generalizations of the 
famous Duhamel principle to various forms of fractional order differential equa- 
tions. 

Finally, in Chapter 9 we develop a complex analogue of pseudo-differential op- 
erators with singular symbols. We note that in this theory many issues still remain 
open. In the earlier works, the complex theory was constructed by methods essen- 
tially different from the methods used in real analysis. The main reason for that 
was the absence of a suitable Fourier transform technique in the complex case. The 
existence of the Borel and the Fourier-Laplace transforms do not give appropri- 
ate results because of their narrow application. We will develop a new complex 
Fourier transform technique on fiber spaces of analytic and exponential functions 
and functionals. Based on this construction we will be able to study not only the 
new wide classes of differential and pseudo-differential equations but also to im- 
prove the existing results. This method allows us also to detect the deep connection 
between analytic and exponential solvability of initial and boundary value problems 
for pseudo-differential equations with analytic and meromorphic symbols. 

Nowadays the number of applications of the theory of “DOSS and fractional 
order differential equations is rapidly increasing. The author hopes that the selected 
material reflects the current state and will serve as a good source for those who 
want to study the theory of DOSS and fractional differential equations and use 
their methods in their own research. It seems as though this is the first attempt to 
present systematically the theory of DOSS in the chosen format. Therefore, the 
style of the book is introductory. Each chapter supplies a section containing histori- 
cal and additional notes on related topics for those readers who want further reading 
(Tashkent-Boston-New Haven). 
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Chapter 1 
Function spaces and distributions 


1.1 Introduction 


This chapter is devoted to function and distribution spaces. We first recall definitions 
of some well-known classical function and distribution spaces, simultaneously in- 
troducing the terminology and notations used in this book. Then we introduce (see 
Section 1.10) a new class of test functions and the corresponding space of distribu- 
tions (generalized functions), which play an important role in the theory of pseudo- 
differential operators with singular symbols introduced in Chapter 2. By singular 
symbols we mean, if not otherwise assumed, symbols singular in dual variables. 
We will denote the space of test functions endowed with the strong topology by 
‘YG, p(IR"), where G C R" and p € [1,°°), while the corresponding space of distri- 
butions, called y-distributions, by ¥% Gp! (R"). The dependence of spaces ¥%_»(R”) 
and ¥% Gp! 
For p = 2 these spaces coincide with the spaces H**°(+G) introduced and studied 
in [Dub82]. The general case of p > 1 was introduced in [Uma97, Uma98]. For 
further historical details see Section 1.13. 

Pseudo-differential operators with singular symbols in the dual variable (DOSS) 
are important in the modern theory of partial differential equations (see exam- 
ples in Section 2.2). To solve boundary value problems for pseudo-differential 
equations with “DOSS in the Sobolev, Besov, BMO, Lizorkin, and other clas- 
sical spaces one needs to know when YDOSS has a continuous closure to these 
spaces. The closure of “DOSS to classical function spaces requires the denseness 
of 'Y%_)(IR”) in these spaces. The necessary and sufficient conditions of the dense- 
ness of Y% )(R”) in L,(R”) and other classical function spaces will be studied in 
detail in Section 1.11. By definition, elements of YG, p(R"), 1.e., test functions, are 
L,-functions such that their Fourier transforms have compact support. In accordance 
with the Paley-Wiener-Schwartz theorem elements of '%_,(IR") are entire functions 
of a finite exponential type whose restrictions to R” belong to L,(R”). 


(IR”) on the parameter p is not formal (see examples in Section 1.10). 
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2 1 Function spaces and distributions 


The class of entire functions of a finite exponential type and its various subspaces 
are broadly used by many researchers in different fields of analysis. In our construc- 
tion there is one subtlety: G in the definition of ¥%_)(R”) allows to localize singu- 
larities of symbols of DOSS. At the same time, '%_,(IR”) is a subclass of the class 
of exponential functions of a finite type. The smaller is G, the narrower is Y%_,(R”). 
It is not hard to indicate such a G so that the corresponding space ¥% _»)(R”) will not 
be dense in L,(R"). 

Lizorkin type spaces, introduced in Section 1.12, are exact spaces for which 
YDOSS’ with symbols singular at the origin are well defined. The exactness used 
here means that the number of orthogonality conditions, under which YDOSS is 
well defined, is minimal. 

In this book we use the following notations: R, C, N, and Z denote the set of 
real, complex, natural, and integer numbers, respectively. No is the set of extended 
natural numbers: Nop = NU {0}. For n € N by R” we denote the n-dimensional 
Euclidean space of n-tuples x = (x1,...,%,), xj € R, j=1,...,n. Let r be a positive 
real number and a be a point in R”. Then by B,(a) we denote the n-dimensional 
open ball with the radius r and center a, that is B,(a) = {x € R" : |x—a| <r}, where 


|x| = \/x7+...+.22. A nonempty set A C R" is called open if Be(a) C A for every 
a € A with some € = €(a) > 0. By a neighborhood of a point a € A we understand 
any open subset of A which contains a. For a given sequence y, € A,k = 1,2,..., 
its limit, in general, may not belong to A. The set A is called closed if it contains all 
its limit points. One can make a set closed adding its all the limit points, which is 
called aa closure of A and denoted by A. For instance, B,(a) = {x € R" : |x—a| <r}. 
A point of A is interior if it has a neighborhood contained in A. By the boundary 


of a given set A we understand A \ A, where A is the set of interior points of A, 
and the symbol “\” means, as usual, “set-minus.” For the boundary of A we will 
use the notation 0A. For instance, the boundary of B,(a) is the n — 1-dimensional 
sphere S,(a) = OB,(a) = {x € R" : |x—a| =r}. There are sets with no boundary, 
i.e., (A = 0. An example of such a set is S,(a). The set A is called bounded if there 
is a ball with a finite radius containing A. Any closed bounded set in R” will be 
called a compact. If A is a compact subset of B, then we write A € B. We will say 
that a property P holds almost everywhere (a.e.) in A if P breaks down only in a set 
of zero measure in A. 

We assume that the reader is familiar with the theory of Borel sets, the Lebesgue 
integral, the Lebesgue measure, as well as some basic notions of normed/Banach 
and Hilbert spaces, including the notions such as norm, inner product, fundamental 
sequence, and completeness. If x is an element of a Banach space X, then the norm 
of x will be denoted by ||x|X|| or ||x||x. 

Finally, for the reader’s convenience in Chapter | we provide the necessary aux- 
iliary results, but not all of them with proofs. In case, when proof is not provided we 
refer the reader to other appropriate sources. 
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1.2 Hélder-Zygmund spaces 


Let Q be a bounded open set in R” with a smooth boundary dQ. We denote by 
C(Q) the set of functions f defined and continuous on Q and by C(Q) the set of 
functions defined on the closed set Q and continuous up to the boundary of Q. 
C(Q) is endowed with the norm 


I Flic) = max|f()]. 


Further, let C’””"(Q) be the set of functions differentiable in Q up to order m: 
C"(Q) = {fEC(Q):D’FEC(Q), |v <m}. 


And finally, 
C"(Q) = {f EC(Q) : DYFEC(Q), || <m} 


is the set of functions, whose derivatives up to order m are continuous on Q. We 
define the norm in C”(Q) by 


IIfllen@y = X ID’ llew): (1.1) 


Iyi<m 


The space C’”(Q),m € No, is a Banach space with respect to the norm (1.1). For 
a continuous function f the set {x : f(x) 4 0} is called a support of f and denoted 
supp. Further, we denote by C7"(Q) the subset of C’"(Q) consisting of functions f 
for which DY f(x) =0,x € dQ, |y| <m. 


Definition 1.1. Let 0 < A < 1. We denote by C*(Q) the set of functions f € C(Q) 
such that 
my 
If) -— FO) < Cle—y| (1.2) 
holds for arbitrary x,y € Q with a positive constant C. ch (Q) is a Banach space 
with respect to the norm 


sap lf) — FO) 
Iflla@ = Ilfllc@) “a ba Ix—y* 


If A = 1 then condition (1.2) is called a Lipschitz condition, and the corresponding 
set of functions is called a Lipschitz class. The Lipschitz class will be denoted by 
Lip(Q). We notice that if A > 1 then a function satisfying condition (1.2) is a con- 
stant. For A > 1 Hoélder spaces can be defined as follows. Let A = m-+ UL, where 
m € N, and 0 < u < 1. Then we denote by C*(Q) the set of functions f € C”(Q) 
such that 

ID“ f(x) — D® f(y) < Clx—yI# 
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holds for all a,|a| =m, and x,y € Q with a positive constant C, not depending 
on x and y. Here & = (04,...,Qn), 0; € No, j = 1,...,n, is a multi-index, |a| = 
Oy +++: +O, and 

ala! f(x) 


a On * 
Od, 6sOkn” 


The Hélder space C*(Q) with A = m+p,0 < p <1, is also denoted by 
c™#(Q), emphasizing that m < 2 <m-+1. In this notation if 0 <A < 1, one has 
C*(Q) = C4 (Q) and Lip(Q) = C°!(Q). The space C*(Q) = C™#(Q) is a Ba- 


nach space with respect to the norm 


D* f(x) = 


DeF(x) —D*F)), 


|x—yl|# 


If llea@) —_ II Fllom@y — 
x#y 


We also introduce the space C* (Q) of functions f such that f € C* (K) for arbitrary 
compact K € Q. The spaces C* (Q) and C* (Q), where 0 < A # 1,2,..., are called 
a Hélder spaces of order 2. A function in C* (Q) is called uniformly Hélder con- 
tinuous, while a function in C*(Q) is called locally Hélder continuous. We notice 
that the class of Lipschitz continuous functions does not coincide with the class of 
continuously differentiable functions, that is C!'(Q) 4 C®:!(Q). Indeed, a simple 
example f(x) = |x| shows that f is Lipschitz continuous on [—1, 1], but not contin- 
uously differentiable on this interval. 


Definition 1.2. Let 0 < A < 1. We denote by @* (Q) the set of functions f € C(Q) 
such that 

[f(@—h) + fx +h) — 2f(x)| < Clal* 
holds for arbitrary x,x-++ h € Q and with a positive constant C not depending on h 
and x € Q. The expression A? f(x) = f(x—h) + f(x +h) —2f(x) is called a second 
finite difference of f at the point x with the step vector h € R”. (Q) is a Banach 
space with respect to the norm 


x,x+hEQ,,h40 | | 


The space @* (Q) is called a Zygmund space of order 4. Obviously, any Lipschitz 
continuous function is in @! (Q). On the other hand, Zygmund [Zyg45] showed that 
there is a function in @!(Q) and nowhere differentiable, and hence, is not Lipschitz 
continuous. Thus the inclusions C!(Q) c C°!(Q) c @!(Q) are strict. 

For A > 1 Zygmund spaces can be defined as follows. Let A = m+ LU, where 
m€N, and 0 < yt < 1. Then we denote by @ (Q) the set of functions f € C”(Q) 
such that 

JARD® f(x) <Cln|H 


holds for all a, || =m, and x,xthe Q with a positive constant C not depending 
on hand x. The space a (Q) is a Banach space with respect to the norm 


1.3. Ly-spaces 5 


4;,D°F(x)| 
Illex) =MWllomay + sup 
x,xthEQ hA#0 | | 


Introduce also a Zygmund space @* (Q) of functions f such that f € @* (K) for an 
arbitrary compact K € Q. Thus, the Zygmund spaces *(Q) and @ (Q) are de- 
fined for all A > 0, including integers. If A =m, then the spaces C”(Q) and C”(Q) 
are strict subspaces of @”"(Q) and @'"(Q), respectively. The following proposition 


says that Hélder and Zygmund spaces coincide if A is not integer. 
Proposition 1.1. [Tri77] Let 4 > 0 and A ¢ N. Then C*(Q) = @*(Q). 


If Q = R", or unbounded open set, then one needs to take into account the be- 
havior of a function near infinity. For instance, the set of functions f : R” + C with 
continuous and bounded derivatives D® f for all a, |o¢| < m, endowed by the norm 


IIfllomcan) = SY sup |D*f(x)], 


|a|<mxeR" 


is a Banach space. This space is denoted by C;(IR”). In analysis the set C*(IR") of 
infinite differentiable functions defined on R” play an important role. This set is not 
normalized; however the notion of convergence, or a topology, can be defined in it 
(see Section 1.5). An important subsets of C*(R”) are infinite differentiable func- 
tions with compact support, and functions with bounded derivatives of all orders, 
respectively defined by Cj (IR") and C; (R”). 

The following statement known as the Arzela-Ascoli Lemma (see, e.g., [Tri83]) 
plays an important role in the theory of function spaces. 


Lemma 1.1. (Arzela-Ascoli Lemma) Let K © R" and a sequence of functions 
{fatnen C C(K) satisfy the following two conditions: 


1. “Uniform boundedness”: for alln = 1,2,..., there exists anumber M > 0, such 
that || fn|C(K)|| <M; 

2. “Equicontinuity”: for an arbitrary € > 0 there exists a number 6 > 0, such that 
if x,y € K, and |x—y| < 6, then | f(x) — f(y)| < € for alln =1,2,.... 


Then there is a uniformly convergent subsequence of { fn(X)}nen- 


1.3 Lp-spaces 


Definition 1.3. Let 1 < p < ©. Introduce L,(Q), the set of Lebesgue measurable 
functions f : 2 — C for which the Lebesgue integral 


[lfeorras 
Q 
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is finite; L..(Q) denotes the set of Lebesgue measurable functions bounded almost 
everywhere on Q, that is | f(x)| < C < c for almost all x € Q. For f € L..(Q) the 
smallest number C such that f(x) < C ae. in Q, is called the essential supremum 
and denoted by ess sup f. For instance, the function f(x) =x if x rational, and f(x) = 
1/(1 +x?) otherwise, belongs to L..(R) with ess sup | f| = 1 (even though sup |f| = 
ee). It follows from the definition of L,(Q) that two functions f and g are equal in 


Ly (Q) if f(x) = g(x) ae. on Q. 


L»(@) is a Banach space for all 1 < p < © with respect to the norm 


(f|f(x)|Pdx)"/?, fl <p<e 
IIfllz, = 
ess sup |f]|, if p =o. 


Only the case p = 2, i.e., Ly(Q) defines a Hilbert space with the inner product 


= | Floje@ax 
Q 


for f,g € Lo(Q). Here g is the complex conjugate of g. Functions in L;(Q) are 
called “absolutely integrable.” 


Proposition 1.2. The two following inequalities hold: 


1. Minkowski’s inequality: \|f + g\lL, < \|fllz, + llgllz, is valid for arbitrary 
Sf; BE L,(Q), Pp eS 1; 

2. Holder's inequality: |(f,g)| < ||f\|z)||gllz, is valid for arbitrary f € Lp(Q) and 
g € Ly(Q), where p,q >1,1/p+1/q=1. 


Two numbers p,q > | satisfying the condition 1/p+1/g = 1 are called a conju- 
gate pair. The Minkowski’s inequality generalizes immediately to a finite number 
of functions f; € L)(Q), j=1,...,N: 


N N 
Ie jm 


In general, if f(x,a) € Lp(Q) is a family of functions depending on a parameter a € 
ACR", such that || f(x,a)||z, € L(A), then the following generalized Minkowski’s 


inequality 
[fea < [itso llz,da (1.3) 
A 


Lp 


holds. 


1.3. Ly-spaces te 
Proposition 1.3. Let Q C R" be bounded and p, < p2. Then Lp, (Q) C Lp, (Q). 


In other words this proposition states that for Q bounded, L,(Q) decreases when 
p increases. The proof of this proposition can be easily obtained using the Holder 
inequality. For unbounded Q it is not so. 


Example 1.1. Indeed, let p; < p2. Then, for instance, the function 
Fiz) = (le +1) Ut)/” € 1, (R") 


for any positive real €,. But, fi (x) ¢ Lp, (R”), if 0 < €1 < po/p; — 1. On the other 
hand, for the function 


(x) |x| —"(l—€2)/Pr if |x| <1, 
. a 
fr 0, if |x| >1, 


one can easily verify that f. € L,, IR") for any positive €2, but fo(x) ¢ Lp, (R"), if 
0<aH< 1— pi /p2. 


The proposition below provides some well-known properties of Ly-spaces. 


Proposition 1.4. Let Q C R". The space Lp(Q) possesses the following properties: 


1. For all 1 < p < & the space Lp(Q) is separable; 

2. If 1 < p< and q is its conjugate then Ly,(Q) is reflexive, and its dual 
(Lp(Q))* = Lg(Q) in the sense of isometric isomorphism. For p = 1 one has 
(L1(Q))* = L..(Q). However, if p = ©, then the dual (L..(Q))* is not isomor- 
phic to L;(Q);! 

3. The set of step functions defined on Q form a dense set in Ly(Q) for all p € 
[1,e°). Moreover, Cy (Q) is also dense in Lp(Q), p € [1,°°). Here Cp is the set 
of infinitely differentiable functions vanishing outside a compact set in Q. (These 
denseness statements are not valid if p =~.) 


The second statement in this Proposition is a part of the Riesz representation 
theorem on L,-spaces. Namely, for any linear continuous functional defined on 
Ly(Q), p € [1,°2), there exists a unique function g € L,(Q), where q is the con- 
jugate of p, so that 


Lf) =<f.8 >= | feetsas, 
Q 


and the norm of L is equal to ||g||:,. Recalling the norm of linear continuous func- 


tionals, one has 
ILA) 
|Z||= sup 


TA = llellz,ca)- 
OAFELp(Q) Il fllz,(@) Lq(Q) 


' In fact, (L..(Q))* is isomorphic to the space of finite Borel measures with the total variation 
norm. The latter contains Lj (Q) as a linear subspace, see, e.g., [Tri77]. 
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The last equality in this chain shows also that for the norm of g € L,(Q), g € (0,~], 
the relations 


_ l<g,f>| 
lee fay=. SUP. 
oZfeL,(2) II Fllzp(@) 
= sup l<g,f>| (1.4) 
fELp(Q), Ifllzp(ay=!, 


hold. 


1.3.0.1 The Riesz-Thorin interpolation theorem 


Interpolation theorems play an important role in modern analysis, see, for exam- 
ple, Bergh and Lofstr6ém [BL76], or Triebel [Tri77]. The Riesz-Thorin theorem on 
interpolation of Ly-spaces was the first theorem in this theory. 


Theorem 1.1. Let T be a linear mapping on a generic space containing all the 
spaces L,(Q),1< p<, Q CR". Suppose T, and Ty are restrictions of T, such 
that operators 


T, : Lp, (Q) -+ Ly, (Q) and Ty : Lp, (Q) + Ly, (Q) 


where | < pj, p2,91,42 <~, are bounded and have norms M, and M), respectively. 
Further, let pg and qg be defined by 
1 1-6 0 1 1-0 @ 


+ and — = 3 
Po P, P» vr) q, qs 


where 0 € [0,1]. Then the restriction Tg of T to Lp, (Q): 
Tg : Lp, (Q) > La, (Q) (1.5) 
is a bounded operator with the norm 


\|To|| = M <M} -®mMs. (1.6) 


1.4 Euler’s gamma- and beta-functions 


The function - 
T(z) =|} etd, R(z) > 0, 
0 


is called Euler’s gamma-function. '(z) can be analytically extended to the whole 
complex plain C except points z = 0,—1,—2,..., which are simple poles of the 
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gamma-function. Using the integration by parts, one can show that [(1 +z) = 
zl (z). Obviously, (1) = 1. These two facts immediately imply (n+ 1) =n! for 
n € No (with the convention 0! = 1). 


For z= 7 using the substitution t = s? 


, one has 


1 edt a) 
(= -| =o) eds. 
0 vt 0 


One can easily show that A = [> eds=n /2. Indeed, changing to the polar coor- 
dinates, 


Hence, (5) = V7. 
Further, Euler’s beta-function B(s,u) is defined by 


B(s,u) = [a-ot las R(s) > 0, R(w) > 0. 


Taking the product '(s)I' (u) = Spe. x5 lyt—le- (+9) dxdy, and using the substitution 
x+y =z, one obtains '(s)I (wu) =I (s+u)B(s,u). Hence, Euler’s beta- and gamma- 
functions are connected through the formula 


P(s)P(w) 


B(s,u) = TGtu)’ 


R(s) > 0, K(u) > 0. 


We also note the following property of the gamma-function, which will be used in 
our further analysis [AS64]: 


r(2)r(l—2)= oe (1.7) 


(We will prove this equality in Section 3.13). 


1.4.0.2 The Fourier transform 


Definition 1.4. Let f € L;(R"). The Fourier transform of f denoted by f or F[f], 
by definition, is 


AG) =FINGE) =f Fo)eSdx, EER", (1.8) 


Rr 


where i = /—1 and x6 = (x,€) =x1€) +--- +4 En. 
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The Fourier transform of f € L; (IR”) is continuous. Namely, the following prop- 
erty holds (see, e.g., [RS80]): 


Theorem 1.2. Let f € L\(R"). Then its Fourier transform f(€) is continuous on 
R", and f(E) > 0, as |E| + ~. 


It follows from this theorem that F is a linear operator, mapping L (IR”) into the 
set of functions Co(R”) continuous on R” and tending to zero at infinity. The inverse 
Fourier transform F~! is given by the formula 


f(s) = FANG) = ae f Medes. (9) 


Ra 


We note that for f € L;(R”) its Fourier transform f may not belong to L;(R”). In 
fact, the Fourier preimage of Co(IR”) is not L; (IR”). In fact, F~!(Co(R")) D Li (R"). 
Therefore, one must be careful when using the inversion formula (1.9). We will 
discuss the question how to extend the Fourier transform to spaces of functions 
much larger than L;(R”) in Section 1.5.3. 

The properties given in the following proposition can easily be verified by direct 
calculation. 


Proposition 1.5. Let f € L,(R”"). Then for 0 4a € R and y € R" the following 
formulas hold: 


1. F[f(ax)\(€) = SF UAC): 
2. HPUP(E)(E) = FLM(@8); 
3. Fif(x+y)|(6) = eS FLf|(6); 
4, Fle™ f(x)|(E) = FUf\(E +9). 


In the two propositions below x® and 6% for a multi-index o = (,..., Q,) mean 


xy ...x, and E7"...E. These properties of the Fourier transform can be proved 


by integration by parts. 

Proposition 1.6. Let xf € L,(R”). Then (ix)"f(E) =D f(E), 

Proposition 1.7. Let D® f € L\(R"). Then D°“f(E) = E*f(E), 
Consider some examples which will be exploited later. 


Example 1.2. 1. Let f(x) = e~'!, x € R. This function belongs to L; (IR). We have 


co 0 a 


Fle "(€) = [ele ax = fettBace fe Bax 
0 


—oo —oco 


_i., 1...2 
ie ie te 
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Using the first formula in Proposition 1.5 with a > 0, one obtains 


Fle*"I|(€) = react (1.10) 


One can easily see that in this fortunate case the Fourier transform f (€) = ae 


of f is also in L;(R). Therefore one can use the inverse Fourier transform for- 
mula (1.9) to equation (1.10), to obtain 


N 


. It follows from the previous example that 


1 
F|—— | (€) =e 41, La 
ErescilGlen (ain) 
Further, using the second formula in Proposition 1.5 and (1.11), one has 


Fla (E)=e"8!, 450. (1.12) 


. Now we find the Fourier transform of the function f(x) = ex € R. This 


function belongs to L;(R). Differentiating f(E) = fp en? +8 dy and using the 
relation 


Ow 


ine ts — —sd(e* +) a ae 
one can see that f satisfies the ordinary differential equation AG) = a5 - (6). 
2 2 


The solution to this equation is f(E) = Ce~ F , where C= f (0) = fye* dx=n. 
Hence, 


° 
Fle |(€) = Vne~*. (1.13) 
Using again the second formula in Proposition 1.5 with b = /4t, t > 0, we obtain 


e*| (E)=e%". (1.14) 


4. Let f(x) =e" 5 , x € R”. Then it follows immediately from formula (1.13) that 


: en FP =e é 
Fl Jo , eR" (1.15) 
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Now using this formula and proposition 1.5, one can derive the multidimensional 
case of (1.14): 


1 a _#€|2 
| 2 eae =e tll EER" (1.16) 
mee | é 
5. The n-dimensional analog of formula (1.12) is 
rie t 
a ml (E)=e"5!, £>0,€ ER". (1.17) 
m2 (|x\2+12)2 


where I"(s) is Euler’s gamma-function. See Section 1.13 “Additional notes” for 
the proof of (1.17). 


1.4.0.3 The Laplace transform. Watson’s lemma 


Let a function f(t), defined on [0,°¢), be piece-wise continuous and satisfy the con- 
dition | f(t)| < Ce% for some o > 0. We denote the set of such functions by Mo. 
The Laplace transform of f € Mg is defined by 


=f rear, R(s) > 0, 


For the Laplace transform of f we also use the notation f(s). The Laplace transform 
f(s) is an analytic function of s = p +in in the half-plane R(s) = p > o. 

Here are some well-known properties of the Laplace transform, which follow 
directly from the definition. 


Proposition 1.8. Let f,g € Mg. Then for s with K(s) > 0 


1. Liaf +bg| = aL|f](s) + bL[g|(s), a,b € C; 
2. L[f * g](s) = L[f](s) -L[g](s); 

3. Let f(s) =L[f|(s—B), R(s) > o +B; 
: [ ) 


? 


Lf \(s ial ](s) — (0); 
- SLIF\(s) = —LItf](s).- 


In property 2) (f * g)(t) is a convolution of functions f and g defined by 


(Fei = [i Fs 


One can easily verify that if f, g € Mo, then f * g € Mg, as well. 
Example 1.3. Let B > 0 be a real number. Then 


L{t®-"](s) = a s>0. (1.18) 
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Indeed, using the substitution fs = uw in the integral 


LPs) = 7 * et Bly 
0 


we have 


L{P—"](s) =s B fre uP tau = 2), 


s 
If B =n, a positive integer, then the latter reduces to the well-known formula 


(n—1)! 


gt 


Le""(s) = 


In particular, if n = 1, then L[1](s) = +. Obviously, the formula (1.18) extends for 
all complex s with R(s) > 0. 

If 0 < B <1, then (1.18) extends also for all s with R(s) = 0, except s = 0, as 
well, that is s=in,n € R, n £0. In fact, in this case the left-hand side of (1.18) 
takes the form 


ihe 2 p—int 
Lt8-"\(in) =| —p, (1.19) 
Using the known formulas (see, for instance, [AS64], formulas 6.5.7,8,20) 
° cos nt F(B)eos > sinnt _ TU (B)sinP 
i TB dt = and a = pa = B : 
0 ¢ n8 t n 
one obtains ‘4 
co pint iz 
| aur Sa PB) (1.20) 
ee nP (in)P 
Hence, (1.19) and (1.20) imply the formula 
aes T(B) 
LP '\(in) =, 0 £0. (1.21) 
10 aye 


Below are two other properties of the Laplace transform important for our further 
considerations. The first one is the differentiation formula for the Laplace transform, 
which generalizes Property 4 in Proposition 1.8 for arbitrary integer order m > 1. 


Proposition 1.9. Let f € C” (0,00) Mg has finite values f (0), k =0,...,m—1. 
Then the formula 


LU |(s) = s"LLF\(s) — ¥ FOC)" * 


holds. 


The second property is known as Watson’s lemma. 
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Proposition 1.10. (Watson’s Lemma) Let f(t) = t’g(t), g(0) 40, where y > —-1, 
and g € Mg. Suppose the function g(t) has the expansion 


n 
g(t)= > at +Rilt), O<t<t, 
k=0 
with |Rn(t)| < Cr"+!, t € (0,%). Then 


— al (k+yt+)) , 1 
Hl) = X gktytl +O Pram oe 6 ae 


1.5 Distribution spaces 


1.5.1 Schwartz distributions 


Definition 1.5. Let Cy’ (Q) be the set of infinitely differentiable functions with com- 
pact support in Q. For a sequence of functions @, € Cf? (Q),m = 1,2,..., we in- 
troduce the following convergence: @, converges to an element @p € Cp’({2) if the 
following two conditions are fulfilled: 


1. there exists a compact K C Q such that supp @,, C K for all m = 1,2,...; 
2. D’@m(x) = D’@o(x) uniformly on K for all |y| =0,1,.... 
C§ (Q) with the introduced convergence is denoted by D(Q), and called a space of 


test functions. 


®(Q) is a linear space. Obviously, if @1, @2 € D(Q), then for arbitrary complex 
numbers c), C2 € C, one has c} @; + cog) € D(Q). 

Let f be a linear and continuous functional defined on D(Q). This means that 
for f :D(Q) — C the following two conditions, namely the linearity condition: 


f(c1@i +022) =cif (G1) +e2f(@2), Ver,e2 €C, 


and the continuity condition: 


Pm — Po => f (Pm) + f (Po), m—>-, 


are fulfilled. Here f(@) stands for the value of f on @. For instance, the functional 
defined as 6,(9) = 9(a), @ € D(Q), aE Q, satisfies both conditions. 

Definition 1.6. Denote by sa (Q) the set of all linear and continuous functionals de- 
fined on D(Q). A sequence f,, € D (Q) is said to converge weakly to fy € D (Q) if 
for arbitrary @ € D(Q) the sequence of numbers f,,(@) converges to f(g). D' (Q) 
with this convergence is called the space of Schwartz distributions. 


The functional 6.(@) = @(a) introduced in the example above is a Schwartz distri- 
bution. This distribution is called the Dirac delta function with mass on a. 
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The space D'(Q) is a vector space. The sum /f| + f2 of two distributions 
fis f2 € D (Q) is defined as (f; + f2)(~) = fi(@) + fa(@) for arbitrary p € D(Q). 
Similarly, the scalar multiplication cf, where c € C and f € D'(Q), is defined as 
(cf)(@) =cf(@) for arbitrary @ € D(Q). Thus, the space of Schwartz distributions, 
as well as the space of corresponding test functions, have both structures, the vector 
structure and the topological structure (defined through convergence). Therefore, 
both spaces D(Q) and D'(Q) are topological-vector spaces. Their deeper proper- 
ties, such as the completeness, local convexity, and inductive and projective limit 
structures, will follow from general assertions presented in Section 1.5.4 in the ab- 
stract case. 

The following statement provides a criterion for a linear functional defined on 
D(Q) to be a Schwartz distribution [Sch5 1]: 


Proposition 1.11. A linear functional f defined on D(Q) is in D' (Q) if and only if 
for arbitrary open set Qo € Q there exist an integer m = m(Qo) > 0 and a constant 
C =C(Qo) > 0, such that for all @ € D(Q) the estimate 


IF(P)1 S Cll ellom(a) 


holds. 


If m in this Proposition does not depend on Qo, then it is called an order of 
distribution f. The Dirac delta function satisfies the estimate 


15a(P)| = 19(@)I < lellcia): 


Therefore, 6, is a distribution of order 0. 


Definition 1.7. The derivative of order a of a distribution f € D’ (Q) is defined by 


D*f(p) =(-1)"F(D9), Vee D(Q). 


Let a(x) € C*(Q) and f € D'(Q). Then the multiplication of the distribution f by 
a(x) is defined by 

af(~)=flag), Vee D(Q). 
It follows from Proposition 1.11 that for a Schwartz distribution f both D®% f for any 


multi-index a and af for any a € C”(Q) are Schwartz distributions again. More- 
over, the mappings 


D*:D (Q)+D(Q) and a(x)-:D'(Q) + D‘(Q) 


are continuous. This statement is a direct implication of Definition 1.7. 

The notion of support can be extended to distributions as well. We say that a 
distribution f € D'(Q) is zero on an open set Q' Cc Q, if for all p € D(Q’), one 
has f(@) = 0. The union of all open sets where f is zero is called a null-set of 
the distribution f. By definition, the support of f € D' (Q), denoted by supp/, is the 
closure of Q \ Qo(f), where Qo(f) is the null-set of f, namely, suppf = Q \ Qo(f). 
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For example, the support of the Dirac delta function 6, is {a}. Indeed, if Q’ is an 
open set not containing a, then for all @ € D(Q’), one has 6,(~) = 0. Therefore, 
the null-set of 6, is Q \ {a}, implying suppd, = {a}. 

It is not hard to see that if supp f € Q, then m in Proposition 1.11 can be chosen 
independent of all open sets Qo € Q. Hence, any distribution with compact support 
has a finite order. 


Example 1.4. 1. Let a function g be locally integrable on Q, that is for arbitrary 
compact set A € Q the integral { |g(x)|dx is finite. Then, g defines a linear func- 
A 


tional G on D(Q) by the expression 
G(9) = | a(x)@()ae. 
Q 


Moreover, for each Qo € Q the estimate | f(@)| < C||@||c(q), with C = C(Qo) = 
Jia, |8(x)|dx, holds. Due to Proposition 1.11, G is a Schwartz distribution of 
order 0. A distribution defined by a locally integrable function is called regular, 
otherwise it is called singular. For instance, the Dirac delta function is singular 
(try to prove this. It is a good exercise!). 

The Heaviside function 


1, if 0 
0 (x) = , ux> i 
0, otherwise, 


is locally integrable on R = (—c, ce), and therefore, is a regular distribution. For the 
derivative (in the sense of distributions) of @(x) one has D@ = 6p. Indeed, for an 
arbitrary @ € D(R), 


°° 


D0(9) = -6(D9) =— | 9 (x)dx = (0) = & (9). 


0 
Similarly, one can easily verify that O(x — a) = @(x, —a,)-+++: 0 (Xn — Gn), where 
a= (q,...,dn) € R" is a fixed point, is a regular distribution, and 
D,...D,O(x— a) = 6, (x). (1.23) 


2. Introduce the distribution P.v. i, where P.v. stands for principal value (in the sense 
of Cauchy), and defined by 


cat 9 co 
x e>0 x x 
see ¢ 


d 
One can easily verify that for any d > 0 the integral P.v. [ de = 0. Taking this 


into account, and assuming supp @ C [—d,d], we have 
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1 Pf o(x — ~(0 
i<Putig>|=| f P29 a) <clollerg, 


|—co 


where C = 2d. Hence, Py.t € D (R), singular, and of order 1. 


Proposition 1.12. (Sokhotski-Plemelj formulas) The following formulas hold: 
1 
x+i0 
1 
x— 10 


= ~imdy(x) +V.p~, (1.24) 


= ind(x) + V-p-~. (1.25) 


Proof. To prove this statement we calculate the limit limg_,o = in D'(R). Let 
@ € D(R) with the support supp @ C [—d,d]. We have 


i | Q(x) , / x—i€ 
2h < spre! PO) > = 28 ree +e [9(0) | (9(x) 9(0))|ax 
= ~2i¢9(0) lim tan”! (2) , [a2 an 
€0 € J x 


=-ing 0) + f P= ay 
R 


= ~inBy(x) + Pv.x, (x) _ 


obtaining (1.24). Formula (1.25) follows from (1.24) replacing i by —i. 


1.5.2 Distributions with compact support 


Definition 1.8. Denote by (Q), Q C R", the set of functions @ € C*(Q) with the 
following convergence: a sequence @ € &(Q),k = 1,2,... is said to converge to 
o € &(Q) in &(Q) if for every multi-index y and any compact set K € Q 


sup|D’ p(x) — D’@o(x)| — 0, (1.26) 
xeK 


as k —> 00, 


Definition 1.9. Denote by & : (Q) the set of all linear and continuous functionals 
defined on &(Q). A sequence fin € & (Q) is said to converge weakly to fy € & (Q), 
if for arbitrary @ € & the sequence fin(@) converges to fo(@). With this convergence 
the set & (Q) is said to be the space of distributions with compact support. 
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The name of the space &’ (Q) is not a game. In fact, any distribution in &’ (Q) has 
a compact support. This fact can be proved by contradiction. Assume the support of 
fe E (Q) is not compact. Then there exist a sequence of sets @,k = 1,2,..., anda 
sequence of test functions @ € &,k=1,2,..., with the following requirements: the 
sets Wy, k=1,2,..., are compact in Q, @ C +1 forallk=1,2,...,andUa, =Q; 
the function @ € &(Q) has compact support supp @ C Q \ wz, and f(@,) = 1 for 
all k = 1,2,.... By construction, obviously, @, — 0 as k > © in &(Q). Hence, 
f(Q) + 0, as k > 0. The letter contradicts to f(@,) = 1+ 0. 


Example 1.5. As we have seen, the Dirac delta function 6, with mass on a € Q isa 
distribution with compact support, supp (6,) = {a}. Hence, 6, € & (Q). 


The following two propositions (see, e.g., [Vla79]) describe the structure of dis- 
tributions with compact support and distributions concentrated at a point a € R”, 
respectively. 


Proposition 1.13. Let f € & (Q). Then f is a distribution of a finite order m and 
there exists a function h € L..(Q), such that 


f(x) = Y D*A(x). 


|a|<m 
An illustration of this proposition is (1.23) for f(x) = da(x). 


Proposition 1.14. Let a distribution f € & (Q) has the support supp f = {a}. Then 
there exist an integer m and numbers bo,, || <m, such that 


fa)= ¥, be 04). 


|o|<m 
Proposition 1.15. The general solution of the equation 
(x—a)Fu(x) =0 (1.27) 
in the space & (R") is 


u(x) = S. Cop oe), 
a; < py 1 
jJ=\1,...,n 


where Cy, are arbitrary constants. 


Proof. First we notice that since (x—a)8 € C*(R"), the left side of equation (1.27) 
is meaningful in & ‘ (Q). Moreover, equation (1.27) immediately implies 
suppu = {a}. Hence, due to Proposition 1.14, 


u(x)= >} CaD*6,(x), 


|oe|<m 
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for some integer m and constants Co,. Substituting the latter to equation (1.27), we 
have 


0 =< (x—a)Bu(x), p(x) >=< u(x), (x—a)8 p(x) > 
= ¥ Ca < D%%,(x), (x—a)P g(x) > 


jor|<m 


= > (-1)*!c,p* [(«- a)Po(x)| 


lx=a 


which implies Cy = 0 if aj > Bj, j=1,...,n. 


1.5.3 Tempered distributions 


Definition 1.10. Denote by Y the set of functions in C*(R") satisfying the follow- 
ing condition: for every multi-index y and m € No, 


Pym(@) = max{ (1 + [xl)"D9(x)]} (1.28) 


is finite. We say that a sequence g € Y,k = 1,2,... converges to @ € Y in F if for 
all multi-indices y and m € No, 


Pym(@k— Po) +9, ke. 


Definition 1.11. Denote by ' the set of linear and continuous functionals defined 
on Y. A sequence fin € GY is said to converge weakly to fo € G' if for arbitrary 
o € the sequence fi,(@) converges to fo(@). Y' endowed with this convergence 
is called the space of tempered distributions. For convenience we use the notation 


< f,9 > for f(@). 


The inclusions D(R") c Y C &(R") imply &'(R") CY CD'(R"). Hence, a 
distribution with compact support is also a tempered distribution. The distribution 
Py.4 is an example of a tempered distribution with non-compact support. 

Using Propositions 1.6 and 1.7 one can easily see that if @ belongs to Y, then 
the same does its Fourier transform, F[@] € Y. In other words Y is invariant with 
respect to the Fourier transform F, and the mapping 


F:G39 (1.29) 


is continuous. Moreover, the mapping (1.29) is onto, and the inverse F~! is given 
by the formula 


F~!g(x) = tay | eee a8, gEeG. (1.30) 
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The continuity of F in Y implies the following assertion: 
Proposition 1.16. A sequence ©, > 0 as n > ~ in G if and only if F[@,| > 0 as 
n->ooinG, 

Let S and F* be the operators on Y defined as S@(x) = p(—x) and F* = SF, ie. 


F*o(&) = [ oe ax, €& €R". 
R 


Obviously, the mapping S: Y — Y is onto with the inverse S~! = S. This implies 
that F* = SF is also onto with the inverse operator F* -! = F~!5. Notice that (1.30) 
and definitions of S$ and F* yield 

1 1 


-1_ a 
Fo =e Gah (1.31) 


Now assume that g € Y and f is a regular distribution in G that is f is identified 
with a locally integrable function. In other words, f € Li(K) for any compact K C 
IR” and grows at infinity at a polynomial rate. Then changing order of integration, 
which is legitimate under our assumptions, one has 


<fo>=| | fa)oleSdraé =< f.6 >. 
Ry RY 


Making use of this fact and the continuity of the Fourier transform F in Y one can 

extend the Fourier transform to the space of tempered distributions. Namely, by 
or . / . : a. 

definition, if f € Y then its Fourier transform f is defined by 


<f,9>=<f.6> (1.32) 
for all g € Y. As a direct implication of (1.29) we obtain that the mapping 
F:G 3G 


is also continuous. This fact due to Proposition 1.16 immediately implies 
Proposition 1.17. A sequence f, > 0 asn—+ in@ if and only if F {ful > 0 as 
n—>coinG 

Moreover, the properties of F indicated in Propositions 1.6 and 1.7 are extended 
to distributions in Y’ : 


Proposition 1.18. Let f € Y. Then 


—_————_. 


CiGts eG) =P" re). 


(2) D*f(§) = EF (6). 

Since any function f € L,(R"), p > 1, is also a tempered distribution, the Fourier 
transform for these functions is well defined in the sense of distributions. In particu- 
lar, L2(IR”) is invariant with respect to the Fourier transform. This fact follows from 
celebrated Parseval’s equality (see, e.g., [RS80]). 
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Theorem 1.3. (Parseval) Let f,g € L(IR"). Then 


A 


(f,8) = (20) "(F,8). (1.33) 
Corollary 1.1. Let f € L2(R"). Then 
Alle, = 27)" IFllZ,- (1.34) 


Corollary 1.2. The transform F : Ly(R") > Ly(R") is continuous. 


Lp-spaces are not invariant with respect to the Fourier transform if p ¢ 2. In 
particular, for 1 < p < 2 the following statement holds. 


Theorem 1.4. (Hausdorff-Young) If f € L)(IR"), p € (1,2), then f € Lq(IR"), where 
q=p/(p—1) and ||f\|L, < Cpl|f||z,, with a constant C, > 0 not depending on f. 


The proof immediately follows from the Riesz-Thorin theorem (Theorem 1.1) tak- 
ing po = q2 = 2 due to Corollary 1.2, and py = 1, qj; = © due to Theorem 1.2. 
Moreover, inequality (1.6) implies that C, < (21)"(1-!/), 


Definition 1.12. For f,g € GY define the convolution f * g by the integral 


(F8)(x) = | fO)el—y)ay. (1.35) 
R" 
It is easy to verify that if f,g € Y, then (1.35) exists and f * g € Y. The convolu- 


tion exists for any pair of functions f € L;(IR") and g € L..(IR”), as well. Moreover, 
in this case 


Ilf* gllz. < [I fllz Ilgllz.- (1.36) 


For functions f € L,(R"), p € [1,-], and g € L,(IR") with g = p/(p— 1), the con- 
jugate of p, due to Hélder’s inequality, one has 


If *gllz. < [IF llzpllsllz,- (1.37) 


Further, for functions f,g € L;(IR”) using Minkowski’s inequality in the integral 
form (1.3), we obtain 


Ifsel =] to)8e-yay] < ffoe@—y)lndy 
nh Ly R’ 
Isla, f Ifoldy = Ila lalla (1.38) 
R” 


The following theorem represents the general case. 
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Theorem 1.5. (Young) Let 1 < p,q <=, and f € Lp(R"), g € Lq(R"). Suppose 


1 2 4 
1+-=—+-. (1.39) 
rp 4@q 


Then f * g € L,(IR") and the inequality 


lf * elle. < Fz, llsllz, (1.40) 
holds. 


Proof. We sketch a brief proof based on the Riesz-Thorin theorem (Theorem 1.1). 
Let f € L;(R") be fixed. Then the operator Ty(g) = f * g is bounded as a mapping: 
(a) Ty : L,(R”) > L,(R") with the norm || f||z,, due to (1.38); (b) Ty : L..(R") > 
L..(IR") with the same norm || f||z,, due to (1.36). Hence, the Riesz-Thorin theo- 
rem yields that the mapping Ty : L,(IR") — L,(R”) is bounded for any g € [1,°] 
with the norm < || /||z,. This conclusion for fixed g € L,(IR") can also be inter- 
preted as follows: (c) the mapping 7, : L; (R”) + L,(R”) is bounded with the norm 
I|g||z,- At the same time inequality (1.37) implies that (d) 7, : Ly (R") > L..(R") is 


bounded with the norm ||g||z,. Here q is the conjugate of g. Now again using the 
Riesz-Thorin theorem for 7, as mappings in (c) and (d), we obtain that the opera- 
tor T, : Lp(IR") + L,(IR") is bounded with the norm < ||g||z,, and r satisfying the 
condition (1.39). This is equivalent to desired inequality (1.40). 


Remark 1.1. The inequality (1.40) is called Young’s inequality. To feel it better, it is 
useful to look at some particular cases. One particular case is p = 1 and q = in 
equation (1.39). In this case one has r = o9. Hence, (1.40) recovers inequality (1.36). 
In general, for any conjugate pare p and q, i.e., 1/p+1/q = 1, one obtains r = ©, 
and (1.40) takes the form ||f* gl|z.. < ||fllz,llgllz,, tecovering (1.37). Another 
particular case is gq = 1. In this case r = p and Young’s inequality (1.40) reduces to 


If * lle, < Ilslle,IIf_lz,- (1.41) 


The latter is valid for p = | as well, obtaining (1.38). Inequality (1.38) shows that 


6 


L, (IR”) is closed with respect to the convolution operation “x: 
Proposition 1.19. Let f,g € L1(R"). Then 


Ff * g\(S) = FLAN(S)-Flsl(¢)- (1.42) 


Formula (1.42) is valid, in particular, for any functions f,g € Y. Hence, it can be 
. : : : : / 
extended by continuity to any tempered distribution f € Y and ge. 
Consider some examples of the Fourier transform of tempered distributions. 


Example 1.6. 1. The Fourier transform of the Dirac delta function is 


F [do] = 1. (1.43) 
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N 


WwW 


Indeed, for any 9 € Y, 


F [do], 9 >=< 50,F 9 >= Fe(0) = J oeax =<1,9>, 
R 


which means F'[6p] = | in the distributional sense. Further, applying the inverse 
Fourier transform F—! to the letter and using (1.31), one has 69 = (2)~"SF[I]. 
Now inverting the operator S and taking into account the symmetry of the Dirac 
delta function 69, we obtain F[1] = (277)"6p. 


. We show that 


1 sinx 


F ES (§) =1-1,1(6)- (1.44) 


T XxX 


The function zm does not belong to L;(R), but it is in L,(R) for any p > 1, 
and hence, a tempered distribution. Using formula (1.30), one has 


1 
< Fa OG > =< GP 9 >= = | f oe ardé 


-1R 
1 1 i 
= xq [ 90)( | Mab )ax= 5 f oe) eax 
R -1 R 
sinx 
=< qe >. 


Hence, F~ "ie. 1S) = + sinx in the sense of Y' . Now applying the operator F 
to both sides we obtain (1. 44), Using Proposition 1.5, for arbitrary t > 0, we have 


F | Ss ia (=) — FG) 


mT tx 


or, canceling f in the denominators, 


E sintx 
Fl|— 
7 Xx 


| (2) =Ieig(2). (1.45) 


. One can easily verify that the right-hand side of (1.45) converges to 1 in Y , when 


t — co. Hence, due to Proposition 1.17 and equation (1.43), 


1 sintx 


> do(x), to. 


nm x 
Similarly, formulas (1.16) and (1.17) imply 


aa e — 5 5 (x), t>0 (xER"), 
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lon 
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and 
rest) ot 


n+l n+1 


> d(x), t30 (xER’), 
rt Gesae —_ 


respectively, in the topology of ¥ : 


. The Heaviside function 0(x) does not belong to L,(R) for p € [1,°°), but 0 € 
L..(R). Hence, it is a tempered distribution. Since @(x) = limg_,9 O(x)e~ © in 
G " one has 

F(0|(€) = lim F[@(x)e~®](E) = lim | e- &* "5 dx 
é0 e0 
: -l i 
= lim == — 
20 —E+ iE €+i0 
Due to Sokhotski-Plemelj formula (1.24), the latter takes the form 
. 1 
PIOG ING) Ons) AVP ee (1.46) 
Similarly, 
. 1 
F[6(—x)](¢) = 260(6) —iV.p. (1.47) 


E 


. Next, we find the Fourier transform of sign(x). Using the obvious equality 


sign(x)=0(x) — @(—x), and formulas (1.46) and (1.47), one obtains 


1 
F{sign(x)|(§) = F[O(x)|($) — F[@(—x)](§) = aN Die: (1.48) 
. The Fourier transform of the distribution Py.4 iS 
1 1, ifE > 0; 
F\Pyv.~\(6) = imsign(€) =in < 0, if € =0; (1.49) 
-1, if€ <0. 


Indeed, using the relationship F[f](€) = 2xF~'[f](—&) (formula (1.31) in the 
one-dimensional case), and (1.48), we have 


F[Py.2](§) = 2mF~" [P=] &) = Fsign( £) = insign(€). 


. Consider the function f(x) = ell!” x EIR”. This function is in Le. (IR"), and hence, 


a tempered distribution. We find the Fourier transform of this function. It suffices 
to find the Fourier transform for n = 1. First, consider the functions 
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(oe) 


i= [3 [oma dt and S(x y= 2 Jamra 


called Fresnel’s cosine and sine integrals. It is known (see [AS64], formula 
7.3.20), that 


lim C(x) = lim S(x) = = 


xX—oo xX—po0 


Using this fact, one has 


[efa= 2 | (cosx* + isinx”)dx 
0 


= aft (Cl) 4 iS(e)) = Vnelf. (1.50) 
Now, it is easy to compute the Fourier transform of eX Indeed, exploiting (1.50), 
Fle \(E)= fo ett ar ae fe ac= Va ae 
It follows in the n-dimensional case that 
Fle? \(€) = (nye lb tae, (1.51) 


The latter can be rewritten in the form 


cv] (E) ae HEP, EER", (1.52) 


. Let f(x) = wee z, Where x € R and 0 < @ < 1. Obviously, f is a tempered (reg- 


ular) distribution, but f ¢ L,(R) for all p € [1,c°]. The Fourier transform of this 
distribution exists in Y’ . In fact, the following relation 


FIF\(§) =bal6l-, (1.53) 


where ba = 2I'(a) cos S, holds. In order to compute the Fourier transform of 
f, it suffices to compute the oscillatory integral 


eis 
| i= —dx. (1.54) 


This is seen from the following relation 


<F| | xO) >= foe | oraes d 
R R 
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between the Fourier transform of f(x) = |x|~“'-@ and the integral in (1.54). 
The integral (1.54) is (conditionally) convergent. In the integral in (1.54) setting 
€ =|&|u, where pp = sign(&), and substituting y = |& |x, one has 


=F | re 
fa ae pie 


In fact, the integral on the right-hand side does not depend on u = +1, and hence, 
we get (1.53) with constant 


imy ii On 
a= | ady=2 [Pav =2r@)oosS. 
J WI Jy 2 


In Section 3.7 we demonstrate a different method of calculation of bg. 

. Let f(x) = ne x € R", where 0 < o <n. This function is locally integrable, 
hence is a regular tempered distribution. We will show that the Fourier transform 
in the sense of Y’ of this function is 


\o 


1 Don 
F é)= “-, €€R’, (1.55) 
Lae] = es 
where 
27-9 _n/2P (252) 
bon = : (1.56) 
on (2) 
In order to show this fact we use formula (1.16) 
lee | (E) =e! EER" 
(/4at)" 
in the sense of Y (see (1.32)). Namely, for arbitrary function @ € Y 
1 -1iéP 
e * ,Flg\(x)) =(e 1" ,9(S)). (1.57) 


\ any 


Multiplying both sides of (1.57) by po-@)/2-! and integrating over the interval 
(0, cc), we obtain 


). 


Qnggn/2 


Changing the order of integration performed above is valid. Now using the sub- 


stitution Ei = sn the left integral, and r|& |? = =u on the right integral, one gets 
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1 7 2n-o_n/2T (252) 1 
(F | | 0) = (Fag a 


proving (1.55), (1.56). We note that the Fourier transform F [pp=al(S) serves 
as a symbol of, so-called, Riesz potential, considered in Section 3.7. See also 
Section 1.13 for additional notes. 


Finally, we notice that the Fourier transform in the last example allows the ana- 
lytic continuation to all o € C, except those which satisfy the equations: 


—O 
eee my, 


cus =) 
2 


and Eat eee 
2 


Thus, the following statement holds: 
Proposition 1.20. Let o € C such that o 4 —2m and o £n+2m, for allm EN. 
Then 
1 2n-O gy (2R2) 1 
a rn Cd 
2 
Let f € Mo ands = p+in. We have 


EXO. (1.58) 


L{f](s) = L[f](p +in) =} f(te "erm gt = [treme iar 
= Fylf@je"'(—n). 


This relation can be taken as the base for the Laplace transform of distributions. 
Namely, let f € J (R) with the null-set Qo(f) = (—ce,0), and such that f(t)e~" € 
g'. Then the Laplace transform L[f](s) is defined by 


L[f](s) = Fylf(e)e'(—n) (1.59) 


The reader can easily verify that L[do(t)](s) = 1 and L[@(t)](s) = 1/s, where 6 (rt) is 
the Heaviside function. 

Since the Fourier transform is a continuous mapping in Y i. the Laplace transform 
L[f](p + in) is a tempered distribution in the variable n for each fixed p > o. All 
the properties of the Laplace transform, mentioned in Section 1.4.0.3, are valid for 
distributions as well. Let us briefly discuss the property 


Lif |(s) = sLUf](s) — F(0). (1.60) 
For distributions this property takes the form 
L|Df\(s) = sL{f](s), (1.61) 


where D = d/dt in the sense of distributions. Indeed, using the equality 
Dif (the |] = Df (the — pf(t)e”, one has 
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L[Df\(s) = Fy[Dfe-"\(—n) = Fn [Pie] (=n) + PFylf(e )(—n) 
= (in)L[f\(s) + PLIF](s) = sL[F](s); 


obtaining (1.61). This is consistent with (1.60). To see this we use the relationship 
Dg(t) = f (t) + 6o(t)f (0+) between generalized and usual derivatives of a function 
f differentiable on R \ {0}, and having a jump f(0+) — f(0) at t = 0, to obtain 


Lif ](8) = LIDf — &(¢)(0+)](s) = LIDFI(s) — F(0+)L[60](s) 
= sL{f](s) — f(0+). 


1.5.4 Some basic principles of distribution spaces 


In Sections 1.5.1—1.5.3 we introduced three different distribution spaces. In Sec- 
tion 1.10 we will introduce a new space of distributions appeared in the literature rel- 
atively recently. In construction of distribution spaces one should follow some basic 
principles common for all distribution spaces. Below we briefly discuss these princi- 
ples in abstract case referring the reader for details, for instance, to [Hor83, GS53]. 

In this context Fréchet type locally convex topological vector spaces play an 
important role. They generalize Banach spaces and can be defined with the help of 
a family of seminorms. By definition, a function p: 2 — R, defines a seminorm 
in a vector space 2, if for arbitrary x,y € 2 anda €C, 


(1) p(x+y) < p(x)+p0), 
(2) p(Ax) = |A|p(). 


If additionally, p(x) = 0 implies x = 0, then p: 2 — Rx defines a norm in 2%. 
An example of a seminorm is p(x) = maxjo,1)|’ (¢)| for functions x € C()0, 1]. Let 
U={xe & : p(x) < €}, where p is a seminorm and € > 0. Then, conditions (1) 
and (2) imply that for arbitrary x,y € U and @ > 0,8 > 0 such that 7+ B = 1, one 
has ax + By € U. In other words, U is a convex subset of 2’. 

Since topology of a topological vector space is translation-invariant, one can 
assume that its topology consists of a family of neighborhoods of zero and their 
translations. Let 2 be a topological vector space with a family of neighborhoods 
t of zero of 2. We say that 2 is locally convex if it is Hausdorff (that is for 
any x and y there exists neighborhoods U, and Uy such that U;™U, = @), and 
members of tT are convex. Locally convex topological vector spaces can be de- 
fined with the help of a family of seminorms. Let p;, j € J, where J is an index 
set, be a family of seminorms in 2°. Then the set of convex neighborhoods of zero 
Uje ={xe % : pj (x) <e€, 7 € J, € > 0} form a base topology of zero of 2°. Hence, 
locally convex topological vector space 2 has a fundamental base of convex neigh- 
borhoods of every point x € 2’. If the family of seminorms pj; is separating, that 
is pj(x) =0 for all j € J implies x = 0, and 2 is complete, then 2 is called a 
Fréchet type space. Fréchet type spaces are metrizable, and a metric in 2 can be 
introduced by 


_—wol_pilx—y) 
WO = LITE rey) 
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Distribution spaces can be constructed as a strict inductive or projective limits of 
sequences of locally convex topological vector spaces. Let 2;,,n=1,2,..., be ase- 
quence of locally convex spaces, such that the inclusion 2;, C 2,41 is continuous, 
and let 

B= Una Bn- 


The set 2 equipped with the finest topology such that 2;, C 2 is continuous for 
each n € N is called a strict inductive limit of the sequence 2%;,, and denoted by 


& =ind lim 2. 


neo 


Proposition 1.21. ([R64, SW66]) Let 2, be a sequence of locally convex topo- 
logical vector spaces, 2; be a closed subspace of 2n41 for each n € N, and 
& = indlimy 5. -%y. Then 


1. a sequence x, © & converges to x9 € & if and only if there exists somen EN 
such that all x; are elements of 2p and xz — Xo in the topology of 2n; 

2. a subset A of 2 is bounded if and only if there exists some n € N such that 
AC &, and bounded in the topology of 2n; 

3. a set K in & is compact in & if and only if there is some n € N such that K is 
compact in 2y; 

4. if each 2%), is complete, then & is also complete. 


Let Y%,,n =1,2,..., be a sequence of locally convex spaces, such that the inclu- 
sion Y%,., C Y is continuous, and let 


The set Y equipped with the coarsest topology such that Y C Y, is continuous for 
each n € N is called a strict projective limit of the sequence %,, and denoted by 


Y= pr lim Yn. 


Proposition 1.22. ([R64, SW66]) Let %, be a sequence of locally convex topo- 
logical vector spaces, %+, be a closed subspace of 2, for each n © N, and 
Y = priimy +. Y%. Then 


1. Y is a locally convex topological vector space; 

2. a sequence y, © Y converges to yo € Y if and only if yy, — yo in the topology of 
Y, forallneN; 

3. a subset A of Y is bounded if and only if A C & and bounded in the topology of 
Y, forallneN; 

4. if each Y, is complete, then Y is also complete. 


As an example consider the space of test functions &(Q) introduced in Sec- 
tion 1.5.2. Let K C Q be a compact set and E(K) be the set of functions infinitely 
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differentiable in a neighborhood of K. Introduce in E(K) a family of seminorms as 
follows: 
Pi(P)= sup {|D%e(x)|}- 
xeEKk 
ja) =j 


The set E(K) is metrizable locally convex space and the metric is 


d(9,W) = Cn 9.W EE(K). 


Using the classical theorem on uniform convergence of uniformly continuous func- 
tions on a compact set one can easily verify that E(K) is complete. Further, let 
K,,n € N, be a sequence of compact sets in 2, such that K, C Ky41 and UP_) Kn = 
Q. Consider the sequence of locally convex spaces &;, = E(K,),n € N. Obviously, if 
@ € én41 then @ € &,. Moreover, since K, C K,+1 the topology of &;, is coarser than 
the topology of &,41, implying continuity of the inclusion &,,1 C &,. Therefore, we 
can define a strict projective limit 
&(Q)= pr lim én. 

The convergence of @,, to @o associated with the strict projective limit topology 
of &(Q) means that for every compact K, C Q and for every multi-index a with 


|a] = J, 


Pjn(Qm— Qo) = oe |D“ Om (x) — D™ Qo(x)| 4 0,m > &, 
xEKy 


which coincides with the convergence (1.26) of the space &(Q). Completeness of 
each &;, implies, due to Proposition 1.22, completeness of &(Q). Hence, &(Q) is a 
locally convex Fréchet type topological vector space. 

Now consider the space of test functions D(Q). Let K, again be a sequence of 
compact sets in Q, such that K, C K,41; and Ur_,;K, = Q. Let 9, be the set of 
infinite differentiable functions @ with the support supp @ C K,. We equip D,, with 
the topology of &(K,,), which makes D,, a locally convex topological vector space. 
Obviously, D, C D,+1 and since K, C K,+1, the topology of 9,4, is finer than the 
topology of D,. Therefore each inclusion 9, C y+) is continuous. Moreover, 


UT Dn = D(Q). 


Hence, 
®(Q) =ind lim Dp, 
n—oo 


with the finest topology for which each inclusion D, C D(Q) is continuous. Since 
each D,, is complete, due to Proposition 1.21, ®(Q) is complete. The convergence 
of @n to Gp in D(Q) means, in accordance with Proposition 1.21, that there ex- 
ists a natural number ng such that @,_, — @p in the topology of D,,, which in 
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turn, means that there is a compact K C Q, such that supp@,, C K for all m, and 
D%Qn(x) + D%@p uniformly on K for all a. This convergence is exactly the con- 
vergence introduced in the definition of D(Q) (see Definition 1.5 ). 

The topology of the space of test functions ¥Y also can be defined with the help 
of a family of seminorms. Let @ € C”(IR”) and 


Pn(Q) = max {Pm,a(@)}, n=0,1,..., (1.62) 


m+|a|=n 
where (see (1.28)) 


Pma(Q) = sup + |x|)"|D°p(x)|}- (1.63) 
xER" 


One can easily verify that p, defined in (1.62) is indeed a norm. Let p,(@) = 0. Then 
it follows from (1.62) and (1.63) that D“@(x) = 0, |a| =n, that is p(x) is a polyno- 
mial of order less than n. The only polynomial for which the expression in (1.28) is 
finite, is zero-polynomial. Therefore, p(x) = 0. This immediately implies that Y is 
a Fréchet type locally convex topological vector space. The reader can verify as an 
exercise what is the metric in Y and that the convergence associated with this metric 
coincides with the convergence introduced in the definition of Y (Definition 1.10). 

Thus all the three spaces of test functions D(Q), &(Q), and Y are complete. 
Moreover, they are dense in Ly-spaces. Namely, D(Q) is densely embedded into 
Ly(Q) (see Proposition 1.4), Y is densely embedded into L,(R”), and &(Q) is 
densely embedded into 14 joo( 2), where Lp jo, is the set of locally square-integrable 
functions. These two properties, completeness and denseness, are important in the 
construction of corresponding distribution spaces. The denseness of spaces of test 
functions in the Lp-spaces is important in applications. For instance, a solution space 
of a differential equation found in the frame of test functions can be extended to 
wider classes of functions (Sobolev, Besov, Triebel-Lizorkin, etc.) if the denseness 
in these classes of functions holds. Thus, we assume that 


(A) & is a complete metrizable locally convex topological vector space, 
and 
(B) 2 is densely embedded into a Banach space X in the sense of the norm of X. 


Further, let 2 ' be the dual space to 2 with respect to X, i.e., the space of linear 
continuous functionals endowed with the weak topology. Namely, 


(i) if Fe 2 and g, m € &, then 
F(A, Q + A2@2) = AF (@1) + A2F (92), 


for all Ay, Ax EC. 
(ii) if @n 4 Qo in 2, then lim;,-.. F (Qn) = F (Qo). 


It follows from properties (A) and (B) that 
Oe, 
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which shows that indeed the space of distributions generalizes elements of the Ba- 
nach space X*, containing them as a particular case. In some cases the duality be- 
tween the strict inductive and strict projective topologies helps to study a structure 
of distribution spaces. 


Proposition 1.23. Let a sequence of complete locally convex topological vector 
spaces 2, form a sequence of embeddings 


BC... Bye Bray C+ C # CX, 


where 2 = indlimy_,..2,,, which densely embedded into a Banach space X. Then 
the duals 2;) with the weak topologies form the following sequence of embeddings 


/ / } / / 
X CH CC... By C By Co CM, 


where 2” = prlimy sco z and X is the dual of X. 


Another important principle in construction of the spaces of distributions is that 
all the derivatives of distributions should exist in some weaker sense. Of course, 
speaking about the derivatives, we assume that elements of X are functions. Since 
by definition the (generalized) derivative of order @ of a distribution F € 2 ‘is 


D°F(@) = (—1)°F(D%@) (1.64) 
for all g € 2, then the corresponding test functions must have all the derivatives. 
This leads to the following property of the space of test functions: 

(D) # is invariant with respect to differentiation operator D®. 
This property together with (1.64) immediately implies that 
(E) F € 2" has all the derivatives D“F in the sense of (1.64). 


1.6 Fourier multipliers 


Now we briefly discuss Fourier L,-multipliers, which play an important role in our 
further considerations. Suppose @ € Y and m(&) s a bounded function. Then the 
operator T defined as Tf = F~!(mF[f]] performs a mapping T : Y — @’. In the 
multiplier problem we are interested in functions m(€) for which the operator T 
extends to a continuous mapping T : L,)(IR") > L,(R”) for some p, g € [0,~]. 


Definition 1.13. A bounded function m(€), € € R", is called a Fourier multiplier 
of type (p,q) if for all f € L,(IR") the inequality 


IT FI| =||F "mF Lf llilz, < Cll fll, (1.65) 
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holds. Here the constant C > 0 does not depend on f. The operator T is called a 
Fourier multiplier operator. The set of Fourier multipliers of type (p,q) is denoted 
by Mj. If ¢ = p, then m is called an L,-multiplier. Correspondingly, in this case we 
write M, instead of Mb. 


Proposition 1.24. The following assertions hold: 


(a) If m, mz € Mj, and Ay, An € C, then Aymy + Agm2 € M5; 
(b) If m, € M# and m2 € M;: then their product m, -mz € M3; 
(c) Ifm € Mj, then m(-+c) € Mj for any c € R"; 
(d) My = L..(R"); 
(e) Mp CL..(R"), 1 < p<, p#2; 

/ 


(f) Mj = M" , where 1 < p,q <2 and (p,p') and (q,q ) are conjugate pairs; 
(g) Mi = M.. = F|A(R")], where F[A(R")]| is the Fourier image of the set of 
bounded Borel measures B(R"). 


Proof. Part (a) immediately follows from Definition 1.13. To show (b) we assume 
that m, € M? and m € M' " Then it follows from Definition 1.13 that 


JF O* [rm FLA] Ie, = FO FF [me Ff dlleg 
<Ci\|FO' fm Flic, < Call fle. 
Since F~'[m(E + c)F[f]] = exp(icx)F~|[m(E)F[f]](€ —c), every Fourier multi- 
plier of type (p,q) is translation invariant, that is if m € Mj, then m(-+c) € Mj 
for any c € R”, yielding (c). Part (d) follows easily from Parseval’s equality, see 
Lemma 1.3. Part (e) follows from Mikhlin’s theorem (see Theorem 1.7 below) 


when @ = 0. Mikhlin’s theorem provides a description of the class M,. To show 
(f), suppose m € Mf and 9 € Ly (R”). Then, using relations F~! = (22)-"FS and 


F = (2n)"F—'S, where S is a reflection operator acting as Sg(x) = g(—x), one has 


(F-'mF f,9) = (f,F ‘mF Q). 


Therefore, 


(fF [mF [g]]})| = Fo bP UY], )| <P [mF [flag llc, 


< Cllfllz, ll@llz,, - 
Due to (1.4) this implies 
_ ,F-||mF 
Fm [oll., = sup LAF ImFloll < cygi,_,, 
P  OAFEL,(R") Ifllz, q 


yielding m € M!, . For the proof of the fact that M.. = F|:A(R")] see [Ste70]. 
q 
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Let K(x) €Y' denote the inverse Fourier transform of m € Mj, ie., K = Fo" [m). 
Assume that f € Y. Then, taking into account the equation F~! [m(€)F[f]] = K * f, 
inequality (1.65) can be rewritten in the form 


IK * fllz, < Clif lz, (1.66) 


which can be extended to functions f € Ly, by continuity. Moreover, (1.40) implies 
that if K = F~'|m] € L,(R"), where r € [1,°) and satisfies the condition 


then (1.66) holds with C = ||K||z,. In particular, if p = q, and consequently, K = 
F~'[m] € L(R”), then m is a Lp-multiplier with C = ||K||z, in inequality (1.66). 
However, the condition F~'{m] € L\(R") is not necessary for m to be an L,- 
multiplier. Consider an example. Let m(§) = |_1,1)(6), where /|_;,1)(§) is the in- 
dicator function of the interval [—1, 1]. Then F~![m](x) = a ¢ L(R). However, 
F~'|m] € L,(R) for any r > 1. Therefore, m € Mj, where | < p,q <~, and (p,q) is 
a conjugate pair. In particular, m € Mp). In the one-dimensional case, in fact, m € Mp 
for all p> 1. 

In dimensions n > 2, surprisingly, the function m = Ie\< (€) is an Lp-multiplier 
if and only if p = 2. This fact was proved by Fefferman [Fef71] in 1971. 


Theorem 1.6. (Fefferman [Fef71]) Let D be the unit disc in R",n > 2. Then the 
Fourier multiplier operator Ty = F~'IpF is unbounded in L,»(R") for every p #2. 


The theorem below is due to Mikhlin [Mih56]. This theorem describes a class of 
L,-multipliers in the whole scale 1 < p<». 


Theorem 1.7. (Mikhlin) Let m(E) € C'+|2](R"\ 0), where [a] designates the integer 
part of a, and there exists a positive constant C such that 


JE l@|D%m(E)|<C, & ER"\ {0}, (1.67) 
for all |\a| < 1+ [3]. Thenm€ My, 1< p<. 


Example 1.7. The function m(é) = isign(E), € € R', satisfies the Mikhlin condi- 
tion. Therefore, this function belongs to M, for all 1 < p < o. The corresponding 
multiplier operator Tf = F~'[m(&)F[f]], due to formula (1.49), has the form 


Tf) =A(pyreney= f Way 


mj x—-y 


and is called a Hilbert transform. 


Lizorkin [Liz67] proved the following theorem under a weaker condition 
than (1.67). 
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Theorem 1.8. (Lizorkin [Liz67]) Let m(&) be a function differentiable out of hyper- 
planes €; =0, j =1,...,n, and satisfy the condition 


sup |6*D%m(E)| <C, (1.68) 
EER" 
for all & = (Q1,..., On) with components oj, j =1,...,n, equal either 0 or 1. Then 


m€ My, 1<p<e. 


Example 1.8. 1. It is easy to see that the characteristic function m,, (&) of the set 
+ 


Ri = {6 € R": €; > 0,...,E, > O} satisfies the condition (1.68). Therefore, 
Men (6) €M,,1<p<-. 
2. Consider the following radial function for y > 0: 


m(é)=p(lél) =e, eer". 
(+ |Epr’ 


if 
Taking the derivative of p(t) = (</(1 + t)) , T > 0, we have 


' yf @\* 1 Y 
— < 0. 
pe) t() isco 


Similarly, 
Jp (@|<C, 7>0, 


for all m = 2,3,.... Now it is readily seen that these estimates imply that m(€) 
satisfies condition (1.68), and hence m € My, 1 < p<. 


The theorem below with an integral condition instead of (1.67) is due to 
Ho6rmander [Hor83]. 


Theorem 1.9. ({Hor83]) Let m(§) for some integer s > 5 satisfy the condition 


»y |R°D*m(§)|\d& <C <0, VR>0. (1.69) 


Ol <sp/2<jE|<2R 


Thenm€ M,,1<p<e. 


Remark 1.2. Condition (1.69) in the Hérmander’s multiplier theorem implies conti- 
nuity of m(&). The indicator function of the unit ball obviously does not satisfy this 
condition, as well as Lizorkin’s condition (1.68). 
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Let m be a nonnegative integer number. Let a function f € Iy(Q),Q CR’, 
be such that its all the derivatives D“f,|a@| < m, in the sense of distributions, 
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belong to L2(Q). The set of such functions endowed with the norm 


IFlW3"(Q)| = YX DF lla), (1.70) 


|o|<m 


and denoted by W3”({2), is called a Sobolev space of order m. Another norm, equiv- 
alent to (1.70), is given by 


IFIw(2) = (_¥ IP*FI2, ce)’. 


|oe|<m 


For Sobolev spaces as a direct implication of the definition, the following inclusions 
hold: 
Lp(Q) D Wz (Q) D+ D W3"(Q) DWE) D-. (1.71) 


Define by W, '""(Q) the dual space to W3"(Q). In other words W, ”"(Q) is the set 
of linear continuous functionals defined on W3"(Q). The norm in W,""(Q) is de- 
fined by 


a I< f.e>| 
f\W."(Q)||= sup 7. 
LOO etencay LOWE OI 


W,"(Q) is called a negative order Sobolev space. With this definition one can 
extend (1.71) to the full scale of Sobolev spaces 


2 CWE) (Q) C W3(Q) C++ C WE(Q) C La(Q) 
En Mec "OE ice. 07D 


Obviously, the norms satisfy the inequalities 


eS [tly (QDI < FW") <-- <[Nflla 
<-+ < |] F/W3"(Q)|| < | FIW3""(Q)|| <- 73) 


Hence, if a sequence f; € W3”*'(Q), where m € Z, converges to fy € W3”*!(Q) 
in the norm of W3”*!(Q), then f; > fo in the norm of W3"(Q), too. This implies 
that each of the embeddings in (1.72) is continuous. We use the symbol <> for 
continuous embeddings. Thus, unifying (1.72) and (1.73) one can write 


oy WEED (Q) S W3(Q) + G WE(Q) G Ly(Q) 
Wy (Q)  Wy(Q) We DY (Q) Gee, 


Further, each of these embeddings is dense due to Proposition 1.4, Part (3). Applying 
Arzela-Ascoli Lemma (Lemma 1.1) and the denseness of Cj (Q) in Sobolev spaces 
one can verify that each of the embeddings in the scale (1.72) is compact. 
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Due to Lemma 1.18 and Parseval’s equality D®f € L,(IR") is equivalent to 
€°F|f] € L2(R"). Therefore, in the case Q = R” Sobolev spaces can easily be ex- 
tended to fractional order Sobolev spaces. These spaces serve also as local elements 
in construction of Sobolev spaces on manifolds .@ C R" without boundary. 


Definition 1.14. Let s > 0 be a real number. Introduce the space 
H = H(R") ={f €Lo(R"): (IF |EP)EF[FeLa(R")}. (1.74) 


Hi” is called a space of Bessel potentials, or Liouville space. Similar to the integer 
order Sobolev spaces one can introduce H~*(R”) as the space of linear continuous 
functionals defined on H*(IR"). The norm of f € H~*(R") we denote by ||f||_s. 
Both H*(R”) (s > 0) and H~*(R”) are Hilbert spaces. The inner product and the 
norm in H*(IR”) are defined 


(9,w)s= (+18 PF [9], (1 +18 PFT), 


and 
lols = +187) F[glller, 


respectively. Obviously, H*(IR”) is equivalent to W;"(R") if s=m € Z. If sz > s1, 
then H*2(IR"”) C H*!(R”), and this inclusion is continuous, dense, and compact. It 
is also useful to note that continuous and dense inclusions Y C H*(R") C Ly(R") 
imply continuous and dense inclusions L2(R”) C H~*(R") CY. 

The definitions of the spaces H*(IR”) for positive and negative numbers s can be 
unified for any real s. Namely, a distribution f in Y’ is in the space H® (R”), where 
s is areal number (not necessarily positive), if 


lIFlls = + 1E PYF LAE lla <o- 


Assume Ky = {€ € R": |€| < 1} and Kj = {2/-! < |E| < 2/}, j=1,2,.... Obvi- 
ously, Uj_ Kj = R". Further, for a given set A denote by /4(& ) the indicator function 


of A, i.e. 
_ fi, if€eA; 
wey={" ifE ZA, 


Then for a f € H*(R") one has 


GY? Fllz, <slk <G ¥ PFE, (1.75) 
i=0 j=0 


j= 


where C; < C) are positive constants and f;(x) = F~'(1;(€)F[f](€)) € L2(R”) due 
to Proposition 1.24, part (d), since the indicator function J4(&) is a L2-multiplier 
for any bounded set A C R". Here J;(§) = Jk, (¢), and therefore supp F [fj] C Kj for 
each j =0,1,.... Moreover, Yo /j(§) = 1, yielding f(x) = X79 fj (x). These facts 
and the Parseval equality imply (1.75). This technique of characterization of the 
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spaces H® is called a dyadic (or spectral) decomposition method. A modification of 
this idea will be used in the next section for introduction of the Besov and Lizorkin- 
Triebel spaces. 

We have noted above that L2(IR”) is invariant with respect to the Fourier trans- 
form F. The Hausdorff-Young Theorem (see Theorem 1.4) provides the range of 
the Fourier transform F acting on L,(R") in the case p € [1,2). If p > 2, then the 
spaces H*(IR”), s € R, can be used for description of the range F[L,(R”)]. 


Theorem 1.10. (Hdrmander) Let p > 2. Then the Fourier transform F maps the 
space L)(IR") into H~* wheres >n (3 — 1) , and the inequality \|F f\|-s < C\|f||z, 
holds with a constant C > 0, which does not depend on f. 


In Example 1.6 we obtained that F'[1] = (27)"69. The function f(x) = 1 belongs 
to L..(R”), but does not belong to L,(R”) for any p € [1,¢). Hence, letting p — 
in Theorem 1.10 one has that the Dirac delta function 6 € H™, only if s > n/2. 

The classic Paley-Wiener theorem characterizes the Fourier transform of func- 
tions f € Cy (R"). 


Theorem 1.11. (Paley-Wiener [Hor83]) Let @ € Cy (R") with a support contained 
in the ball Br = {x : |x| < R}. Then its Fourier transform F(€) = F{@|(€) can be 
extended analytically to the entire complex space C” and for any m € No there exists 
a number C,, > 0, such that 


|F(E+in)| <Cu(1+|E[) Me, E+im ec’. (1.76) 


Conversely, if an entire function F(€),€ =&€+in € C", satisfies the inequal- 
ity (1.76), then there exists a function @ € Cy (R") with a support supp @ C Br, 
such that F|o|(€) = F(&). 


By construction, the sets of test functions introduced in Sections 1.5.1—1.5.3 are 
in the following relation: D(R") C Y(R") C &(R”). Moreover, the topology of a 
larger set in this series of inclusions is finer making each of these inclusions contin- 
uous. Therefore, their duals endowed with the corresponding weak topologies are 
related as & (R”) C Y'(R”) C D (IR"), where each inclusion is continuous. In Sec- 
tion 1.5.3 we established that every distribution f in ¥ ; (R”) has the Fourier trans- 
form F[f], which is again a distribution in 4 (R"). The Paley-Wiener-Schwartz 
theorem, proved by Laurent Schwartz [Sch51], shows that if a distribution f has 
a compact support, that is if fe & (IR”), then its Fourier transform is actually a 
function F[f](€) = F(&) =< f,e*> > called a Fourier-Laplace transform, and this 
function can be characterized as an entire function on C”. 


Theorem 1.12. (Paley-Wiener-Schwartz [Sch51, Hor83]) Let f € & (R") with a 
support contained in the ball Br = {x : |x| < R}. Then its Fourier transform 
F(&) = F[o](€) can be extended analytically to the entire complex space C" and 
satisfies the estimate 


JF(E +in)|<Ca(1 +E)", E+in ec". (1.77) 
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for some m € No and Cy, > 0. Conversely, if an entire function F(€),€ =§ +in € 
C”, satisfies the inequality (1.77) for some m € No and Cy, > 0, then there exists a 
distribution f € &' (IR) with a support supp @ C Br, such that 


F(é)=<f,e"® >, EER". (1.78) 


Remark 1.3. The Fourier transform of a tempered distribution f € ' was defined as 
F[f](@) = f(F[@]) for all g € Y. This definition works well for a Schwartz distri- 
bution f € D (R”), as well: F[f](¢) = f(F[g]) for all p € D(R"). This definition 
does not work for distributions with compact support f € & (R”), since F[p] may 
not exist for @ € &(R"). However, it follows from Theorem 1.12 that the Fourier 
transform of fE & (IR”) can be defined by the Fourier-Laplace transform (1.78). 
The Fourier-Laplace transform is valid for functions of complex variables also and 
widely used in complex analysis. We will exploit it, in particular, in Chapter 7 in the 
context of complex ‘DOSS’. 


1.8 Sobolev, Sobolev-Slobodecki, and Besov spaces: general case 


Sobolev spaces and spaces of Bessel potentials for arbitrary 1 < p < ~ are defined 
as follows. 


Definition 1.15. Let m € N and 1 < p<. Then 


Wp'(Q) ={F €D (Q) :||F1W7(Q)l = LY D%Fllz~a) <<} 79) 


|a|<m 


Definition 1.16. Let s € Rand 1 < p<. Then 
Hi =HA(R") ={fe9 :F"[(+|EP)IFLA] eLp(R")}. (1.80) 


H, is a Banach space with respect to the norm 
Illus =|[F-' [G+ 1g PFU], - (1.81) 
P 


Elements of H7, are also called Bessel potentials. Sobolev-Slobodecki spaces inter- 
polate Sobolev spaces to noninteger order. Let p € (0,1). Then for 1 < p < © the 
Sobolev-Slobodecki space of order is 


If) — FON? 


1/p 
jn—ylHetm dxdy) 


QQ 


‘ dh \\/p 
=( / IAnFll,cay ere) ey, 


|h|<ho 
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Here A f(x) = f(x +h) — f(x), the first order finite difference, and ho is a positive 
number, 0 < ho < 1. Note that norms in the above definition for all ho are equivalent, 
and hence, W) (Q) does not depend on ho. In a similar manner, if A = m+, where 
mé€NandO<p <1, then 


Wy (Q) = (Ff € Wy'(Q) = ILFIWe (Q)Il = IFIW(Q)I| 


dh \!1/p 
+> ( f DVR sari) at 
|a|=m |h|<ho 


It is known (see, e.g., [Tri83]) that for integer u = m the Sobolev-Slobodecki space 
does not coincide with the Sobolev space W7"(Q). Sobolev-Slobodecki spaces are 
important in the study of traces of functions from Sobolev spaces. Namely, the the- 
orem below holds. Denote by y the trace operator yf = f\gq, where OQ. is the 
boundary of Q. 


Theorem 1.13. Let 1 < p<, m> 1, and Q be a bounded domain with a Lipschitz 
boundary 0Q. Then the trace operator 
Sama 
7: Wp'(Q) + Wp ?(A2) 
is continuous. 


Definition 1.17. Lets =m+u,0<u<1,1l<p,q<~,0<ho <1, and Q,= {xe 
Q:x+he Q}. The Besov space is a normed space of functions 
m 2 2pa qd dh 
By (2) ={f eW,(Q): ¥ \|4;,D Flip(on) Jaerna <)> 
lon) hg 


relative to the norm 


dh 1/ 
IB (2) = (AWM OQ+ D ( f WD Seay asia) 


|o|=m lal <ho 
if g < ©, and 


7 A?D* f ; 
7185, q(Q)|l = Iiwn(ayi+ > eo 


| oc|=m |h| <ho 


if q=. 

The Besov space is a Banach space and does not depend on ho. If Q = R”, then 
obviously, (2), = Q. In the particular case q = 09, BY, ..(Q) is called Nikol’skii space, 
and in the case p = gq =~, BY, ..(Q) gomcides with the Hélder-Zygmund space 
@*(Q). If p = q =2, then BS ,(Q) = W3(Q) (Sobolev-Slobodecki space). Thus, 
the Besov space represents a wide generalization of the spaces introduced above 
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and in previous sections. The Besov and Lizorkin-Triebel spaces on the base of 
spectral decomposition method will be introduced in the next section. 


Remark 1.4. 1. We note that the spectral decomposition method of characterization 
of the space of Bessel potentials, we used above in the case p = 2, does not work 
in the case p # 2. The reason is indicator functions of the sets Kyo = {6 € R": 
|E| <1} and Kj = {2/-! < |E| <2/}, j=1,2,..., are not Fourier multipliers for 
p #2,n> 2, due to Fefferman’s theorem, see Theorem (1.6). We will see in the 
next section that a suitable modification of the method of spectral decomposition 
works for characterization of not only H7,, but also wider spaces, the Besov and 
Lizorkin-Triebel spaces. 

. We also note that one can define the Sobolev space H7,(Q) for bounded domain 
Q C R" with a smooth boundary, as the set 


Hy(2) = {8 = fia? f © Hp(R")}, 


N 


where f\,, is a restriction of f onto Q. The space H;,(Q) relative to the norm 
I|s|H,(2)|]| = inf || f/Ap I, 
fla=s 


is a Banach space. This space is important in the modern theory of boundary 
value problems for linear and nonlinear differential and pseudo-differential equa- 
tions (see, e.g., [Tri83, Tre80, Tay81, BL81]). 


The relations of the space Wj (Q) to the spaces Lp(Q) and C(Q) are given in 
the theorem below, which is known as the Sobolev embedding theorem. 


Theorem 1.14. /. Let 1 < p< and 1<q<o. Assume that u > n(1/p—1/q). 
Then the embedding 


WH (Q) CLy(Q) (1.82) 


is continuous. 
2. Let 1 < p <0. Assume that U > n/p. Then the embedding 


WH(Q) Cc C(Q) (1.83) 
is continuous. 


The particular case p = 2 will be used frequently in our further analysis. Namely, 
if s >n(1/2—1/q), then the embedding 


H3(Q) C Ly(Q) (1.84) 
is continuous, and if s > n/2, then the embedding 
H3(Q) C C(Q) (1.85) 


is continuous. 


42 1 Function spaces and distributions 


Finally, we introduce two topological vector spaces important for our further 
analysis. Let Q C R” be a domain, p > 1, and s € R”. Introduce the following 
spaces: 


Fy canplt2) = {f € A(R") : supp f © Qh; 

FB toc(2) = {Ff € G' : || f|H5(K)|| < ee} for all compact sets K C Q. 
If s = 0, then we write A snip) = Lp,comp(@) and BP tocl®) = Dp ig). 
The spaces Hp, comp(Q2), H) jo-(@) are not normed. We say that a sequence fx € 
FY, comp(&2) converges to fo © Hy, comp(@), if there is a compact set K C Q such that 
supp fx C K for all k € N, and || fi, — fo|H;,(R”)|| > 0, when k — ce. Further, we say 
that a sequence fy € H% ,,,(Q) converges to fo € H? ;,.(Q), if || fe — folHp(K)|| > 
0, as k + ©, for arbitrary compact set K C Q. 


Proposition 1.25. Let 1 < p<oand p’ be its conjugate. Then the spaces H comp?) 
and H’ ,_ (Q) satisfy the following duality relations: 


p,loc 


LF comp 42)" — A? oe $2) 


1. |H 
2. [HS jge(Q)I" =HZ> (Q). 


p ,comp 
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Besov and Lizorkin-Triebel type spaces widely generalize the spaces like Lp, 
Hdlder, Sobolev, Bessel, and other spaces. In Definitions (1.18) and (1.19) below 
we assume that 1 < p,q <coands ER. 


Definition 1.18. A function f is said to belong to the Besov space B',,(IR") if f has 
the representation 


f= Daj) 
j=0 
in the sense of Y (IR”), where a; € Lp(R"), 
supp Fla) CMj={2/-'<|6|<2/""}, j=0,1,..., 


and 


co 


F 1 
IF1Boglls = (CY 2°4llajlif,,)4 (1.86) 


j=0 


is finite. 


In fact, the expression || f|B7,,||+ in equation (1.86) defines a norm. This can be easily 
verified. The triangle inequality follows due to Minkowski’s inequality. 


Definition 1.19. A function f is said to belong to the Lizorkin-Triebel space F74(R") 
if f has the representation 
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in the sense of Y (R”), where a; € L,(R"), supp F[aj] C Mj, j =0,1,..., and 
8 _ . 28/4 ; a4 1.87 
IF lFoalle = ICH 2°4laj(x)I4) Iz, (1.87) 
j=0 


is finite. 


Notice that these two function spaces differ by the form of their norms (1.86) 
and (1.87). Namely, the norm of By, (R") can be interpreted as /,-norm of the se- 
quence ||2*/a,||z,,, while the norm of F}q(R") as Lp-norm of the function I|2*a;(x)|L),- 
Now, due to this fact, it is straightforward to extend the definitions of Besov and 
Lizorkin-Triebel spaces to the cases p = ce or q = e. For instance, By, eo (IR") is de- 
fined by the finite norm sup ; ||2° Yaj\|L,- Similarly, F3,,(R") is dehued by the finite 


\/p 
norm ( Jpn (sup ; |2%a jl)Pdx) . We refer the reader for details to [Tri77, Tri83]. 


There is a wide class of norms equivalent to (1.86) (or (1.87)) and defined via the 
family ® of functional sequences defined below, see [Tri83]. 


Definition 1.20. A sequence {y;(§)}%_o is said to belong to ®y, N EN, if the fol- 
lowing conditions hold: 


1) yj € F(R"), Fly] = 0, aa 
2) suppF [yj] c {6 € R" N < |§| < 2N4}, 7 > 1, and suppF[yo] C Mo = 
(é|= 27}; 


3) there exists a positive number 7 > 0 such that 
Flyotwit.--](6) > 0; 
4) for an arbitrary a there exists C(a) > 0 such that 
EI! |D*F[wA](E)| S Cla), f= 1,2... 
Definition 1.21. 6 = Uy_, On. 


If {w;(¢)}o € ®, then the norm equivalent to (1.86) is defined as 
1 
I|FIBpqll = Orla iF LAI) 4 (1.88) 
where 9; = F[wj], j > 0. Similarly, the norm equivalent to (1.87) is defined as 


Il flFogll = Md 29|F-" (9 iF LMI") llep- 


j=0 
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Hence, the definition of the Besov and Lizorkin-Triebel spaces can be given in the 
following equivalent forms: 


Bog ={F EF": |IF1Bpqll = (X24 F (oF UI," <}, {Fo '[ej] =yihe®, 
= 


and 


Fg (R") = {FG IAF Sgll =D 21F MeL) Alley <9} LF Mg] = ihe ®. 
j=0 


For the proof of the equivalence of corresponding norms we refer the reader to 
[Tri83]. 


Example 1.9. The example below shows that ®y, and hence, ® are not empty. We 
construct a sequence of functions {y.}7_), which belongs to By for N = 1. Con- 
sider two functions @(&) and @(&) with the following properties: 


1. Pp ECH(IE] <2), @ ECP <6] <2); 
2. p 20, 20, and p= 1 on { : |S] < V2}, and @ = 1 on {§ : 45 <|E| < v2}. 
We set 


F~"[9(&)I, 
wi(x) = F~'[o(2-*6)), k=1,2,.... 


It is not hard to verify that {yw }~_9 € Pi. By definition, the functions @ and @ are 
infinite differentiable with compact support, and therefore belong to Y(R"). This 
implies that yw, € Y(IR") for each k € No. Moreover, by construction, F[y%](€) = 
o(2-*E) > 0 for all k € N, and F[wo|(E) = o(€) > 0. Hence, condition 1) in 
Definition 1.20 is fulfilled. Condition 2) is immediate by construction of the sys- 
tem { y;(x)}. Further, by construction, F [wo] = 1 on the set |E| < V2, F[yi] = 1 on 
the set /2 < |E| < 2/2, F[yo] = 1 on the set 2/2 < |E| < 272, etc. These imply 
that F[ywo+ wi +...] > 1, yielding Condition 3). Condition 4) is also verified, since 
~, @ € Cj (R"). Ina similar manner one can easily construct a system { yi(x) } € By 
for any N > 1. 


S 
— 
tad 
nar 
I 


Besov and Lizorkin-Triebel spaces represent a wide class of function spaces con- 
taining Holder-Zigmund, Sobolev, Slobodecki, Liouville, and other spaces as partic- 
ular cases. For instance, for s € R one has F(R") = H;,(R"), 1 < p < e, (Sobolev 
spaces), or BS, ..(R”) = @* (R”) (Hélder-Zigmund spaces) for s > 0. The proposition 
below contains some important properties of the Besov space. Similar properties 
hold for the Lizorkin-Triebel space. See details in [Tri83]. 


Proposition 1.26. Lets € Rand 1 <p<-. 


1. The spaces Y(IR") and Cg (IR") are dense in Bi, ,(R") if 1 <q <9, and are not 
dense if q=~-. 
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2. fl < qi S42 <~, then By, | (R") > By, (R") @ By, (R") © B,.(R”); 

3. For € > 0 and any 1 < q1,q2 < © the embedding Bry (R") > By, qn (R") is com- 
pact; 

4. If s > ©, then the continuous embedding Bi g(R") > C(R"), holds for every 
i a 

5. If1<q< p<», then By, ,(R") > F, (R") > By, ,(R"), and ifl< p<q<~, 

then BY, ,(R") > F, ,(R") > B,,(R"); 

If 2 < p<, then Bi, ,(IR") > H;(R") > By ,(R"), and if 1 < p < 2, then 

Bi, p(R") — A, (R") > By >(R"). Moreover, If 1 < p=q <~, then By, ,(R") = 


P,P 
Fp (R") and if p = q = 2, then By ,(R") = H*(R"). 


a 


Remark 1.5. 1. Statements 4) and 6) of the above proposition imply the Sobolev 
embedding theorem, Theorem 1.14. Namely, taking q = p, for s > n/p one has 
A; (IR") By, ,(R") — C(R"), recovering Theorem 1.14. 

. Besov spaces By g(R") are reflexive Banach spaces for all 1 << p<, 1<q<o. 

For the conjugate space (Bi, ,(IR"))* to Bi, ,(IR") the following duality relation 
holds: 


N 


(Big) _ Bra (R"), 


where (p,p) and (4.q) are conjugate pairs. 
. Similar to Sobolev spaces (see Remark 1.4), if Q C R” is a bounded domain with 
a smooth boundary, then the space 


ww 


By q(Q) = {8= flo : be By g(R")}, 


is a Banach space relative to the norm 


lg1Bpq(2)|| = inf || f1B,4(R")I- 
fia=8 


1.10 y-distributions 


We have introduced three types of distributions above. Now we introduce a fourth 
type of distributions space appeared relatively recently and therefore not well rep- 
resented in the literature. Therefore, we will study its properties in detail. We will 
show that this space possesses all the basic principles discussed in Section 1.5.4. 
Moreover, this space is often convenient and preferable for the study of various ini- 
tial and boundary value problems for pseudo-differential equations with symbols 
depending only on dual variables and with possible singularities. 

Let 1 < p < ~ and let G be an open set in R”. Suppose that {g;}7_, is a locally 
finite covering of G, i1.e., G = UP_pgx, 8x C G is compact and every compact set 
K CG has a nonempty intersection with a finite number of sets g,. For a set K 
compact in G we write K € G. We denote by {¢}@_, the smooth partition of unity 
for G corresponding to the covering {g,}7_o- 
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Definition 1.22. Denote by '%_,(IR") the set of functions @ € L)(IR") such that 
supp F[@] & G, ie., the Fourier transform of @ has a compact support in G. We 
say that a sequence @» € YG_p(R"), m = 1,2,..., converges to @p € YG_p)(R”) in 
‘YG, p(IR") if the following two conditions are fulfilled: 


(i) there exists a compact set K C G such that suppF'@,, C K, Vm EN; 
(ii) Om — @o in the norm of L,(R”), as me. 


It follows from the Paley-Wiener-Schwartz Theorem (Theorem 1.12) that @ € 
‘YG _p(R") if and only if it has the analytic extension @(x + iy) to C”, which is an 
entire function of a finite exponential type, i.e., there exist constants C > 0, r > 0, 
and y € R, such that 

|p(x+iy)| SC(L+ |x|) %e". 


Since @ € L,(R"), obviously y < —n/p. This observation supplies examples of 
functions of %,(IR”). Namely, any entire function of a finite exponential type 
whose restriction to R” belongs to L,(R”), gives an example of YG _,)(R”). 


Example 1.10. 1. Consider the function @; (z) = sine z€C,r> 0, which is an en- 
tire function of type r. The restriction of this function to the real axis @(x) = 
1X belongs to L,(R) for any p > 1. Therefore, g(x) € ¥%_)(R”), for all 
p > 1, where G is any interval containing [—r,r]. The Fourier transform of @ 
is F{@](§) = T_-y.(€), where J_,.,)() is the indicator function of the interval 
[—r,r], yielding supp F[@,] = [—7,r]. This again confirms that @ (x) is a function 
in Y% (IR). Similarly, one has 


irx 


92x) = —— € Ye p(R"), p> Land 


93(x) = 2 €%G)(R"), p=. 


2. The function @; (x) in the first example gives rise to n-dimensional case. Let 
sinx 
J 
(x) = 
jal Ti 


Then the n-dimensional Fourier transform of this function is F[o](€) = I«(&), 
where K = {—1 < & < 1,...,-1 < & < 1}, is an n-dimensional cub. Ap- 
plying Fubini’s theorem we have that @ € L,(R”) for any p > 1. Therefore, 
gy € YG _,(R") for any p > | and any domain G C R" containing K. 

. The Bessel function of the first kind J;(x) with nonnegative integer ¢ admits 
the analytic extension to the whole complex plane C. This extension Jp(z) is an 
entire function of finite exponential type and of order one. Moreover, Je(x) € 
L,(R) for any p > 2, since it behaves like 1/,/x when |x| — oe. Therefore, Jp € 
¥G,p(R"), p> 2. 


WwW 
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4. 


Consider the function 


1 n 
$(x) = npr ath) xeER', 


where again J» is the Bessel function of the first kind of order n/2. Passing 
on to the spherical coordinates one can show that the Fourier transform of @ is 
F[¢](§) = 1e(&), with B = {€ € R": |x| < 1}, the unit ball. Remembering the 
asymptotic behavior Jy,/2(x) ~ 1/,/x, when |x| — , one can see that @ € Lp(R"), 


if p> on Hence, 


2 
@ € ¥%_)(R") forall p> — and GDB. 
n 


Remark 1.6. 1. The above examples show that the parameter p in the definition of 


N 


’,,G is essential. The space %, gc in the particular case p = 2 was introduced in 
1981 by Dubinski [Dub82] (Dubinski used the notation H®(G) for test functions 
and H~*(G) for distributions). For arbitrary p € [1,°°] the space %_,(IR”) and 


its dual were introduced in 1997 in [Uma97, Uma98]. 


. How ¥%_»(R") is related to other spaces of test functions? First, it is obvious 


by construction, that %,(IR”)ND(R") = 0 for any p > 1 and any GC R”. 
A function with compact support cannot have Fourier transform with compact 
support. Secondly, the space Y% _,(IR”) is a topological subspace of &(IR”). This 
follows from the fact that any entire function is infinitely differentiable, and the 
convergence in Y%_,(IR") implies the convergence in &(R"). To show the latter 
we notice that if @, € Y%_»(R") and || @n||z, — 0, then @,(x) — 0 for every point 
x € R”. Therefore @,, — 0 uniformly on every compact K C R”. Since @,,n € N, 
are entire functions, it follows that D”@, — 0 locally uniformly for all multi- 
indices a. However, the embedding ¥G_,(R”) C &(R") may not be dense. The 
denseness of this and other embeddings will be discussed in Section 1.11. Finally, 
one can see that there is a function g € Y such that p ¢ Y%_,(IR"), and vise 
versa, there is a function y € %_(IR”) such that y ¢ Y. Indeed, a function 
gy € Cy (R”), e(0) = 1, is also a function in Y. On the other hand, 9 ¢ ¥%_»(R”), 
since any analytic function with compact support is identically zero. Conversely, 
as we have seen above, the function y(x) = sin(x)/x € YG_)(R) for all p > 1. 
However, obviously, y ¢ Y. 


Now we turn our attention to the topological structure of Y%_p)(IR”). This space 


of test functions can be represented as an inductive limit of a sequence of Banach 
spaces ‘Py », for instance, defined as follows. Let 


N 
Gy = Upio8i, Kw(E) = >, de(E). (1.89) 
k=0 


It is clear that Gy C Gy+1,N =0,1,..., and Gy + G when N —- -», 
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Definition 1.23. Denote by Yy,, the set of functions  € L,(R”), satisfying the fol- 
lowing conditions: 


1. suppF' @ C Gy; 

2. supp pM supp; = 9, 7 > N; 

3. py(Q) = ||F~'[kvF[g]]llz, <2. 

One can easily verify that Yy,, is a Banach space for each N € N with norm 
\|0|‘Pv.p|| = pw(@). We want to show that Y%_,(IR") can be represented as the in- 
ductive limit of the sequence of Banach spaces Yh, ,. First we prove the following 
assertion. 


Proposition 1.27. The following continuous embeddings hold: 
de Yn p Cc YN-41,p» VN > 0; 
2. Pvp C Ly(R”), N > 0. 


Proof. Let @ € yy, which implies supp F[@] C Gy. Hence, suppF [9] C Gy41. 
Since supp oy+1,p supp F [@] = 9, we obtain 


pw+i(@) =||F | [kwa1F [lille 
<||FO'[KwF [p}lllz, + FO" [ows 1F [ellilz, 
= pn(@)- 


Since @ € y,p, then its Fourier transform has a compact support. Furthermore, 
supp F @ has empty intersection with each g;, k > N. Therefore, one has 


Fo! 


lolz, = 


‘i B asia 
k=0 


= ||F-'[xv[9llllz, = pr ()<e. 


N 
Y &F [9] 
k=0 


Lp Lp 


Proposition 1.28. '%_,(IR") = ind limy-_,.. Py, p- 


Proof. We show that the topology of the inductive limit agrees with the topology 
of Y%_)(IR”). In other words, we show that the inductive limit agrees with the limit 
in the sense of the convergence introduced in Definition 1.22. In fact, let @n — @o 
in Y%_)(R"). Then there exists a compact set K C G such that supp @n C K. Since 
K has a finite number of nonempty intersections with the system {g,}, there is a 
number WN such that K C Gy. Moreover, ky is a multiplier in Ly for arbitrary N > 0. 
Therefore, 


Pn(@m— 90) = ||F~"[KwF [Qn — Pol] lz, 
< Cy. p||Qn— Gollz, +0, asm— 0, VN EN. 
Vice versa, let py(@m— po) 0, as m — , for all N > No. Then supp F [Qn] C Go. 


Hence, there exists a compact set K C Gy, C G such that supp F[@| C K for all 
m €N. Moreover, due to Theorem 1.27, one has 
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Il Pm — Pollz, < Py(Pm— Po) + 0,m — ,N > No. 

Theorem 1.15. Y%_,(R”) is complete. 
Proof. Let fn, m= 1,2,..., be a fundamental sequence, i.e., for all m = 1,2,... 
there exists a compact set K € G such that 

i) suppfm CK, m=1,2,...; 

ii) ||fn — falltp 3 0,m,n ©. 

Since L,(R”) is complete, then there exists fo € Lp(R”) such that fir > fo in the 

norm of L,(R"). Besides, it is easy to see that suppF [fo] C K. 


Theorem 1.16. The Fourier transform F is continuous as the mapping: 


Ly G), ifl<p<2; 
F 2% )(R") > p'comp| ) v ee (1.90) 
Ay omg O): if2<p<. 


where s is any number satisfying the inequality s >n (3 a 1) : 


Proof. The inclusion f € Y%_,(R") implies immediately that supp F[f] € G. Be- 
sides, in accordance with Theorem 1.27, YG _,(IR") C Lp(R"). If p € [1,2], then 
Young’s inequality implies Ff] € Ly (R"), where p = p/(p—1). Hence, in this 
case F[fJ EL 


p ,comp 


(G). If p > 2, then in accordance with Theorem 1.10, one has 


F[L,(R")] @ A(R"), s> nS - *) 


Further, let fj, — 0 in %_)(R”). Then there exists a total compact set K € G with 
supp F [fin] C K for every m € N. If 1 < p < 2, then using Young’s inequality again, 
we obtain 


IF Ufmlliz, <C> Il fmllep <Cppn(fm) 70, mo, 


for all N > 0. This implies continuity of mapping (1.90) in the case 1 < p< 2. 
Similarly, one can readily see that F is continuous in the case p > 2, as well. Indeed, 
in this case due to Theorem, we have the estimate 


IF fm 1-5”) <C) Il fle, < Cp pn(fm); 
which implies the continuity of the mapping (1.90) in the case p > 2, as well. 


Denote the right side of (1.90) by F [%_p](G). Theorem 1.16 implies the follow- 
ing assertion (cf. Proposition 1.16): 


Proposition 1.29. A sequence @, — 0 asn— © in PG »(R") ifand only if F{@n] > 0 
asn—+o in F[%G ,|(G). 
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Due to the relation F~! = (27)~"SF (see (1.31)), or the same F~![@](x) = 
(2x) -"F[@](—x), Theorem 1.16 implies also 


Ly comp(-@), if1<p<2; 
Fo YG p> p'comp| ) : <p< 5% 
He conip Os if2< p<, 


Theorem 1.16 shows that unlike Y the space Y%_)(IR") is not invariant with re- 
spect to the Fourier transform F”. It follows from the statement below that, in general, 
YG_p(R”) is not closed with respect to the convolution operation as well. 


Theorem 1.17. Let p, € Y_p,(R") and g2 € YG p,(R"). Then @, * @2 € PG _p(R"), 
where p satisfies the equation 1+ 1/p=1/p,+1/pno. 


Proof. The equality F[@, * @2](€) = F[1](€)- F[@2](€) immediately implies that 
supp F |Q, * Q2] € G. The fact that p satisfies the equation 1+1/p=1/p,+1/po, 
follows from Theorem 1.5. 


We note that the space Y%_,(IR”) is closed with respect to the convolution opera- 
tion only if p = 1. 
Definition 1.24. Let 1 < p < eo. We denote by (R"),p' = p(p—1)7!, the 


space of linear continuous functionals defined on % p (R"). A sequence fin € 
,(R”) is said to converge weakly to fo € as (R") if for arbitrary 
gy € Y%_)(R") the sequence f,,(@) converges to fo(@). The elements of the space 
Y  _,(R”) will be called w-distributions. The duality of a pair of elements f € 


te (R") and @ € ¥%_)(R") we will denote by < f,g >. Two elements f and g 


in o F, (R") coincide if and only if < f,@ >=< g,o > forall 9 € %_>(R"). 
It follows from Propositions 1.23 and 1.28 that 
F Gy! (R") = pr lim: Fry, ps 

where ee p 18 dual to the Banach space fy, introduced in Definition 1.23. 
Proposition 1.22 implies that y e ,(R") is a locally convex topological vector 
space. . 
Definition 1.25. The differentiation operator D® (with multi-index ~) on y Gp! (R”) 
is defined by , 

<D" #0 s=C1)"< fps, (1.92) 


where f € y ey (IR") and @ is an arbitrary function in YG _,(R"). 


Proposition 1.30. The differentiation operator D© maps continuously the space 
/ 
: ae e (R") into itself. 
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Proof. Let 9 € %_)(IR"). Then, obviously, D“@ € YG _,(IR") for each multi-index 
a. Therefore, the right-hand side of (1.92), and consequently its left-hand side de- 
fine a linear continuous functional on YG _)(R”). This yields D® f € cae i (R"). 


Definition 1.26. Let f € ye Gp’ (R") and y € YJ. Then the convolution f * y is 
defined by < fx y,@ >=< f,w*@ > for an arbitrary @ € YG. Here p,q, and 
r are connected through the relation 1 + 1/p = 1/q+1/r. Due to Theorem 1.17 
y«@ € ¥_)(R"). Therefore, the convolution f * y is well-defined. 

Theorem 1.18. Let f € ¥ (BY) and y € %q(R"). Then fx ye F(R"); 
where r' is the conjugate of r, which satisfies the equation 1/r = 1+1/p—1/q. 


Proof. By the above definition the convolution of f € Lon (R") and w € YG, 
(R") is 

<f*ey9>=<f,yxe>, Vp E%e,(R’). 
Since y* @ € YG _)(R") (Theorem 1.17), the right-hand side is well defined for all 
@ € ¥,(R") and y fixed. This means that the left-hand side is well defined for all 
o € ¥,(R”), implying f* y€ a a (R"). 


Since Y%_)(IR”) is not invariant with respect to the Fourier transform, one has 
to be careful in extending the Fourier transform F to ae F (R”). First, if f, @ € 
L,(R"), then the following Parseval relation 


(Fife) =f, [Fo )eFasdé = (7,F 9) (1.93) 


holds. Here (-,-) is the inner product of Lz (R"). 

Now suppose that f € y Gp (R"). Then, in order to have a well-defined quantity 
on the right-hand side of (1.93), the Fourier transform of @ must be in Y%_,(IR"). 
Denoting @ = F[@], one can write < F[f],9 >=< f,@ >, where @ € %_,(R") 
is an arbitrary function, and g = F~'[@]. By virtue of relations (1.91) we have 


QE Xp,comp(G), where 


Ly! —-G), ifl<p<2; 
Xp,comp(G) = pcomp| ) <p< 


(1.94) 
Lamp Os if2< p<. 


These facts lead to the following definition of the Fourier transform in the space 
of y-distributions. 


Definition 1.27. The Fourier transform of a y-distribution f € y es (R") is an 
element F'[f] defined by the relation 
<F[f],e >=<f,Fl9| >, (1.95) 


for all QE Xp,comp(G). 
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Sometimes we will use the following form of the Fourier transform for a w- 
distribution f, which is convenient from the calculations point of view: 


< FIF\(S), (5) >=< F(x), O(x) >, 


where, as was mentioned above, @ = F[@] € ¥%_p)(R”), or equivalently, 
<F{f],F[o] >=(22)"<f,o>, Vo © %_>(R"). (1.96) 


Theorem 1.19. Let 1 < p < and (p,p) be a conjugate pair. Then the Fourier 
transform F acts continuously as the mapping 


F: F Gy (R”) + Lp, toc(G) (1.97) 
in the weak topology. 


Proof. Let 1 < p < 2. Then the proof of this assertion follows immediately from 
Theorem 1.16 and Proposition 1.25. Suppose that p > 2 and f € y Gp’ ,(R"). Then 
again using Theorem 1.16 and the duality relationship stated in Proposition 1.25, 
one obtains that F[f] € H} /,.(G), where s > n(4-! 5) + Let Kn,m €N, bea 
sequence of expanding compact sets such that limj— 0. Kin = U;,_;Km = G. We 
have F[f] € H5(Km) for each m. Therefore, due to Theorem 1.14 it follows that 
F|f] € Lp(Km) for each m, that is F[f] € Lp,toc(G). 


To prove continuity of mapping (1.97), assume that the sequence fin € y ,(R”) 


—G, p 
weakly converges to zero in Ps 7 (R”), that is for an arbitrary element @ € 
YG, p(IR"), we have < fin,@ >— 0, as m — o. Then relation (1.95) implies that 
< F[fm],@ >— 0 for all @ € Xpcomp(G). In the case 1 < p < 2, due to defini- 
tion (1.94) of Xp comp, the latter immediately implies the weak convergence of the 
sequence F [fin] to zero in Lp joc(G). If p > 2, then again due to (1.94) we have the 
convergence < F[ fin], >—+ 0 as m — © for an arbitrary element @ € Hy ?,,,(—G), 
where s > n(1/2—1/p). Further, Theorem 1.14 by duality implies the inclusion 

of seat) Ay vomp(G). Hence, < F[fm],@ >— 0 for all p € Lis (G), yield- 


ing F [fn] — 0, as m — », in the weak topology of Lp joc(G). 


omp 


As a corollary we obtain the following assertion: 

Proposition 1.31. A sequence f, — 0 as n— in the space ae z (IR”) if and only 
if F [fn] + 0.asn—> © in Ly toc(G). . 

Proposition 1.32. Let f, € ae p(R") and w € ¥Gq(R"). Further, let r satisfy 


the equation 1/r = 1+1/p— ig andr be the conjugate number to r. Then the 
sequence fn * W converges to f * y in y A ,(R”), if and only if the sequence 
_—Gr 


FUfal(&)-FIWM(E) converges to F{f\(E)-Fwl(E) as n+ 2 in Lrige(G). 
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Proof. Due to Theorem 1.18, fr * w € ie , (IR”). Now the statement of the propo- 


sition follows from Proposition 1.31. 


Now we prove the structure theorem for y-distributions. 


Theorem 1.20. Let 1 < p < % and p be its conjugate. For each distribution f € 
it 
 @ r (R") there exist a function A(§) analytic in G and a function fo with the 


Fourier transform F | fo| € Lp(G), such that the representation 


fy = PAGO) 


| o:|=0 


(D—£o)*fo(x), xER’, (1.98) 


holds for any fixed € € G. 


Proof. Let f € - Z (R"). Then, in accordance with Theorem 1.19, for the Fourier 


transform of f one has F[f] € Lp,ioc(G). The Fourier transform of the distribution 
Ff in (1.98) has the form 


Fin@= ¥ AME sere =aOrwl, 99) 


|a|=0 


for all € in a neighborhood of any point 6) € G. More precisely, equation (1.99) 
holds for all € € {& : |§ — | < dist(€o,0G)}, where dist(&,0G) is the distance 
between & and the boundary of G. Therefore, the theorem will be proved, if one 
proves the following statement: 


Lemma 1.2. Every function g € Ly joc(G) can be represented in the form g(€) = 
A(&)go(&), where A(&) is an analytic function in G and go(§) € Lp(G). 


Proof of Lemma. We recall that for G there exists a locally finite covering {g,}7_,, 
that is G = limy_,.0.g% = Uz_ 18x, With compact sets gx € G. Let h € Ly joc(G) be 
fixed. We will construct functions A(€) and Ao(€), which will satisfy all the re- 
quirements of the statement. We choose g, and A(&) so that the following condition 


is satisfied: 
C 


1 
< b 
a JA(E)|? ~ Mak? 
where 


M.= | le(E)IPas. 
&k 


Such a function A(€) exists since analytic functions may grow arbitrarily fast when 
it approaches to the boundary of domain. Further, defining the function 


go(§) = a. PEG, (1.100) 
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one obtains 


S fie = l 
lgo(E)[Paé = > f SR ae < Y sup —— | |e(E)\Paé 
i z/ ae) | A(E)IF | 


k=16€8x 
= My = | 
2 ge © 


From equation (1.100) the desired result follows. 


Hence, for Ff] € Lp joc(G) there exist an analytic function A(€) defined on G 
and hg € L»(G), such that 


D°A(&o) 
a! 


FIf(E) =A(E\io(&) = ¥ 


|a|=0 


(5 — G0) “ho(S), (1.101) 


for € € B,(&9), r < dist(E9,9G), &) € G. The proof of the theorem is complete. 


Remark 1.7. 1. Theorem 1.20 requires that F'| fo] € Lp(G). Extending F [fo] by zero 
outside of G, one can assume F [fo] € Lp(R”) (the extension is again denoted 
by F[fo]). If 1 < p <2, due to Hausdorff-Young’s Theorem (Theorem 1.4), for 
F [fo] € Lp(R”) one can find the inverse Fourier transform F~![F[fo|] = fo € 
Ly (IR”), where p = p/(p—1) is the conjugate number to p. Since 1 < p < 2, 
its conjugate satisfies p > 2. Thus, if | < p < 2, then for a distribution f € 


a eh (IR) there exist an analytic function A(&) defined on G and a function fo € 


Ly (R”) with suppF [fo] C G (note that suppF [fo] is not necessarily compact), 
such that the representation 


— D®A(S) 
a! 


(D—§)* fo(x) (1.102) 


|a\=0 


holds. Thus, for 1 < p <2, in Theorem 1.20 one can assume that fo € Ly (R") 
with supp F [fo] C G. 

As the following example shows this argument, in general, is not valid if p > 2. 
Indeed, consider a w-distribution 


co 


ie Lae + p%8(x), 


jaj=o 


This distribution belongs to y ee (R”) with G > 0. However, F[f](E) =e? 1(E), 
and F [fol(E) = 1(E) ¢ Lp(R"). 

. In representation (1.102) the order of the differential operator is not bounded 
from above. Therefore, in general, y-distributions may have infinite order, unlike 
tempered distributions and distributions with compact support. 

. In Section 2.3 we reformulate Theorem 1.20 in terms of pseudo-differential op- 
erators with singular symbols. 


N 


WwW 
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1.11 Denseness of Y%_,(R") in Besov and Lizorkin-Triebel spaces 


In this section we prove the denseness theorem of Y%_,(IR”) in the Besov and 
Lizorkin-Triebel type spaces, and in particular in L)(R”). For a set A C R” we de- 
note by p,(A) its n-dimensional Lebesgue measure. First we prove the following 
denseness lemma. 


Lemma 1.3. (Denseness lemma) For the embedding 
YG p(R")NG OY (1.103) 


to be dense the condition U,(R" \G) = 0 is necessary if 1 < p < °%, sufficient if 
2<p<, 


Proof. Sufficiency: Let the complement of G in R” have the n-dimensional mea- 
sure Zero, i.e., m,(R" \ G) = 0. Let f € Y and the collection {w;(§)} € ® (see 
Definition 1.20 for By). Namely, let the functions Wo, y € Y satisfy the conditions: 


1 O0< yw, w<l; 

2. supp Wo C {|§| <2}, supp wc {1 < |g] <4}; 

3. De wi(E)=1, wilE) = WIE), 7 =0,1,2.... 
Then due to (1.88) the sequence of functions 


m 


fn(x) = > Fo! [wiF[f]@), m=0,1,... 


j=0 
tends to f in the norm of L,(IR”) as m — ©». Obviously, 


supp F [fm] C {|| <2"*"} = Bw. 


So we can assume suppF'[f] C By». As an approximating sequence we take the se- 
quence of functions 


fROH=F “FAO, N=O 12x, 


where functions Ky(&) are defined in (1.89). By construction, fy € Y,p»(R") for all 
N > 0. We have 


f(x) = fu(s) =F" [(1 = xy) FLT] (®) = Fo! [wT 


where yy(€) = 1 — Ky(&). Putting wn. = supp (Ww: %z,,), Where 7z,,(&) is the 
characteristic function of the ball B,,, we see that the set wy is a compact subset 
of (R" \ Gy) A Bm. Evidently, Un(wm.n) 4 0 as N — e for each fixed m =0,1,..., 
since Un ((R" \ Gv) NBm) — 0 for N > -. 

To prove the lemma we have to show that the sequence of functions F~! wk [f ]] 
converges to zero in the norm of L,(R”) for all p € [2,¢) when N — o. Since 
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the functions yy € C*(G) for all N = 0,1,..., and |yw(€)| < 1, € € G, we have 
Wf EL, (IR”), where p= p/(p—1), the conjugate to p. Using the Housdorff- 
Young inequality (Theorem 1.4), we obtain 


/ 
Dp 


IF [LAI < COW lle, =<, f jw rue)’ a 
R” 


<Cy / ririg)|" a8. (1.104) 


Wm.N 


The integral on the right-hand side tends to 0 as N —> , since Ff] € Y, and there- 
fore, 


| |FIAG| 4 < cum) +0, No. (1.105) 


Estimates (1.104) and (1.105) imply F7! [ywF [f]] + 0 as N — © in the norm of 
L,(R"). 

Necessity: Suppose that m,(R” \ G) > 0. Then there exists a compact V C R"\G 
such that m,(V) > 0. Let us take a function f € Lp, f #0 and let suppF f =V. 
Then for any v € 'Y%_»)(R”) we have supp F f M supp Fv = 9. For p = 2 this yields 


IF vl = (fF — vf —v)en = IFS + Uvlld = INF > ©. 


For | < p < 2 we obtain the analogous estimate using the Hausdorff- Young lemma. 
In fact, 


(2m)9||f —vllp > FF —Fvllq = (WF FIG + Fvlg)'/4 > IF flq > 0. 
For 2 < p < ~ and for an arbitrary fixed g € L,(R"), ||g||g = 1, g= p/(p— 1), 


we have (F h)| 
=" 
If—vllp= sup 
hELy h#0 | lla 


2|f—v,8)I. 


We choose g € L,(R") (note that g € (1,2)) satisfying the following conditions: 

(i) suppFg=V; (ii) Fg € HP (R"), B Sn(g—4); (iti) fan f (x)g(x)dx 4 0. 
It is not difficult to verify that such function exists. According to the Hausdorff- 
Young lemma the Fourier transform of g belongs to L,(R”) and ||Fg||p < (27)? ||g||q- 
For any v € YG _,(IR") its Fourier transform has a compact support in G by the defini- 
tion of the space Y% »(IR"). Moreover, the Fourier transform of v is an element of a 
Sobolev space H;? (R") for some B > n(5 — a because v € L,(R”) (see Theorem 
1.10). Hence 


1 
(2.0) = [se @)dx= Gag <PuFe>, 
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where < Fv, Fg > means the value of the functional Fv € H, B (R") on Fg. It is well 


defined due to F'g € HE (R”). Moreover, < Fv,F g > = 0, since supp FvM supp Fg C 
GNV =9. Hence, || f — v||p > |(f,g)| > 0. 


Since Y is dense in the spaces BY,,(IR") and F7,(R") if g < e, Lemma 1.3 imme- 
diately implies the following theorem. 


Theorem 1.21. Let 1 < p,q < ~, —2o <5 < +o, 
1. Then the following embeddings 


FG,p(R") — Bh (R") > F G(R"), (1.106) 


FG,p(R") > Fg 


(R") 3G F Gy (R”) (1.107) 
are continuous. 

2. Moreover, if IR" \ G has the n-dimensional zero measure and 2 < p < ©, then 
the left embeddings in (1.106) and (1.107) are dense. Conversely, the dense- 
ness of the left embeddings in (1.106) and (1.107) implies that R" \ G has the 


n-dimensional zero measure, that is U,(R" \G) = 0. 


Proof. We prove only Part 1. Part 2 of this theorem, as was noted above, is the di- 
rect implication of the denseness lemma (Lemma 1.3). Let f € Y%_)(IR") and s > 0. 
Assume that supp F'[f] C Gy C {|§| < 2%}, where N and N, are positive integers. 
Since the functions 9;(€), 7 =0,...,Nj, are multipliers in L,(R"), 1 < p<, there 
exist constants Cj,» > 0 such that ||F~'|@,F [f]] lip S Crallflligs 7 = 0,<.5M1- 
These estimates and Proposition 1.27 imply 


Il f|Bpgll = (5 2"4\/F~"[@jF Lf] i, < Cpy(f). 

j=0 

Thus, the embedding '¥_,(R”) — By,,(R”) is continuous. The latter also implies 
the continuity of the embedding ¥%_)(IR") — F;,(IR”), since according to Proposi- 
tion 1.26 the embedding BY, (IR") > F,,(IR") is continuous. Now the continuity of 
the right embeddings in (1.106) and (1.107) follows by duality. 


Remark 1.8. What concerns the case 1 < p < 2, then in the particular case, when 
R" \ G is a quasi-polygonal set the space ‘YG, p(IR") is dense in the spaces BY,,(IR”) 


and F,,,(IR") for all s € R and 1 < q < &. For details see Section “Additional notes.” 


1.12 Lizorkin type spaces 


It is known that the classical Neumann boundary value problem for the Laplace 
equation in a bounded domain has a unique solution if and only if the boundary 
function is orthogonal to 1 (a polynomial of order 0). This is natural if the boundary 
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operator is a (pseudo) differential operator of order > 1 with the homogeneous 
symbol. The spaces of functions orthogonal to polynomials provide solution spaces 
for boundary value problems with such boundary operators. Lizorkin [Liz63, Liz69] 
studied some spaces of functions orthogonal to monomials of selected variables with 
the induced topology of Y and their dual spaces. Therefore, the spaces of functions 
orthogonal to a collection of monomials with an appropriate topology will be called 
Lizorkin type spaces. In this section we construct Lizorkin type spaces, originating 
from Besov and Lizorkin-Triebel spaces endowed with topologies of strict inductive 
or projective limits of sequences of Banach spaces. These spaces will be exploited 
in Chapter 5 in the context of boundary value problems with special fractional order 
boundary operators. 

Lizorkin spaces ¥(IR") and ®(R") are defined as follows. Let ¥(IR”) be the set 
of functions v € Y satisfying the conditions: 


D0) =0, |y/=0,1,..., (1.108) 


and @(IR”) is the Fourier pre-image of the space /(IR”). We assume that both spaces 
have topologies induced from Y. Hence, ®(R") = {pg EY: Fl] € ¥(R")} and it 
follows from (1.108) that any function @ € ®(R") satisfies the orthogonality condi- 
tions 


[ x’p(x\dx=0, |y|=0,1,.... 


We need also the spaces ® (IR") and ¥ (IR"), which are topologically dual to ®(R”) 
and ¥(R"), respectively. For ’ (IR”) the factorization Y (R") = 4 / y holds, 
where yy is the set of all functionals of the form 


Here 6 is the Dirac distribution and M, is a finite number depending on v. Analo- 
gously, D (IR”) can be represented as the quotient space Gg /P, where P is the set 
of all polynomials on R”. The Lizorkin spaces were studied in [Liz63, Liz69], and 
more general Lizorkin type spaces in [Sam77, Sam82]. See more in Section “Addi- 
tional Notes.” 

Now we introduce other variations of Lizorkin type spaces, which will be defined 
on the base of Besov and Lizorkin-Triebel spaces. In this section we assume that 
s>0,l<p<o,andl<q<o. 


Definition 1.28. Let a function f € By, (IR”) has a compact support suppf C IR” and 


satisfies the following orthogonality conditions 


(F.a8) = | Feoxax=0, for all B: |B|<m-—1. 
R" 
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os 

We shall denote the class of such functions by B Pe (ae The topology of this space 

is defined below as a strict inductive limit of a sequence of Banach spaces. 


ss 


Definition 1.29. Similarly, we introduce the class B n(R") of functions f in non- 


Pq 
fe 

isotropic Besov space Bpj"(R"), s’ = (s1,-..,5n—1), With a support in the strip 

{|xn| < N}, N > 0, and satisfying the orthogonality conditions 


boo 


| sf@am =0,k=0,...,m—1. 


—oo 


Let Ry, N = 1,2,..., be a sequence, such that Ry — oo. We introduce a sequence of 
Banach spaces Xy : 


Xv = {f © Boy (R") : supp f © Bry (0)}, 


with the induced norm || f|Xy|| = || f|B5,4||- Obviously, 


al 


X, CX C++: CXnNC..., 


with the norms 
F|X1 || = [Ff lXell--- = WF lXwl| = ---- (1.109) 


AY 
It is not hard to see that Bogan (R") = Uy_)Xw in the theoretical-set sense. Now 
taking into account the norm relations (1.109) we can define the inductive limit 
space 
Xoo = ind lim Xj, 
N-+0 
Ss 


The space X.. coincides with B,,, ,,,(IR”), if the latter is endowed with the strict in- 


pq.m 
os 
ductive topology of X... Hence, Brg m (IR”) is a locally convex topological vector 


s! Sp 


° 
space. In a similar manner B.,, ,,(IR") also can be defined as a strict inductive limit 
of Banach spaces, thus being a locally convex topological vector space. 


Theorem 1.22. Let f € B),(R"), s = 0, and supp f C Qy = {|x| < Ni},Nj > 0. 
Then the inequality 


|F*"[fI|C(B1)|| = sup 
SEB) 


F*UPE)| <Cypllf\Byqll 1-110) 
holds. Here B, is the unit ball in R: with the center at the origin, and Cy, is a 
positive constant independent on f. 


Proof. First suppose that f € L,(IR”) and has a compact support in Oy. Then 
f € &(R"), that is a distribution with compact support. In accordance with the 
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Paley-Wiener-Schwartz theorem the Fourier transform F[f] is an entire function. 
This function is bounded on R”. Indeed, 


FLAG) < f Up@)lax < Onl? Ilflzoll (L111) 


where |Qy| is the volume of Oy, and p is the conjugate number to p. Now esti- 
mate (1.110) follows from (1.111) taking into account the embedding Bi, (R") os 
Bi,,(R") valid for any r > s and 1 < p,q <~. 


Remark 1.9. Analogously, one can show that for the derivatives of order B = 
(B1,..-,;Bn) of F[f] the inequality 


D® F[fIC(Bi)I| < CT NP? (w'Bj + 1)? LF BS (1.112) 
j=1 


j= 
holds with a conjugate pair (p, p ): 


Theorem 1.23. Let f € Boy, ,(R"). Then there exists a function v € By,""(R"), such 
that 


(i) F[F\(S) = |g |"Fv(S); 
(ii) \|V|Boa" || S Cillf1Bog 


(iti) ||F[v]|C(B1)|| < Call FB pall, 


> 


where C,,C2 are positive constants depending on the size of supp f. 


Proof. Since f € By (R") the orthogonality conditions (f,x) =0, |B] <m-—1, 
hold. These conditions imply that 
DP F(f\(0)=0, |B] <m-1. (1.113) 


Further, since f has a compact support, due to the Paley-Wiener-Schwartz theorem 
F [f] is an entire function. Therefore, taking into account (1.113), we have 


eo B B 

Fifgy= & PEM ee yy PAO gor 
|B|=0 : |B|>m . 

=e" ¥ [Pm = DPR A(O)0", (1.114) 


|B|=m 


where we have used the substitution € = |€|0, 9 = €/|E| € S, and S is the unit 
sphere in R” with the center at the origin. Hence, F[f](€) = |6|"V(€), where 


vé= > Pim = DPF 7(0)8°. 


|B|>m 
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We set v = F~![V], and show that, in fact, v € By," (R"). Indeed, using the repre- 
sentation (1.114) and conditions D? F[f](0) = 0, |B| < m— 1, we obtain 


q 
s+m s+m 1 
Ilv Boy |? = x ane love > Ih hrst0)0 [Lp 
|B|=m ; 
q 
co ; 7 2 | 
SCL IME Le; YB DPFLA OE? | Ip 
j=0 |Bl=m 


= De [oF [f]] oll? = CIAIBpall*. 


In the second inequality of this chain we used the fact that supp@; C M; 
= {2/-! < |E| < 2/*1}, and consequently, in the j-th term of the sum, 1/|E|" < 
gig jm 

Now let us prove Part (iii). Suppose |§| < 1. Then it follows from (1.112) that 


FE < Y SIDPFLAO)| <n" _ll 


\Bl=mP* \Blzm ( 


TEST (p'B + 1)!" 


N" WP 3 
<C(omap)  — DI Bpel: 


This inequality immediately implies the desired estimate (iii). 


Theorem 1.24. Let 1 < p<, p the conjugate of p, and @ a positive number 
satisfying the condition ap! <n. Further, let Qo € Cj (By) and f € Lp(R") has a 
compact support. Then the following estimates hold: 


(i) Fo | ger fi) Lp 
(ii) \F [ eer al [Lp 


where C, and C) are positive constants depending on the size of supp f. 


<Ci||F|Lpll, 
< Co||f|Lpll, 


Proof. First assume that p € [2,°¢). Let f € L,(IR") has a compact support. The 
Paley-Wiener-Schwartz theorem implies that F~[f] is a smooth function on R”. 
Therefore supzcp, |F~[f](€)| < Ci,1, with some constant C),; > 0. Using this fact 
and supp (@oF'[f]) C Bi, one can verify that 


Hf] e Ly (1.115) 


if @ satisfies the condition a p <n. Indeed, making use of Theorem 1.22, 
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90 ps ele ue 
Igri hse(f THe) 


+ d 
scapie™tnif iy <ul (1.116) 
1 Hi 


As the conjugate of p, the number p’ belongs to the interval (1,2]. Therefore, 
Hausdorff-Young’s inequality is applicable implying the estimate in part (7) in the 
case p € [2,e0) : 


[era 


Now we show that this estimate is valid for p € (1,2], too. Let g be an arbitrary 


< Call ge er “EAllLprll S Cull flZoll- (1.117) 


function in Ly. eins where p is conjugate of p, and hence, p € [2,c¢). Then, in 

accordance with estimate (1.117), we have F [ee FO 'Is]| (x) € Ly (R"). Moreover, 
Po 

IF ak ‘lL, ll < CillgiZ,’ I. (1.118) 


Io | 


Further, using the form of the Ly-norm given by (1.4) and estimate (1.118), we 
obtain 


(F'[ Ser il].e)| [GF [ger el)| 
rm 7 |e» _ | | 7 | 
[P| geet] |= 2 Ale 
WAL plIF | BF" e]] Myr 
C Ly||. 
< sp 4 <CillflLpll 


In the Ly-norm given by relation (1.4) the sup is taken over all functions g € Ly (R"). 

It is not hard to see that the space L » (IR”) is dense in L_,(IR"). Therefore, it 
Pp ,comp Dp 

suffices to take sup over all functions g € L (IR") in the definition of the L,- 


Pp ,comp 
norm. The proof of part (i) is complete. The proof of part (ii) is similar. 


Remark 1.10. 1. Obviously, Theorem 1.24 remains valid if one changes | |“ in con- 
ditions 1) and 2) to a function h(&) satisfying the condition c|§|* < h(€) < 
C\&|“, where c, C are positive constants. 

2. We note that constants in all the estimates obtained in this section (Theo- 
rems |.22—1.24) depend only on the size of the supp f, but not on the function 
f itself. This is aa since Se oe are coherent with the inductive 


topologies of spaces B oa. m(R”) and B as  (R"). In the sequel we will use this fact 
for the study of the uniqueness of a solution of some initial-boundary value prob- 
lems, as well as the continuous dependence on boundary and initial functions. 
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1.13 Additional notes 


1. The Lebesgue integral and the Lebesgue space. The Lebesgue measure and Lebesgue inte- 
gral were introduced in 1901 by H. Lebesgue in his seminal paper [Leb01]. The first paper on 
Lpy-spaces seems was [Ril0] by Friedrich Riesz published in 1910. Let (Q,2, 1) be a measure 
space, where Q C R”, Z is a o-algebra of subsets of 2, and py is a measure defined on the 
measurable space (Q,2). Let f : Q — R be a L-measurable function: for any open interval 
ACR the inclusion f~!(A) € © holds. Then the Lebesgue integral fy f(x)dx and Lebesgue 
space L,(Q), discussed in Section 1.3, can be generalized to the integral fg f(x)du with re- 
spect to the measure j, and to the space 


L,(Q;W) = {f is X-measurable : [ |f|?du <o}, p>1, 
JQ 


respectively. Ly(Q;,1) is a Banach space with the norm || f|L,(Q;U)||. The Hélder and 
Minkowski inequalities in the general form take the following forms, respectively: 


ffestewels (fu Pan)’ (/, lewottan) 


where f € Lp(Q; 1), g € Lg(Q;), and p,q > 1 and 1/p+1/q=1; 


( - [ fade "an)" </ (|, irae a 


where f (x,a) € Lp(Q; 1), p= 1, is a family of functions depending on a parameter a€ AC R”, 
such that || f (x, a)|Lp(Q; w)|| € e (A 


Theorem 1.25. (Lebesgue’s dominated convergence theorem [RS80]) Let a sequence f(x) be 
defined on a measure space (Q,X, UW), such that f,(x) > f(x) asn > © for U-a.e. x € Q, and 
|fn(x)| < g(x), where g € L\(Q;m). Then f € L1(Q;) and f, > f asn— © in the norm of 
L1(Q; 1). Moreover, 


Ae yin x)dp = [ f(x)du 

n—s00 JQ 

2. Hélder-Zygmund spaces. Holder-Zygmund spaces appear naturally in the context of solution 
of boundary value problems for Poisson equation Au = f in an open domain Q with a smooth 
boundary dQ; see, e.g., [GT83]. In fact, a solution of the Poisson equation with the Dirichlet 
boundary condition uj)9q = @, can be represented as 


aG 
= | Gfa+ | Se 0as, 


where G(x) is the Green function, and n is the outside normal. The continuity of f is not 
sufficient for the solution u(x) to be in class C?(Q). However, if f € C+ (Q),0< A <1, then 
the twice differentiable unique classic solution exists for any continuous boundary function @; 
see details in [GT83]. 

Ifm <A <p <m+1, and Q is bounded, then C! (Q) C C*(Q). This fact is seen from 
the inequality 


F(x)-f) _ f@)-FO) 


|x—y|? |x—yl# 


where d = diam(Q). The above inequality implies || f|C*(Q)|| < C|| f|C# (Q)||. However, in 
general, the inclusion C (Q) c C* (Q) for A < ps may not be valid. Here is an example [GT83]: 
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Let Q = {(x,y) € R?:2x?+y? <1, y < \/|x]}. Then the function 


sign(x)y*, ify>0, 
fears: Bye 
0, ify <0, 


where 1 < a < 2, defined on Q, belongs to C!(Q), and hence, is Lipschitz continuous. At the 
same time f ¢ C*(Q) for all A satisfying the inequality @/2<A <1. 

. Function spaces and distributions. Sobolev spaces Wy (Q) were introduced by S.L. Sobolev 
in his papers [Sob35, Sob36, Sob38] in 1935-38, and with comprehensive presentation in his 
book [Sob50] published in 1950. His monograph [Sob74] uses completion procedure to de- 
scribe W7"(Q). The dyadic approach for description of Besov and, in particular, Sobolev spaces 
was used by Peetre in [Pee76]. Various results related to function spaces are provided in mono- 
graphs by Nikolskii [Nik77], Besov, Il’in, Nikolskii [BIN75], and Triebel [Tri77, Tri83], which 
now became classic books in the theory of function spaces. Methods used in these spaces dif- 
fer. Nikolskii [Nik77] used a technique based on the approximation by exponential functions. 
Anisotropic Sobolev, Besov, and other spaces are studied in [BIN75]. Triebel [Tri77, Tri83] 
uses modifications of the dyadic approach and Fourier multiplier theorems to describe Besov 
and Lizorkin-Triebel spaces. The theory of distributions was published in 1951 by L. Schwartz 
[Sch51]. The fundamental spaces (test functions) in building of Schwartz distributions are C~- 
functions. Wider classes of distributions, called ultra-distributions, use as a fundamental spaces 
versions of non-quasi-analytic classes. Fundamental spaces of w-distributions are entire func- 
tions of finite exponential type belonging to L,-spaces. Examples in Section 1.10 show that the 
dependence of these spaces on p is not formal. 

. Lizorkin type spaces. The Lizorkin spaces V(IR"”) and ®(R”) and their duals were introduced 
in [Liz63]. Samko [Sam77] introduced more general spaces Y(R") and ®y(R”), where V is 
a closed subset of R”. The space %(IR”) consists of functions @ € Y such that D% g(x) = 
0, x € V, for all |a| =0,1,.... The space ®y(IR”) is the Fourier pre-image of ‘4 (IR”). The 
topologies of both spaces are induced from the topology of Y. If V = {0}, then the latter 
spaces coincide with Lizorkin spaces ‘¥(R”) and ®(R"). In the paper [Sam82] Samko studied 
the denseness of these spaces in L,(R”). He established that if the n-dimensional measure of 
V is zero, then: (a) /(IR”) is dense in L,(R”) for all 1 < p < %; (b) ®y(R”) is dense in 
L,(R") for all 2 < p < ~. He also proved that if V is a quasi-polygonal set, then ®y (R”) 
is dense in L,(R") in the case | < p < 2, as well. A set in R” is called quasi-polygonal if 
in each finite ball it can be embedded in the union of a finite number of hypersubspaces of 
dimension < n— 1. Samko [Sam95] announced a conjecture on the density of ®y(R”) for 
any V satisfying U,(V) = 0, which still remains an open problem. Finally, we note that the 
fundamental space Y_p)(IR") of y-distributions as a set of functions is isomorphic to ®y (R”) 
(with different topologies), where V = R” \ G. This fact immediately implies the denseness of 
Yc.) (IR") in By, (R"), s ER, 1 <q <~, forall 1 < p <2, if R” \ Gis quasi-polygonal. 

. The Fourier transform. 


(a) Proof of formula (1.17). In order to prove formula (1.17) we first find the Fourier transform 
of the function 


(24) 1 
f(x 2 —; R". (1.119) 
a (1+ |x|2) "= 
We have 7 f 
r() eS dx 
F[FI() = (7 / _ (1.120) 
me y, (+(x?) 2 


Using the transformation x = Ty, where T is an orthogonal matrix with entries tg ; : 


kk oo€ 
eee Yj =, J=2,...,0, 
Isl 
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(b) 


(c) 


one can reduce (1.120) to 


r(3) * 5 dy2...dyn 
FIA) =a fel [| ar | ay 
“Z J —ce J RI (l+y3+---+y2) "3 


= ) [_e801)4y. (1.121) 


Setting @? = 1+ yy aa yey and integrating the inner integral with respect to yn», we 
have 


1 (pe a 
-[.(/ a) dyn. dyes 
JR'2 @2 \ J—co (1+ (%)2) 


1 
=, [ decide a 
" pr (l+yi+---+y2_,)"? x2 Yat 


where C, = 2 Jo era ca . Repeating this with respect to y,_1,...,y2, one obtains 


1 i dz , 
se ee ac mY Cj 2f (14+ 22)0+D/2? a Dyataglts 


Further, using substitution s = 1/(1 +z”), one can verify that C; = ee. Hence, 


H(y1) = (vm)! 


Therefore, substituting the latter to (1.121) and using relation (1.11), one obtains 


1 se ed ISldy 7 
FIFI(E) - | ime eel. 
| 1 


Finally, due to Proposition 1.5, formula (1.17) follows. 


Let 
r(2) 1 7 
F(A, Hx) = 5 + aI arr *ER', 
vaeA\n™ (14+ @—wyTAt@—p)) * 
where A is a positive definite n x n-matrix and U = ({4,...,Hn) is a fixed vector. The func- 


tion f(A, 1,x) generalizes (1.119), coinciding with it if A =/, the identity matrix, and up =0, 
zero vector. The Fourier transform of f(A, U,x) is 


FUF(A,Wx)(E) =e -VE"4S, ECR". 


The function f(A, {,x) is the Cauchy-Poisson density function, a particular case of the 
multivariate Student’s t-distribution with one degree of freedom. See [Sut86] for the Fourier 
transform (characteristic function) of Student’s f-distribution with an arbitrary degrees of 
freedom. 

Let 
det(A) (wT Ae-n) 
? 


n 
any xe’, 


g(A, Mx) = 


66 


6. 
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where again A is a positive definite matrix and Lt € R” is a fixed vector. Then, 
F[g(A,u,x)(E) = e488, EER". 


The latter generalizes formula (1.15). The function g(A, ,x) represents the density of the 
multivariate Gaussian variable with a position and a covariance matrix A. 
(d) Similarly, one can generalize formula (1.51), as well. Let A be a positive definite n x n- 
matrix. Then 6 
Fle 4] (E) = 4 a (7A“'E—ne) 
det (A) 
This formula is important in the study of solution properties of the Cauchy problem for the 
Schrédinger equation. 


I~ 


The Bochner-Schwartz theorem. A continuous function f(x) defined on R” is called positive 
definite, if for arbitrary x,,...,x, € IR” and complex numbers z),...,z,, one has 
N 


> f (xi — xj) zz; = 0. 


ij=l 


One can reduce the latter to 
[, Fe -r0@) G(x = 0, (1.122) 


where @ € Y(R”). Using (1.122) one can extend the definition of positive definite functions to 
any distribution f € g (IR”). Namely, a distribution f is positive definite if < f,@* @ >> 0 for 
all @ € Y(R"). The Bochner-Schwartz theorem describes positive definite distributions through 
the Fourier transform. 


Theorem 1.26. A Schwartz distribution @ is positive definite if and only if it is the Fourier 
transform of a tempered positive measure LL. 


Sato’s hyperfunctions. The statement of Proposition 1.15 can be generalized to equations of the 
form 


(x—a)Pu(x) = f(x), (1.123) 


where f € & (R"). If uo(x) is a particular solution to equation (1.123), then the general solution 
has the representation 
u(x) =wolx)+ YY CaD*Sa(x), 
aj <Bj-1 
Ja lyessin 


where C,, are arbitrary constants. In fact, this is valid for arbitrary hyperfunction /, as well (see, 
e.g., [Gral0]). The space of hyperfunctions was introduced by M. Sato in papers [Sat59, Sat60], 
in 1959. By definition, a hyperfunction defined on an interval J C R is an equivalence class of 
differences f(x) = F,(x+i0)— F)(x—i0), where Fj (z) and F(z) are analytic functions on upper 
and lower complex neighborhoods of the interval /, respectively. Sato showed that the functions 
F,, F, called defining functions of the hyperfunction f, can also be selected harmonic. Any 
Schwartz distribution is also a hyperfunction. Moreover, there is a hyperfunction, which is not a 
Schwartz distribution. Hence, the space of hyperfunctions is wider than the space of Schwartz 
distributions. The following statement on the structure of hyperfunctions is due to Kaneko 
[Kan72]: 


Theorem 1.27. Any hyperfunction f is globally represented as 


f =J(D)g, (1.124) 
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where J(D) is a local operator with constant coefficients, that is, J(D) is an infinite order 
differential operator J(D) = Yq 4qaD" with the coefficients satisfying 


lim '4/|aqlo! =0, 


| 0.20 
and g is an infinitely differentiable function. 


Thus, hyperfunctions may have the infinite order singularity like w-distributions (see 
Remark 1.7.2.). This fact and Kaneko’s structure theorem in conjunction with the structure 
theorem for y-distributions (Theorem 1.20) shows that y-distributions are in close relation- 
ship with hyperfunctions. However, what is the exact relationship between them is currently an 
open question. 


Chapter 2 


Pseudo-differential operators with singular 
symbols (¥DOSS) 


2.1 Introduction 


We begin Chapter 2 with simple examples of initial and boundary value problems, 
solution operators of which have singularities of one or another type in the dual 
variable. The presence of a singularity often causes a failure of well posedness of the 
problem in the sense of Hadamard. Let A be a linear differential operator mapping 
a function space X into another function space F. The differential equation Ax = f 
is (X,F) well posed in the sense of Hadamard,! if 


(1) for any f € F a solution x € X exists, 
(2) the solution is unique, and 
(3) the solution continuously depends on the data in terms of norms of F and X. 


A classical example of the boundary value problem, which can be found in textbooks 
and is not well posed in the sense of Hadamard, is the initial value problem for the 
Laplace equation 


— 07u(t,x) % 07 u(t,x) 


Au(t,x) = 32 2 =0, ¢t>0,xER, 
u(0,x) =0, ou) =0, xeR. 


The operator A in this example is the pair A = (A, B), where B is the boundary opera- 
tor B[u(t,x)] = (u(0,x), 40)); x = C2 (Rt), and F =C(R"t) x C(R") x C(R”). 
Obviously, u(t,x) = 0 solves this problem. If one changes the initial conditions to 


du(0,x) 
ot 


u(0,x) =0, =esin=, 


' Jacques Hadamard introduced the notion of well posedness in his 1902 paper [Had02]. 
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where € > 0 is a small number, then the corresponding solution is v(t,x) = 7 sin = 
sinh = Taking, for instance x = e7/2 and t = 1, one can see that a small change of 
the data affected to an arbitrarily large (exponential) change of the solution. Text- 
books usually ignore mathematical explanation of this ill-posedness phenomenon, 
just giving a physical explanation, that the elliptic equations describe a stationary 
processes, and therefore, initial-value problems for them are not physical. However, 
mathematical reason can easily be explained in terms of singularities of the solution 
operators. 

As we will see in Section 2.2, in the above example the symbols of the solution 
operators have a singularity at infinity causing ill-posedness. Examples discussed 
there show that depending on the problem formulation different types of singular- 
ities may arise for the solution operators. In Section 2.3 we introduce an algebra 
of pseudo-differential operators with singular symbols (YDOSS) and study their 
properties. In the subsequent sections we develop a periodic and an abstract form of 
DOSS, namely an operator calculus with symbols which have singularities on the 
spectrum of the generic operator. 


2.2 Some examples of boundary value problems 
leading to '’DOSS 


2.2.0.1 The Cauchy Problem 


The first example is the Cauchy problem for the one-parameter family of differential 
equations 


07u(t,x) 


2n2 _ 
572 +A°D°u(t,x) =0, t>0,xER, (2.1) 
u(0,x) = ox), MO) — yin) veR, (2.2) 


where D = —id/dx, A =o +it €C. As is well known, (2.1),(2.2) represents the 
Cauchy problem for the wave equation if A = 1, and it is well posed in the classical 
sense of Hadamard. However, if A =i, then (2.1),(2.2) represents the Cauchy prob- 
lem for the Laplace equation, which, as discussed in Introduction, is not well posed 
in the sense of Hadamard. Now we will take an attempt to understand why it is so 
in terms of symbols of solution operators. 

Let us temporarily replace in (2.1) D by a parameter €, assuming that € takes 
values in R. Then we have a linear ordinary differential equation depending on 
parameters € € Randa €C 


u(t) +A2E2u(t) =0, t > 0. 
Solving this equation, we obtain 


u(t) = C, cos(EAt) +Cysin(EAr), t > 0, 
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where C;, C2 do not depend on f. Further, taking into account conditions (2.2), we 
have 


ult,§) = (8 )oos( ar) + #6), 


where ® and are the Fourier transforms of @ and y, respectively. 
The well posedness of problem (2.1),(2.2) essentially depends on the behavior of 
two functions, namely 


sin(€At) 


cos(GAt) and Ke (2.3) 


In fact, a solution, as we will see later, can be written in the form (returning 


back to D) 
u(t,x) = [cos AtD]@(x) + E alas | w(x), (2.4) 
AD 
where 
sin AtD 
cos AtD and 1D 


are pseudo-differential operators with symbols in equation (2.3), respectively. So, 
these two important functions in (2.3) are symbols of solution operators. Now, as- 
sume A = 1 (in fact, A may be any real number). Then, both symbols cos(&t) and 


se are well defined and bounded on R : 


sin té C 
e lSing 


These estimates imply well posedness in the sense of Hadamard (see Chapter 4) in 
this case. If A =i (or A € C\R), then the symbols of solution operators become 


|costé| <1, | R. 


cosh(&t) and tl These functions are not bounded on R, exponentially increas- 
ing at infinity. That is, the symbols of the solution operators now have asymptotic 
behavior 


sinh (t&) 
g 


resulting the failure of the problem to be well posed in the sense of Hadamard. We 
keep in mind that in this particular case a singularity appears at infinity. 

The solution operators in this example are examples of “DOSS. We will see in 
Section 2.3 that such operators are well defined on the spaces ¥@ »(IR”), where G is 
determined by singularities of the symbol. Therefore, depending on singularities of 
the symbols of solution operators the problem is well posed in certain space. This 
space we will call a well-posedness space. In our example the well-posedness space 
corresponding to A = i is the most narrow space in terms of Y%_,)(IR”) and it is not 
closable up to classical Sobolev, Besov, or Lizorkin-Triebel spaces, thus is not well 


cosh(t€) = O(e>), = O(e>), t>0, |E| +, (25) 
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posed in the sense of Hadamard. Vice versa, in the case 2 = | the well-posedness 
space is the widest among the spaces %_,(IR"), and in this case it is closable up to 
Sobolev and other classical function spaces of finite order, making the problem well 
posed in the sense of Hadamard. 

Finally, one can notice that the representation (2.4) is just a different form of the 
well-known D’ Alembert’s formula. Taking into account that the operator [expr] 
acts as a translation operator 


expr: 9) > (-+0) 


and accepting 


(Sy toe) = [ods +6, 


one can see that (2.4) can be reduced to the usual form of D’ Alembert’s formula 


x x— x+At 
u(t,x) = Pat Fee) [. weag. (2.6) 


Remark 2.1. Instead of differential equation (2.1) one can consider the equation 


07 u(t, x) 


5,3 + A7Au(t,x) =0, t>0,x€ Q, 


where A is an elliptic operator with an appropriate domain F(A) containing func- 
tions defined on Q C R”. However, the essence of the question concerning the sin- 
gularity of the symbols of solution operators remains the same. 


2.2.0.2 The Dirichlet problem 


The second problem we want to consider is the Dirichlet problem in the infinite strip 
{(t,x) :0<t<1,x € R} for the same one-parameter differential equation as in the 
previous example. A peculiarity of this problem is now we observe totally different 
type of singularities of the solution operators. Namely, in this case for A = | the 
symbols of the solution operators have a pole type singularities. Ergo, consider the 
following boundary value problem: 


aut, 
uD) 4 22D 2u(t,x) =0, (2.7) 
u(0,x) = p(x), u(1,x) = w(x), (2.8) 


where again A = 0 + it €C. It is well known that if A =i, then this problem rep- 
resents the Dirichlet problem for the Laplace equation, which is well posed. In con- 
trary, if A = 1, then we have the Dirichlet problem for the wave equation, which is 
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not well posed in the sense of Hadamard. Similar to the previous example, applying 
the operator method we obtain the following representation for a solution 


ee ea | p(x) + = a w(x). 


sin AD sin AD 


The symbols of solution operators in this case are 


sin(1—r)AG sin tA 


sn AG ? sindg © 
They are bounded if A = i: 
sinh (1—t )$| < sinh té 
——————— <1 R t<l. 
a sinhE |~ ’ as 


In accordance with results obtained in Chapter 4 this fact implies a possibility of 
closure of the well posedness space up to classical spaces. At the same time if A = 1 
the symbols of the solution operators 


sin(1—rt)€ sin té 
sn€ ° sing 


have pole type singularities at points €, = kx,k #40. Again from the results of 
next sections it follows that the well-posedness space is not closable up to classical 
spaces. This fact implies ill-posedness in the sense of Hadamard of the considering 
problem in the case when A is a real number, i.e., the Dirichlet problem for the wave 
equation. 

We note that in the multi-dimensional case, that is x € R” in (2.7), (2.8), the 
symbols of solution operators when A = 1, are 


sin (1—t)|S| sin ¢|¢| 
sin |S] sin || 


In this case singularities occur on concentric hyperspheres {E € R”: |€| =ka, k= 
1 Dacor hs 


2.2.0.3 Diffusion equation 


The classical diffusion process without drift can be described by the Cauchy 
problem 


Ou(t,x) 
ot 


= KAu(t,x),t >0,xER", (2.9) 


u(0,x) = f(x), (2.10) 
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where A = —(D} +...+D?), Dj = tal = 1,...,n, is the Laplace operator, and 
kK > 0 is a (constant) diffusion coefficient. The operator method leads now to the 
following representation for a solution 


u(t,x) = eXtA F(x) 


= aa fem fee ae, 1>0, (2.11) 
R 


where f(&) = F[f](&), the Fourier transform of f. The symbol of the solution oper- 
ator e€"4 is e—¥5!°, This is a “nice” function in the sense that it belongs to C*(R"), 
bounded, and decreases exponentially when || — -° with all its derivatives. These 
properties of the solution operator ‘make’ problem (2.9),(2.10) not only well posed 
in the sense of Hadamard in the classical spaces, but also provide hypo-ellipticity. 
By definition, a pseudo-differential operator A acting on distributions defined on 
Q CR" is called hypo-elliptic, if for any distribution u € J’ (Q'), Q' CQ, Aue C” 
implies u € C*(Q’). 

The solution in the variable x is the inverse Fourier transform of the product 
e7 KIS)? f(E). Due to the convolution formula (1.42) and relation (1.16) the solution 
in the variable x is represented in the form 


1 _ be? 
ut) = [eo foyay (2.12) 


R" 


The Cauchy problem (2.9)-(2.10) and its solution (2.12) have a clear probabilistic 
interpretation. In fact, if the initial function f is the Dirac delta function, then the 
equation (2.9) is the Fokker-Planck equation (or forward Kolmogorov equation) 
for the density function of Brownian motion B;. In this particular case the solution 
u(t,x) in (2.12) is a Gaussian density” evolved in time: 


1 xl? 
u(t,x) = G; (x) = va (2.13) 


If the initial function is the density function of a random variable Y, then the solution 
u(t,x) in (2.12) represents the density function of the random process X,; = Y + B;. 
In the theory of stochastic processes it is well known that Brownian motion has 
a continuous path. This implies that the random process X; also has a continuous 
path. We will return to stochastic applications of differential and pseudo-differential 
equations in Chapter 7 where more detailed discussion will be provided. 

In Chapter 7 we will discuss non-Gaussian random processes, sometimes called 
anomalous diffusion processes, the mathematical model of which is given by the 
equation 


= Ka(—A)*/2u(t,x), t>0, xe R", (2.14) 


2 With mean 0 and correlation matrix I 
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where © is a positive real number, (—A)® is the fractional power a of the positive 
definite operator —A, see Section 3.9. This operator has the symbol —|&|“. In this 
case the solution operator has the symbol e~‘ IS|° Even though this function de- 
creases at infinity at an exponential rate, but in contrast to the classical case (a = 2) 
it is not so “nice.” This symbol is continuous, but not differentiable at the origin. 
This type of singularity again effects in the well-posedness space, which as we will 
see later (Chapter 4), is narrower than the well-posedness space of the classic diffu- 
sion equation. 

Note that for @ < 2 the continuity path discussed above breaks down. Let us 
check this for a = 1. In this case the solution u(t,x) of equation (2.14) satisfying 
the initial condition u(0,x) = f(x), due to the convolution formula (1.42) and rela- 
tion (1.12), is (n = 1) 


If the initial function f(x) is the Dirac delta function, then the latter reduces to 
t 


Mh) = ae 


This is an evolved Cauchy distribution, which is a representative of stable distri- 
butions with pure jumps. The next example discusses a model of the general jump 
processes which, in particular, covers all the values of a € (0, 2]. 


2.2.0.4 Equations associated with jump processes 


Let p(x), x € R", be a function defined as 


ti if |x| <1; 


P=) itll ot. 


Definition 2.1. A measure v defined on R” is called a Lévy measure if it satisfies 
the conditions 


v({0}) =0 and i p(x)dv <e, 
IR” 
Consider the following equation on {(t,y) € R"*+!:t>0,y€ R"} 
Ou(t,x) _ _ _ Ou(t,x) 
a = f (u(e.x+y) —ult.2) 0) se Javiy), (15) 


R” 


where b(y) is a bounded function, so that the integral in (2.15) is finite. For instance, 

if f{ |y|dv(y) <9, then b can be selected identically zero; if | |y|dv(y) <, 
Iy|<1 ly|>I 

then b can be the constant function b(y) = 1. If both of these conditions are not 
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fulfilled, Wiad b possesses the following properties: b(y) — 1 when |y| > 0, and 
b(y)=o(4 Wl ) when |y| + ce. Equation (2.15) arises in the study of random processes 
accompanied with “pure jumps.” In order to see that, let us take b = 0 and dv(y) = 
Oa(y)dx, where 6, is the Dirac delta function with mass on a, 0 4a € R". Then 
the right-hand side of equation (2.15) takes the form Ju(t,x) = u(t,x +a) —u(t,x). 
Using the formula F [f (x+a)](&) = e!@° F[f](E), where a€ = ay& +--+» +dnEn, it is 
easy to check that the Fourier transform of Ju is F[Ju](t,é) = (e> — 1)F[ul(t,&). 
Therefore, the solution operator of the equation (2.15) with the initial condition 
u(O,x) = d(x) has the symbol e““-1. The latter is the characteristic function of 
the Poisson process with intensity parameter A = 1 and values ak, k € N (see, e.g., 
[Fel68]). It is well known in the probability theory that the Poisson process is a 
purely jump process. In particular, in our example the jump size is |a|. In general, 
the measure v identifies all the possible jump sizes, and intensity of these jumps. 
Now, denote the operator on the right-hand side of equation (2.15) by A, that is 


Ast) = f (fle+y)—F( 0) Sa Jav(y). (2.16) 


R"® 


Computing the Fourier transform of Af, one has 


PIAA) = FUE) f (e8* - 1-H) Yvi6))Av09. 
cs j=l 
It follows that the symbol of operator A in (2.16) is 


oul) = f (ec ¥_1— idly 0) Dg j)av(y (2.17) 


IR” 
Hence, due to the formula for the inverse Fourier transform the operator A can also 
be represented in the form 


Suppose that there is a finite measure A defined on the unit sphere S = {x € R": 
|x| = 1}, such that for any Borel set E Cc R” 


ve = | ( fre(ro) 2) ano, 
S 0 


where a € (0,2]. Then the symbol 04 (&) in (2.17) of the operator A can be written 
in the form 


co 


on(§) = [ ( [le”® - 1 -o(r0)r56] 5) aA (6), 


Ss 0 
with €0 = €,0,...E,0,,6 CR" ,O ES. 
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Let 0 < @ <1. Then the condition f\,)—; |y|dv(y) < is verified and we can set 
b(y) = 0. Using the substitution r§ @ = n, we have 


co 


ox(6) = [(G0)"( fle - 1) aa). 
RY 


0 


Obviously, the internal integral in this equation is finite and does not depend on & 
and @. Let us denote it by jq. Hence, 


ox(é)= inl" { (Ze) aro (2.18) 
Ss 


If we require additionally that the measure J is uniform on S then the integral 
Js,:8dA(@) does not depend on 6), i.e., this integral is constant depending only 
on a. Since €/|€| € S, the integral in (2.18) does not depend on €. Therefore, the 
symbol 0, (6) has the representation 


on(E) =—Kalé|", where Ka =—ju | (010)d2 (6). (2.19) 
Ss 


The constant Kg is positive and corresponds to the diffusion coefficient k in the 
classic diffusion equation (2.9). 


Further, let 1 < a@ < 2. Now the condition f[ |y|dv(y) < © is verified, and 
ly>1| 


therefore we can take b(y) = 1. In this case performing similar calculations, as we 
did in the case 0 < @ < 1, we arrive again at the same representation (2.19), where 


an 


the constant jq is defined as jg = f(e'” —1—n) qo Not going into details we note 
0 


that representation (2.19) is valid for @ = 1 as well under the additional condition 
on the measure A : [5 @dA(@) = 0. 

Thus, the anomalous diffusion equation (2.14) is a particular case of equa- 
tion (2.15) describing jump processes. This fact explains the nature of anomalous 
diffusion processes modeled by equation (2.14), which is very different from the 
continuous nature of the classic diffusion modeled by equation (2.9). The gen- 
eral case of random processes, in which both continuous and jump components are 
present, will be discussed in Chapter 7. 


2.2.0.5 The Schrodinger equation 

If one takes the parameter D in equation (2.9) equal to 5, where @ is a positive 
constant depending on the light velocity, mass of a particle, and Planck’s constant 
h, then (2.9) becomes the Schrédinger equation 


Ou(t,x) 


_o ; 
i = FAult,x), t>0,2ER", (2.20) 
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which describes the probability of particle distribution in the quantum mechanics. 
Now the symbol of the solution operator takes the form eltlSl”_ This function is not 
so “nice” to compare to the symbol of the solution operator of the diffusion equa- 
tion (2.9), or anomalous diffusion equation (2.14). Unlike the symbols of solution 
operators of (2.9) and (2.14), the symbol ent IS)? does not decrease at infinity. It 
does not increase at infinity either, unlike the symbols in (2.5). In fact, this symbol 
is an oscillatory function with the amplitude equal to one, and hence, is in L..(IR”). 

The solution of the Schrédinger equation is frequently interpreted as a density of 
dispersive waves. Therefore, their L,-estimates are useful. The Riesz-Thorin theo- 
rem can be used to get such an estimates. Indeed, if the solution satisfies the initial 
condition u(0,x) = f(x), x € R”, then, we have 


1 -@ a = 
6) = Bae fet P@ ewe, 1>0,xeR", 2.21) 
R" 


or, inverting the latter in the distributional sense (see formula (1.52)), 


h 
i4not 


n/2 hh 2 
) [ee fe—y)ay, t>0,xER". (2.22) 
R"® 


u(t) = S.C) = ( 
It follows from (2.22) that 


1 
lu(t,x)| < Guewe 


This estimate shows that S; : L;(IR”) > L..(IR”) with the norm 


[ISillz, ce") +z..(R") < (4zceot)~ 3, 


where co = @/h. On the other hand, for f € L2(IR") equation (2.21) together with 
Parseval’s equality yields S, : L2(IR") + Lo(R") with the norm ||S;||,,¢@@) LR) =1. 
Now applying the Riesz-Thorin theorem, we obtain 


Ilu(t,x)|lzp S yl Flug» # > 9, (2.23) 


Greg ht) 
where p > 2 and q is the conjugate of p. Estimate (2.23) shows the rate of decay 
when t — oe. Estimates when f is an element of Besov or Lizorkin-Triebel spaces 
will be discussed in Chapter 4, as a corollary of general well-posedness theorems. 

For relativistically free particles J. Bj6rken and S. Drell [BD64] (see also [Dub82, 
Sam83]) considered the Schrédinger equation in the following form 


Ou(t,x) 
ot 


=DV/I— Au(t,x), (2.24) 
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where again D = =. A peculiarity of equation (2.24) is that the equation itself is 
given as a pseudo-differential equation. The symbol of the corresponding solution 


2 ie er 
operator now has the form ent VIHE| , which either does not decrease at infinity. 


2.2.0.6 Multi-point problems 


Consider a problem 


2 
ould) — Au(t.x) =0, te (0,2),xER’, (2.25) 
u(0,x) = p(x), u(1,x) = u(2,x), (2.26) 


in which the values of a solution at three time instants are involved. This is a typical 
example of multi-point nonlocal boundary value problems. Multi-point and other 
nonlocal boundary value problems arise in various fields, including the plasma 
physics, fluid flows in porous media, etc. Equation (2.25) is included to the fam- 
ily of equations (2.1) with A = i. The same method used in the previous examples 
gives a representation u(t,x) = S(t,D)@(x) for a solution, where the solution oper- 
ator S(t,D) has the symbol 


__ cos(|§|#)[sin |§ | — sin(2|¢|)] ~ sin(|6 |t)[cos|§| — cos(2/6|)] 
sin || — sin(2|6]) , 


This symbol has non-integrable strong singularities at concentric spheres |€| = 
kn, k © Z\ {0}, and |€| =+2/3+22m,m € Z. Due to these singularities the exp- 
ression S(t,D)@(x) loses its meaning even on infinitely differentiable functions with 
compact support. Hence, one cannot expect the well posedness of this problem in 
the classical function spaces. 

Later, when we gather enough information about ¥DOSS, we will return to these 
examples and discuss their well-posedness spaces in detail. We will also see other 
examples and applications of “DOSS, such that boundary values (traces) of har- 
monic functions (cf. with Sato’s hyperfunctions; see Section 1.13 “Additional notes” 
to Chapter 1), uniqueness of a solution of polyharmonic equation, etc. 


s(t) 


G27; 


2.3 DOSS: constant symbols 


As we have seen in the previous section, in many boundary value problems of math- 
ematical physics symbols of solution operators have different type of singularities: 
strong singularities on a finite part of the space, singularities due to increase or 
non-sufficiently fast decrease at infinity, or singularities due to irregular points of 
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symbols. These kind of operators have two distinction from the standard pseudo- 
differential ones. First, their symbols contain singularities with respect to dual vari- 
able, and second, their orders, generally speaking, are not bounded. 

In this section we determine DO whose symbols have singularities with respect 
to dual variables. 


Definition 2.2. Let A(€) € C°(G), GC R". We determine an operator A(D) by the 
formula 
1 


AD) = Gane [ AE FUG Ie AE, (2.28) 
G 


provided the integral on the right-hand side exists. The function A(&) is called a 
symbol of A(D). 


In definition 2.2 the function A(&) may have arbitrary type of singularities outside 
G or on its boundary. Generally speaking, operators A(D) with symbols A € C”(G), 
may not be meaningful even for functions in the space Cj (IR”). Indeed, let €) € R” 
be a non-integrable singular point of A(€) and denote by O(& ) some neighbor- 
hood of €. Let us take a function fo € Cy (R") with F[fo](€) > 0 for € € O(&) 
and F[fo|(6o) = 1. Then it is easy to verify that A(D) fo(x) = °°. However, for 
functions f € Y%_p)(R”) the integral in (2.28) is convergent due to the compact- 
ness of supp F[f] C G, and therefore, A(D) f is well defined. In this sense the space 
‘YG, p(IR") serves as a domain of pseudo-differential operators with symbols singular 
in the dual variable. We use the abbreviation DOSS for pseudodifferential opera- 
tors with singular symbols. 


Theorem 2.1. The space YG p)(IR"), 1 < p < ©, is invariant with respect to any 
operator A(D) with the symbol A(§) € C*(G). Moreover, the mapping A(D) : 
YG p(R") > ¥G_p(R") is continuous. 


Proof. Let f € YG )(R") and supp f C Gy for some N EN. Then f € yp (see 
Definition 1.23). It is obvious that 


supp F|A(D) f] = supp (A(§)F[f]) = supp Ff] C Gn. 


Moreover, since ky € Cy’ (Gy) the product my (€) = Ky(§ )A(€) € Cp (G). Mikhlin’s 
theorem implies that any infinitely differentiable function with compact support is 
an Ly-multiplier. Therefore, 


pn(A(D)f) = ||F~'[kw(6)A(E FUP llzp < Cy pllfllep <CypPn(f) <2, (2.29) 


where Cy,» > 0 is a constant not depending on f. It follows that A(D) f € Py,p. Since 
‘yp C Lp(IR") for each N € N, we have A(D)f € Y%_p. Estimate (2.29) together 
with Proposition 1.28 implies the continuity of A(D) in ¥% p. 


Theorem 2.2. The set of operators A(D) with symbols A € C*(G) and defined on 
YG.p forms an operator algebra which is isomorphic to the algebra of symbols 
C”(G). This isomorphism is given by the correspondence A(D) + A(&), i.e. 
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GA(D) + BB(D) + oA(E) + BB(E),a,B €C', 


A(D)- B(D) «+ A(S)-B(S). 


If 1/A(&) is also in C*(G), then the operator A~'(D) corresponding to the symbol 
1/A(&) is the operator inverse to A(D). 


Proof. The proof is clear. 


In the definition of the operator A(D) for a fixed p € [0, J, it is not necessary that 
the symbol A(&) was in C*(G). For example, assume that p = 1. Then the Fourier 
transform of f € YG belongs to Le. com(G). Therefore, for any A € Ly, j9-(G), one 
has 

|A(D) F(x)| S ||AL1 (K)|II]F IF] |Leol] < 2°, 


where K is any compact subset of G containing supp f. The latter together with the 
Housdorf- Young inequality implies 


|A(D) fle. < Cll fiz... 


If p = 2, then a similar result holds true for the class of symbols A € L.. jo¢(G). 
Namely, for any symbol A € L... jg¢(G) the corresponding operator A(D) in (2.28) 
is meaningful for any function f € YG», and maps ¥@2(IR”) into ¥G2(IR”). These 
two examples show that classes of symbols, for which (2.28) is meaningful, depends 
on p. 

Let S,(G) denote the class of symbols for which (2.28) is well defined on the 
space Y% _,(IR”). Theorem 2.1 shows that C*(G) C S,(G) for each fixed p > 1. For 
a class of symbols X(G) defined on G we set 


XS,(G) = {a € S,(G) for some p € [1,-], such that a € X(G)}. 


For example, C’S,(G) = C*(G). The class CS,(G) consists of continuous symbols 
in S,(G). Further, we denote by OPS,(G) and OPXS,(G) the classes of operators 
corresponding to the classes of symbols S,(G) and XS,,(G), respectively. 


Example 2.1. Consider the symbols of solution operators of boundary value prob- 
lems discussed in Problems 2.2.0.1—2.2.0.6 of the previous section. 


1. Problem 2.2.0.1: The symbols of solution operators in this problem given in 
equation (2.3), namely a,(A,1,6) = cos(GAt) and az(A,t,€) = ain mee! both be- 
long to the class C*S,,(IR) for every A € C and fixed t > 0. 

2. Problem 2.2.0.2: The symbols of solution operators in this problem a3(A,,t,6) = 


ae and a4(A,t,€) = a are in the class C”S,(G), where G = R\ 


{& = %,k =+1,+2,...} for every fixed A € C andr > 0. 
3. Problem 2.2.0.3: The symbol of the solution operator of the Cauchy prob- 
lem (2.9), (2.10) is as(t,€) = exp(—t|&|?) € C*S,(IR”) for every t > 0. 
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4. Problem 2.2.0.4: The symbol of the solution operator of the Cauchy problem 
for equation (2.15) is ag(t,) = exp(to,(&)), where o4(&) is defined in equa- 
tion (2.17). In particular, under some conditions to the Lévy measure v one has 
04(§) = —Ko|§|%,0 < a < 2; see equation (2.19). This particular case shows 
that the symbol o,4(€) is not differentiable. This is true in the general case as 
well. Thus, we have o4(§) € CS,(R”) and a¢(t,€) € CS,(R") for every fixed 
t>0. 

. Problem 2.2.0.5: The symbol of the solution operator of the Cauchy problem for 
the Schrédinger equation (2.20) is a7(t,€) =exp (igrlé P) C*S,(IR") for each 
fixed t > 0. 

. Problem 2.2.0.6: The symbol ag(t,&) = s(t,€) of the solution operator for the 
three-point problem (2.25), (2.26) is defined in equation (2.27), and belongs to 
the class of symbols C*S,(G), where G=R\.@, and 


Nn 


lon 


AM. =Vgen oy If | = kt} Umea |f | = + /3 + 2m}. 


The following theorem provides an extension of Theorem 2.2 to the general case 
of algebras of pseudo-differential operators. 


Theorem 2.3. Let X(G) be an algebra of functions defined on G C R" with respect 
to operations © and ©. Then OPXS,(G) forms an operator algebra which is iso- 


morphic to the algebra of symbols XS,(G). This isomorphism is given by the corre- 
spondence A(D) + A(&), i.e. 


@A(D) © BB(D) + aA(E) & BB(E),0,B EC’, 


A(D) © B(D) + A(§) © B(&). 


If 1/A(E) is also in XS,,(G), then the operator A~'(D) corresponding to the symbol 
1/A(6) is the operator inverse to A(D). 


Theorem 2.4. The space YG p is invariant with respect to any operator A(D) with a 
symbol A(E) € H2.*(G) for some € > 0. Moreover, the mapping A(D) : ¥G,p(R") > 


loc 
YG p(R") is continuous. 


Proof. Let f € PG »(IR") and suppf C Gw. It is obvious that 
supp (F[A(D) f]) C supp F[f].- 
Hence, A(D)f € 'Y_)(R"). Moreover, since ky € Cy (Gy) the product 
my(&) = Kw(G)A() € Heom (G), € > 0. 


The function my for each fixed N satisfies the condition of Mikhlin-H6rmander’s 
multiplier theorem 1.9, and therefore is an Lp-multiplier. Hence, for each N EN, 


py(A(D)f) = ||F" [kw(E)A(E)F[f] Iltp S Cowllfllep S Crwpw(f) <>, (2.30) 
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where Cy,y > 0 is a constant not depending on f. Estimate (2.30) together with 
Proposition 1.28 implies the continuity of A(D) in %_»(R"). 


Let A” (—D) be a weak extension of A(D), i.e. 
<A" (—D)g,f >=<g,A(D)f>, fe ¥%ep(R"),gehMG,(R"). (2.3) 


Theorem 2.5. The space ¥ Gp! (IR") is invariant with respect to any weakly ex- 
tended operator A” (—D) with a symbol A(€) analytic in —G. Moreover, the map- 
ping AY” (—D): Gy (R") > YG y (R") is continuous. 


Proof. Let g € ‘¥",, ,(IR") be an arbitrary element. We show that AY(—D)g € 
are (R”), as well. It is obvious from definition (2.31) that AY(—D)g is a linear 


functional. Assume that f; € %._)(IR”) is an arbitrary convergent sequence. We have 
<A"(—D)s, fj >=< g,A(D) fj >=< 8,Vj >; (2.32) 


where v; = A(D) fj. It follows from Theorem 2.1 that v; + 0 in %_,(R”) if fj > 0 
in ¥%_p»(R”). Since g € YG pl (R"), it follows that < g,vj >— 0, as j — o. Hence, 
A" (—D)g is a continuous linear functional, implying A"(—D)g € ¥!g p/(R"). Now 
let gm € Gp! (IR") be a sequence convergent to 0 in Gp’ (R"). Then evidently, 
<A" (—D)gm, f >=< &m,v > 0,m— »%, since v= A(D) f € ¥G_p(R”), obtaining 


the continuity of the operator A”(—D) in Y7 G_p/(R"). 


Theorem 2.6. The set of operators AY (—D) with symbols A(§) € XS,(G) and def- 
ined on Gp (IR”) forms an operator algebra which is isomorphic to the algebra 
of functions XS,(G). This isomorphism is given by the correspondence A" (—D) + 
A(é), ie. 

aA" (—D) + BB"(—D) ++ aA() + BB(E),a,B eC", 


A"(—D)- BY(—D) © A(G)- B(S). 


=! 
If 1/A(&) is also in XS,(G), then the operator (4”) (—D) corresponding to 
the symbol 1/A(&) is the operator inverse to AY (—D). 


Proof. Follows immediately from Theorem 2.2. 


Theorem 2.7. Let 1 < q < «9, —0 <5 < +0 and u(R" \ G) = 0. For a pseudo- 
differential operator 
A(D) : %2(R") > YG2 (R”) 


there exists a closed extension 
A(D) : B5,(R") > B5,(R"), 


if and only if the symbol A(&) satisfies the estimate 
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IA(E)| <CQI+IEl)", C>0,E eR". (2.33) 

Proof. First we show that the estimate 
||A(D) f|B24(R")I| < C|Lf1B3,(R")II, (2.34) 


where @ = F[y;], holds for any test function f € %@2(R”). Using the Parseval 
equality (1.34), one has ||F~'|@F[f]] |La|| = (27) "||@F [f]|La||. This implies 


JAD) F185,(8")|| = (X 2° [oer (aD) A] If)! 
k=0 


= (2m) "(3 IEA FINELY 


<C(Y 2/1" OF LIE)? = Cillf1BSg (BI 
k=0 


since for € € supp gy the estimate |A(é)| < C;2“—* holds due to condition (2.33). 

Extension of inequality (2.34) to an arbitrary function f € BS q(R") one can pro- 
ceed in a standard way. Indeed, since the space of test functions % > (IR”) is dense in 
B5,, then f € B5,(R”) can be approximated by a sequence fj € ‘¥¢,2(R") in the norm 
of Bs, (R”"). Due to the invariance theorem (Theorem 2.3 for p = 2) the sequence 
hj =A(D) fj € %62(R"), and since YG 7(IR”) is dense in BS,,(R") as well, one has 
hye BS,(R"), j =1,2,.... Further, since BS,,(R") is a complete Banach space, the 
sequence h; converges to a limit / in the norm BS q(R"). Define an extension A of 
the operator A(D) to Bs, (R”) by setting A(D) f = h = lim;,..hj = lim;.A(D) fj. 
The inequality (2.34) implies the estimate 


|A(D) f|Boqll < CIF |BSqll. (2.35) 


valid for all f € By q(R”). Indeed, one needs to replace f by its approximating se- 
quence fj € 'Y%_)(R”) in (2.34) and let j — ©, obtaining the estimate (2.35), and 
proving first part of the theorem. 

Necessity. Let in a neighborhood of a point € € R” the inequality |A(é)| > 
N(1+|é|)*~¢ holds. Here N is an arbitrary number. We shall show that there exists a 
function w € B},(IR") such that ||A(D) w/B5, || > ||w|B5,||. Let 0 # w € By, (R”) and 
supp F|w] C U(&,). Without loss of generality we can take U(&,.) c {2% < |E| < 
2'+1} with some L. It is evident that w € Y%>(R"). Using the Parseval equality we 
have 
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|A(D) w|B3q||4 = >) 24 |F | [gjF [A(D)w] [Lal 
j=0 


=F 2M 9jF(ADywjizal >2( fA )PFolPas)’ 
a Ul) 
G 


> N42" || g_Fw|La||4 = N4||w|B5q| 


Theorem 2.8. Let 1 < p,q <, —0 <5 < +09, m,(R"\G) =0 and the symbol A(é) 
of an operator A(D) : %_)(R”) — %G.p(R") satisfies the condition 


IEI@DEAE) SCa(I+IE Ca >0, EEG Ia/<(S]+1. 2.36) 


Then 


(i) there exists a unique continuous extension A(D) : By ,(R") > Bi, (R") of the 
operator A(D); 
(ii) there exists a unique continuous closed restriction A.(—D) : Byi(R”) > 
Big! (R") of the operator AY (—D) ; 
(iii) the equality At (—D) = A(D), where At (—D) is the conjugate to A.(—D), is 
valid. 


Proof. The sufficiency of condition (2.36) can be proved similar to the previous 
case, however, now we use the multiplier property instead of Parseval’s equality. 
Let again f © Y%_)(R") and the symbol A(&) of the pseudo-differential operator 
A(D) satisfy condition (2.36). Let {yz }¢_9 € ®. For test functions f € ¥%_p)(R”) 
we show the estimate 


AD) 1B Sal = CL FFA) AI|IL,)* SCIABoyll, 2.37) 
k=0 


where @, = F[y;], k > 0. Due to Part 4) of Definition 1.20, @ € Mp, 1< p<», 
for each k = 0,1,.... Since f € YG p(R"), there exists a compact set K C G, 
such that supp Ff] C K. Moreover, there exists a natural number m, such that 
—F |A(D)f|(€) = 0 for all k > m. Therefore, inequality (2.37) for f € ¥)(R") 
takes the form 


m 


AD) FB Soll = 271 [or AD) I] If, )* < CBSal 


with some natural number m depending on f/f. 
Now consider a collection of functions 


vk 
(i+ er)? 


e(x) =F" (gi(E)- ), ROT Doiss 
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with v = s—/. One can check that the functions @;(x) satisfy conditions (1) - (4) of 
Definition 1.20. Hence, {¢;}7_9 € ®. Since, both collections {yj }7_ and {d} 75 
belong to ®, the respective norms || f|B},,|| y and || f|By,4||o are equivalent. Hence, 


|AD)FBSall < CIA) FB allo = CS 2 (Fld -FIA(@YAI) IE, 


m j 1 
=C(Y 2 ||6.* A(P) SIE) 4 (2.38) 
k=0 
where C > 0 is a constant. Further, it is easy to see that 
Qvk 


2 _AG)F). 
arenes 

Denote by m(€) the function A(E) - (1+ |&|?)~2. It follows from the Michlin’s 
Theorem (see Theorem 1.7) that m(&) is a Fourier multiplier in the space Lp. We 
have 


x*A(D)f = Fo! (FO: FA(D)f) =F! (ox: 


$x *A(D) f = 2" (Fm * Oy * f). 


Using the multiplier property of m(&) we obtain the estimate 


Il, * A(D) f|Lp|] = 2”*||F~! (m(E)F [pe (E) F(E)I) Lol 
252" |@e FEyl|: (2.39) 


Estimates obtained in (2.39) and (2.38) imply that 
Salk 7 
|A(D) f|Bogll < CCE 24 lI be *A(D) f|Lpl|2) 4 
k=0 


m 1 
<CCp( >, 2°04 gy * FL p|I4)4 
k=0 


= CCp||f|Bpq ‘ll = CCpIIFIBpgll- 


Thus, estimate (2.37) is valid for any test function f € 'Y%_,)(IR”). The extension of 
inequality (2.37) to an arbitrary function f € Bh, (IR”) repeats exactly the extension 
process proceeded in the previous theorem. Hence, part (i) of the theorem is proved. 

Now let g € By. (R") and f € BY,(R"). Since f = limj« fj, fj © Ye,p(R"), the 
restriction A,(—D) to Bye (IR") of the operator A” (—D) : es r (R") > y Gol (R") 
we determine by ; 


<Ac(—D)g,f >= lim <g,A(D) fj >=<8,A(D)f >. (2.40) 


Here A(D) is the extension of the operator A(D) : ¥% »(R") > ¥% »(R") constructed 
above. We have the estimate 


|< Ac(—D)g,f >| < llelByfll-|A(D)/1B4qll < CllelB yf ILFIBsall: 
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It follows that 


A-(—D)g, f > 
= gyp ACD). f > I 
[AO FB eal 


-0 
< CllalByirll (2.41) 


; -£ 
|A.(D) 1B 


proving part (ii). 

Finally, when both operators A(D) and A,(—D) are determined, it follows from 
(2.40) that < A.(—D)g, f >=< g,A(D)f > valid for arbitrary g € Bui (R") and 
f € By, (R"). The latter yields the equality A+ (—D) =A(D), completing the proof. 


Theorem 2.8 remains valid for Lizorkin-Triebel spaces Fk") as well. 


Theorem 2.9. Let 1 < p,q <0, —00 <5 < +00, m,(R"\G) = 0 and the symbol A(é) 
of an operator A(D) : ‘%_»(R”") — ¥G_p(R") satisfies the condition 


El DEA(E)| S Ca +IE)SCa>0,E EG lal<(s]+1. 242) 


Then 


(i) there exists a unique continuous extension A(D) : F5,(R") > Fy,(R") of the 
operator A(D); 
(ii) there exists a unique continuous closed restriction A(—D) : F(R") —> 
Fg! (IR") of the operator A” (—D) ; 
(iii) the equality At (—D) = A(D), where At (—D) is the conjugate to A,(—D), is 
valid. 


Returning to properties of pseudo-differential operators with singular symbols 
defined on Y% G.p! (R") one can reformulate the representation Theorem 1.20 in 
terms of pseudo-differential operators. 


Theorem 2.10. Let 1 <p <co and p' = p/(p—1), the conjugate number of p. For 
each distribution f € HG pl (R") there exist a pseudo-differential operator A(D) 
with the symbol A(&) analytic in G and a function fo with F fo € Lp(G) such that 
the representation f(x) = A(D) fo(x) holds. 


Remark 2.2. This result has an independent interest for analysis. We will use it es- 
sentially in proofs of uniqueness theorems in the next chapter. 


2.4 Pseudo-differential operators with continuous symbols 
and hypersingular integrals 


In Example 2.2.0.4 of Section 2.2, related to jump processes, the solution opera- 
tor appeared to be a pseudo-differential operators with a non-differentiable symbol. 
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Moreover, the symbol o4(§) = —Kkq|G|%, 0 < a < 2, in equation (2.19) is contin- 
uous on R”, but not differentiable at the origin. Pseudo-differential operators like 
this will play an important role in the various random walk models discussed in 
Chapter 8 and used for description of fractional order diffusion processes. 

Assume that G is an open domain in R”. Let a function f be continuous and 
bounded on R", ie., f € C,(R”), and have a Fourier transform F[f](€) in the sense 
of distributions, which has a compact support in G. The set of all such functions 
endowed with the convergence in the following sense is denoted by CY¥(IR”): a seq- 
uence of functions fi, € C'¥G(R") is said to converge to a function fo € C'¥¢(R”) if: 


1. there exists a compact set K C G such that supp F [fi] C K for all m = 1,2,...; 
2. || fm — folCol| = supers fm — fo| + 0 as m — o. 


In the case G = R" we write simply CY’(R") omitting R” in the subindex of 
C¥¢(R”). Note that according to the Paley-Wiener-Schwartz theorem (Theorem 
1.12) functions in C¥G(R") are entire functions of finite exponential type. In acc- 
ordance with Theorem 1.10 a function f € L,(R") with p > 2 has the Fourier trans- 
form F[f] belonging to H~*(R"),s > n(5— a Letting p — o we have F[f] € 
H~*(R"),s > 5 for f € L..(IR"). Taking into account this fact and the Paley-Wiener- 
Schwartz theorem we have that the Fourier transform of f € Y%(R”) belongs to the 
space 


where H¢mp(G) is a negative order Sobolev space of functionals with compact sup- 


port on G. Moreover, since lim ||/\|_, = ||f|lz.. for f € L..(IR") (see, for example, 
pres 


[RS80]), it follows from Theorem 1.10 that 


IF [Alll-s < Cllfllz.. (2.43) 


Thus, F[f] is a distribution well defined on the space of continuous functions with 
the topology of locally uniform convergence. 

Denote by C Y ,(R”) the space of all linear bounded functionals defined on the 
space C'Y¥%(R”) and endowed with the weak topology. Namely, we say that a se- 
quence of functionals g,,,€ C y' -(R") converges to an element go € C v' -(R" ) in 
the weak sense, if for all f € C¥G(R") the sequence of numbers < gi, f > con- 
verges to < g9, f > asm — ©. By < g, f > we mean the value of g € Cc ,(R") on 
an element f € C¥¢(R"). 

Let A(&) be a continuous function defined in G C R”. By definition, a pseudo- 
differential operator A(D) with the symbol A(6) is 


1 


A(D)9(x) = Gay Fig aée"*), (2.44) 


which is well defined on functions of C¥%(R"). We recall that x§ in equation (2.44) 
is the dot product of vectors x € R?, € € R?, that is x€ =x1,€) +--- +x. If F[g] 
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is an integrable function with supp F[@] C G, then (2.44) becomes the usual form of 
pseudo-differential operator 


1 


A(D) 908) = Gays | AIF IONE)e AE, 
G 


with the integral taken over G. Note that, in general, this may not be meaningful 
even for infinitely differentiable functions with finite support (see Remark 2.3). 

We define the operator A(—D) acting on the space CP’ .(R") by the extension 
formula 


<A(—D)f,9>=<f,A(D)9 >, f €C%¢(R"), 9ECH%(R"). (2.45) 


Lemma 2.1. The pseudo-differential operators A(D) and A(—D) with a continuous 
symbol A(&) are continuous mappings: 


A(D) : ¥%(R") > ¥%(R"), A(—D):¥¢(R") > ¥%¢(R"). 


Proof. Indeed, since supp F |A(D) f] C supp A()F[f], one has supp F [A(D) f] € G 
for any function f € CY¥¢(R"). Further, suppose that f,, > 0 in G(R”), that 
is there exists a compact K € G such that suppF [fin] C K for all m > 1, and 
sup | fin| > 0,m — ce. Since F[ fin] € H-*(K) for some s > n/2, using (2.43) we 
have the estimate 


A(D) fin (2)| = aya (FUtnl(E),ACE)e™)g 
< C||F LfnllE-*(K)IIA(E)e- 85 [E0°(K) | 
<C\||fnlli,,, |A(E)e | (K) |]. (2.46) 


Further, since A(&) is a function uniformly bounded over any compact, one has 
|A(6 Je |H*(K) |? = i JA(S)PU +E 'd6 = CK <0. 
K 


Taking this and estimate (2.46) into account, we finally get 


sup |A(D) fin(x)| < CCk||fim|| 20 as m— oe. 
xeER" 


The continuity of the second mapping in the lemma now follows by duality. 
Lemma 2.2. Let A(&) be a function continuous on R". Then for & € R" 


A(D){e7*5} =A(E)e #5, x ER". (2.47) 
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Proof. For any fixed € € R” the function e~“* is in C¥(R"). By definition (2.44) 
of A(D), we have 


Corollary 2.11 The following relations hold: 
i) A(E) = (A(D)e“*S es; 
ii) A(§) = (A(D)e** )).-03 
iii) A(E) =< A(—D)6&o(x),e~#5 >, where 8p is the Dirac distribution. 


Proof. The first two assertions immediately follow from (2.47). To prove (iii), we 
have 


< A(—D)6&o(x),e7"§ >=< &)(x),A(D)e® >=< &(x),A(E)e*> >=A(E). 


Remark 2.3. Equality (2.47) holds in the space C'Y’(IR"), and therefore, understood 
in the usual pointwise sense. It is a valid equality, as indicated in many sources 
(see, e.g., [Hor83, Tre80]), in the space &(IR") of test functions, as well. However, 
since the function e~* does not belong to S(R”) and A(R"), the representations 
for the symbol obtained in Lemma 2.2 and Corollary 2.11 are not applicable in these 
spaces. 


Example 2.2. Consider the operator 


1 fAfe), 1, / ASF (x) 

dy= lim 

d(a,l) J lyre d(a,1) Noe J ly|rte 
Re ly|<N 


Dé f(x) = dy (2.48) 


where 0 < a < /, | is a positive integer, A! is the finite difference of order / in 
the y direction, either centered or non-centered, and d(a,/) is a constant defined 
in dependence on what type of difference is taken (see for details [SKM87]). Due 
to a strong singularity in the integrand, this operator is also called a hypersingular 
integral. As we will show in Section 3.8 (see Theorem 3.4), this operator is a pseudo- 
differential operator with the continuous symbol —|&|%, and plays an important role 
in random walk constructions studied in Chapter 8. 

Note that in this book we consider only the centered case of the finite difference 
A! in the definition of D§. In this case d(@,/) is defined as (see [SKM87]) 


m't"/24,(@) 


— 2er (1+ $)r (4) sin(an/2)’ 


d(a,1) (2.49) 


with A;(a) determined by the formula 
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Moreover d(a,/) #0 for all @ > 0 and for even /, but d(a,/) is identically zero for 
odd orders /. Let / be a given positive integer. Denote by 7, a shift operator with 
spatial vector-step y 


(GA)(x) =f(e-y), sy ER". 


Using this operator we determine the symmetric difference operator of order / 


(ah NG) = (y-A'ste) = D-K(,) 4(e+ 4-0). 
For / = 2, we have 


A7(a) = —2, 

Qi tn/2 
2727 (2)r (24%) sin(an/2)’ 
(Ay f)(x) = f(x—y) —2f (x) + f(xty). 


Hence, the operator Df in the case / = 2 can be written in the form 


I(e=9)=2f le) + flery) 


R |y|rro 


d(a,2) = 


dy, (2.50) 


where 
ol ($F (52) sin 


BEM) 72a 1+n/2 


(2.51) 


It is seen from (2.51) that the value ~ = 2 is degenerate. For 0 < a@ < 2, it follows 
from Lemma 2.2 (and some calculations provided in Section 3.8, see Theorem 3.4) 
that 


a (_pixé Aves a 
D (c* ) = B(n, a i at a, =— <a<2. 
0 i ( ) h [yjnro y = S| 


Therefore, for f € H*°(IR”), s € R, one has 


[Dy f\H° “P= fA+IEP MEP Pas <C|| fH". 


Rv 


Thus, the mapping Df : H°(IR”) — H*°(R") is continuous. 
We note also that Dj in (2.50) can be considered as a fractional power of the 


Laplace operator, namely Dj = —(—A)@/ >. Fractional powers of positive definite 
operators are discussed in Section 3.9. 
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2.5 DOSS: variable symbols 


In this section we briefly discuss algebras of pseudo-differential operators with sym- 
bols a(x, &) depending on both variables x and €. J. Kohn and L. Nirenberg first con- 
structed an algebra of pseudo-differential operators OPS” (Q) with smooth symbols 
a(x,€) € C*(Q,R” \ {0}), satisfying the condition 


IDE DFa(x,§)| <CU+|Ely" "|, xeK, EER’, (2.52) 
for all multi-indices @ and 8. Here @ = (Q1,...,Q,) and B = (f1,...,B,) are multi- 
indices, |a| = | +-:-+O, is the length of a; D, = (—id/dx,,...,—id/Axn), 
Dz = (—id/061,---,—-i0 /0n); K C Q is acompact subset, and C = C(a, B,K) isa 
positive constant. By definition, A € OPS” (Q) with the symbol a(x,&) € S”(Q), if 

1 a 
APG) = Gaye fam SPIGA, xe. 


R* 


A differential operator 
A(x,D)= ¥ ag(x)D* 


|o:|<m 
with coefficients ag, € C*(Q) is an example of the operator in OPS (Q). The cor- 
responding symbol is a polynomial in the variable & , 


a(x,§)= SY aa(x)é*. 


|oe|<m 


Thus, the algebra OPS” (Q) contains all the differential operators of order m with 
infinite differentiable in Q coefficients. In the algebra OPS”(Q) the addition and 
multiplication (composition) operations are well defined, as well as the adjoint ope- 
rator. The reader is referred to books [Tay81, Tre80, Hor83] for details. Below we 
briefly mention the main ideas laid behind the construction of the algebra OPS” (Q) 
and its generalizations. The algebra OPS’ (Q) is constructed so that it contains the 
parametrices of all the elliptic operators of order m. A differential operator A(x,D) 
with the symbol a(x, €) is called elliptic, if its main symbol 


dm(x,6) = DY aa(x)* 


a|=m 
satisfies the condition 

Am(x,6) > Col |” (2.53) 
for all x € Q and € € R”. For the symbol a(x, &) of an elliptic differential operator 
it is obvious that |a(x,&) — am(x,&)| < (1+ €|)"7! for all € such that |E| > R for 


some R > 0. Therefore, using this fact and (2.53), one can see that there exists a 
constant C > 0, such that the estimate 
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Ja(x,5)] = |am(x,6) + la(x,6 ) — an(x, ¢ )]| 
> |am(x,6)| — lax, §) — am(x, 5 )| 
=c(+|6|)”" 


holds for all x € Q and for all |&| > R, where R is sufficiently large. This property 
can be used for extension of the definition of ellipticity for operators in OPS’ (Q). 
Namely, an operator A € OPS" (Q) is called elliptic, if there exists a constant C > 0, 
such that the symbol of A satisfies the condition 


la(x,5) 2CU+|6/)"], xe Q, [S| 2R, 


with some number R > 0. Further, an operator P € OPS”(Q) with the symbol 
p(x, €) is called a parametrix for an elliptic operator A € OPS”(Q) with the symbol 
a(x,6&), if the following relations 


+ b(x,§) 
+clx,5); 


hold, in which the symbols b(x,&),c(x,§) € S~°(Q) =N*_,S(Q). As it follows 
from Proposition 2.1, Part (3) below, that the operators with symbols in S~*(Q) 
possess the smoothing property: these operators transfer distributions to infinitely 
differentiable functions. 

Though within OPS”(Q) one can describe parametrices of elliptic operators, 
the class OPS’ (Q) is too restrictive to describe, so-called, hypo-ellipticity of 
(pseudo) differential operators. If for arbitrary f € C°(Q) a distributional solution 
u € D(Q'), Q' CQ, of the equation Au = f, is in C?(Q’), then A is hypo-elliptic. 
Any elliptic pseudo-differential operator is hypo-elliptic [Hor83]. Another example 
of hypo-elliptic operators is the heat operator # — A, which is not an elliptic opera- 
tor. The hypo-ellipticity of differential operators was studied in works by Hérmander 
[Hor61, Hor67], Egorov [Ego67], etc. The class of symbols Sh, 5(2) depending on 
parameters p € (0, 1] and 6 € [0, 1] was introduced by Hérmander [Hor65]. By def- 
inition, a symbol a(x,€) € C*(Q,R” \ {0}) belongs to the class 55 (Q) if a(x, &) 
satisfies the condition 


|DEnFa(x,é)|<CU+ ||)” Pll, xeK, EER", (2.54) 


for all multi-indices @ and B, and compacts K C Q. The corresponding class of 
pseudo-differential operators OPS” 5(@) is wider than OPS” (Q) and within this 
class one can describe the hypo-ellipticity property of (pseudo) differential opera- 
tors. The class of operators OPS s(@) coincides with OPS” (Q) if p = 1, 6 =0. 
We write S”, Sn8? OPS”, and OPS) 5? if Q =R’. 


Proposition 2.1.(/) Let A € OPS) s (Q). Then the mapping A: G(Q) > &(Q), and 
by duality the mapping A : &'(Q) + Y'(Q) are continuous; 
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(2) LetA€ OPS) 5: 0 < 1. Then the mapping A: Y — GY, and by duality the mapping 
A:Y' — G' are continuous; 

(3) Let A € OPS) 5,0 < 6 <p <1. Then the mapping A: H*(R") > H*™(R") is 
continuous for all s € R; 

(4) Let A € OPS 8" Then the mapping A: ‘%,G(R") > &(R"), and by duality the 
mapping A: & (IR") > ve _¢fR”) are continuous; If additionally the Fourier 
transform of the symbol a(x,&) of the operator A with respect to the variable x 
has a compact support K, for all & © G, then the mapping 
A: G(R") > %aG,(R"), where Gag = G+ Ka, and by duality the mapping 

. yy n j n F 
A: Pt -Ga (R") > Pr _o(R ) are continuous. 
Proof. Parts (1)-(3) are known (see, e.g., [Tay81, Hor83]). Part (4) is a particular 
case of the more general statement established in Theorems 2.12 and 2.13. 


One can notice that the symbols of solution pseudo-differential operators obt- 
ained in Section 2.2, except some of them, do not belong to Dai g for any finite m. For 
instance, the symbols a;(1,t,€) = cos(t&) and a2(1,t,€) = €—! sin(r& ) (these sym- 
bols do not depend on x) emerged in Problem 2.2.0.1, do not satisfy estimate (2.54). 
Indeed, for ~ = 0 one has 


la(t,8)/ <1, lar(1,2,6)] SGU +|6)) 6 eR, 


One can easily verify that derivatives of a)(1,t,€) and a2(1,t,&) in the variable € 
satisfy the inequalities 


IDZai(1,t,6)|< CG, and |DZar(1,t,6)| << G(1+ 16 |)", 


for all € € R. These facts show that (2.54) does not hold for any finite m and positive 
p,0<p<l. 


Remark 2.4. Notice that if one includes p = 0 in the definition of So 5, thena) € Sa 


and az € So, ne Calderon and Vaillancourt [CV71] showed that operators with sym- 
bols in Sf\5, where 0 < p < | are bounded in the Sobolev spaces H*(IR”). This fact 
implies well posedness in the sense of Hadamard in spaces H*(IR") of the Cauchy 


problem in Example 2.2.0.1 in the case A = 1. 


On the other hand, both symbols a; (1,t,€) and a2(1,t,&) can be expanded to the 
Taylor series 


co 42 2 p2itl 


ai(1t6)= 3 oayo™ a(ln8)= 3 opie (2.55) 


In other words aj, az € S*. The class of corresponding pseudo-differential operators 
OPS* represents differential operators of infinite order. The differential operators of 
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infinite order play an important role in the modern theory of differential equations 
[BG76, Dub82, K73], complex analysis [Dub84, Leo76], and functional analysis 
[Sat60, Kan72, Gral0O]. 

Similarly, the solution operator exp(if@tA) in Example 2.2.0.6 for the 
Schrédinger equation is also a differential operator of infinite order with the sym- 
bol a7(t,€) = exp(i2r||?), which does not belong to Si.o for any finite m and 
p € (0,1]. Unlike the previous example a3 does not belong S50 for any finite m 
even for p = 0. However, this symbol does belong to S”, with the power series 
representation 
— (iat)! 
ay(t,§) -2 nj! 

The reader can verify that symbols a3(A,t,€), aa(A,t,€),a(t,),ag(t,€) also 
do not belong to S%, for any finite m and positive p. All these symbols can be 
represented as differential operators of infinite order locally or globally. The symbol 
as(t,€) is an exception. Due to infinite differentiability and exponential decay at 
infinity, this symbol belongs to 550 for any finite m and 0 < p < 1. Hence, as(t,€) € 


S507 confirming that the operator Z —A is hypoelliptic. 
The power series for the symbols a1(1,t,€) and ag(1,t,&) in (2.55), and for 
a7(t,&) in (2.56) converge for all € € R and for all € € R”, respectively. However, 


power series representations of the symbols 
sin (1—t 
nis. ag(1,t,6)= 


sin & 
of the solution operators arising in Problem 2.2.0.2 converge locally in the open set 
G=R\ {ka,k=+1,+2,...}, and are functions of C*(G). 
Now we introduce a class of symbols which contains all the above symbols. 


Definition 2.3. Let GC RE and QQ C RY be open sets. We denote by SG(Q) the class 


of symbols a(x,€) € C*(Q x G). We do not require any conditions for the growth 
in the variable € like estimates in equations (2.52) and (2.54). Symbols in SG(Q) 
as functions of variables (x,&) are jointly infinite differentiable in Q x G, or in 
general, functions in C*(G) on the cotangent bundle T* (Q), and may have any type 
of singularities on the boundary of G or outside of G. The class of corresponding 
pseudodifferential operators will be denoted by OPSG(Q). We write SG and OPSG 
if Q =R". 


ier. (2.56) 


sin t& 
sing 


Theorem 2.12. Let a(x,€) € SG. 
1. The mapping 
A: ¥_)(R") > &(R") (2.57) 


is continuous; 
2. If a(x,€) has compact support in x, then the mapping 


A:%_>(R") 3 Y(R") (2.58) 


is continuous; 
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3. If the Fourier transform of the symbol a(x,&) of the operator A with respect to 
the variable x has a compact support K, for all & € G, then the mapping 


A:%,c(R") > %a,(R"), (2.59) 
where Gg = G+ Kg, is continuous. 


Proof. Let a(x,€) € SG be the symbol of the operator A. Then for f € %, G(R"), 
one has 


AFC) = aoe fale E)FINEe a8, (2.60) 


Moreover, since F'[f] has a compact support in G, the integral in (2.60) is taken over 
a compact set. This implies that Af € C”(IR”). Now we show the continuity of the 
mapping (2.57). Let fm € G_p(IR") be a sequence converging to 0 in the topology 
of ‘YG )(IR”). Recall that Y%_,(IR”) is the inductive limit of the Banach spaces Py p 
(see Section 1.10). Therefore, one can assume that fin € Yy,p for all m € N, and 
fm — 0 in the norm of yp. Moreover, since fin € Py,p, then supp F [fin] C Gn and 
Il fn |v, pl| = ||P! [kn (E)F Lf ]]|Lpl| (see Definition 1.23). We show that A fn > 0 in 
the topology of &(IR"). Let K C R" be an arbitrary compact. For the derivative of 
order & of A fin, we have 


DEAtn()= a © (5)  Phets.8)* Pan GPU Bea 
> ( ) ii baDROND, EK (2.61) 
where 
DBa( a-B ~ilx-y)E ge. 
b(x cay | Btae Ba ky(E)e He) ae 


The function b(x,y) for every fixed x € K is a function of L,(IR}), where q is the 
conjugate of p, that is q~! + p~! = 1. Indeed, putting for convenience 


1 


Tage ale £)(iG)* Pxw(6), 


cn (x,§) = 
one has 


NCI cep) = J | | ent b je %ael'dy =f | fewex.8ye ae "ay 


pict G 


Es / | | ne Ee WE dE "dy. (2.62) 


|y—2|>1 
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The first integral on the right of (2.62) is finite, since the integral is taken over a 
compact set {|y —x| < 1} x g C R”. For the second integral using integration by 
parts and taking into account that cy(x, € ) has a compact support supp cy (x,-) C Gy 
for every fixed x € K, one has 


[ |fovusietreatfar= J ge foictigetmarla 
G 1 G 


ly-x|21 ly—x|2 


~ / rl | (—Dz)¥ew(x,E)e ae [May 


ly-a[>1 


1 
< Cy / payer << 


ly-a|21 
where |y| = M and Mq > n, and Cy is a positive constant. Applying the Hélder 
inequality to (2.61), one obtains the desired estimate 
sup |D“A fn(x)| < Cwl fn! Ph. pll- 
xeK 
The proof of Part 1 is complete. The proof of Part 2 is similar to the proof of Part 


1. Therefore, we leave it to the reader. To prove Part 3 we notice that the Fourier 
transform of A f(x) is 


Flafiin) = fa(n—€,8)FI/(E)ds, ne", (2.63) 
IR” 
where 
A 1 ix 
a(n,é) = Gay | a8 Tdx. (2.64) 


It follows from (2.63) that F[Af](1) = 0if n ¢ G+ Ka, implying 
supp F Af] = suppF[f]+Ka C G+ Ky. 


Further, let ¥¢.-x,,,p = ind limy_,.. ®y », where Py,» is a sequence of Banach spaces, 
corresponding to a locally finite covering {hy }7°_) of G+ Ka, and the smooth parti- 
tion of unity {vz}. Since, this inductive limit does not depend on the partition of 
unity, one can construct it in the form 


vj(1) = oe(§ we(n — §), (2.65) 


where j=k+0,n €G+Ka, & €G, and gy and wy are smooth partition of unities 
of G and Kz, respectively. Let 


M N 
Ki(n) = Si v(n),  Ku(S)= Yi w(S), and Ky(S)= > ox(6). 
j= k=l 
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The numbers L,N, and M are such that L = N+M. Using (2.65), one can easily 
verify that K,(1) = Kv(&)&u(n — &). Exploiting this and (2.63), we have 


WF" Re (n)FIAS I] pl = | Gay [R) (fan ~§,E)FLfN(E)aé Jean |p| 


R’ R" 


=ll Ga / FLAME) ( [ Relmaln -E, Sean) ae 


R 


cape | sCSYFLAE)( ful S)aCG, Sera era 


G Rn 


= ||(2n)"F-" [eu (E)FO! (Ru(C)A(6,8)) PLACE) Io (2.66) 


In the third equality of this chain we used the change of variable n = € + ¢. Now, 
due to definition of the symbol a(x, &) the function 


K 


US) f s(C)a(e,6)e "at (2.67) 
R"” 


pw(x,6) = Kw(6)F-"]Ru(S)a(C,6)] = 


is infinite differentiable and has a compact support as a function of € for every 
fixed x, and therefore can be considered as a symbol in S~*(R"). It is known (see 
[Hor83, Tay81]) that if the order of the pseudodifferential operator with a symbol 
in S’(R”) is negative, then this operator maps L,(R”) to itself. Using this fact, one 
obtains from (2.66) that 


|AS|M.pll = |F7 [Ru(n)FIAs|| [Lp|| = ||Pu(x,D) f(x) |Lpll 
< Cull flPvpll, (2.68) 


where Py(x,D) is the pseudo-differential operator with the symbol in (2.67). The 
estimate obtained in (2.68) implies the continuity of mapping (2.59). 


Theorem 2.13. Let a(x,&) € SG. 


1. The mapping 
/ / 
A:& (R") > F Gy! (R”) 
is continuous; 
2. If a(x,6) has compact support in x, then the mapping 
/ / 
A:9(R")> F Gp! (R") 
is continuous; 
3. If the Fourier transform of the symbol a(x,€) of the operator A with respect to 
the variable x has a compact support Ky for all & € G, then the mapping 
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where Gg = G+ Kg, is continuous. 
Proof. The proof of this theorem follows from Theorem 2.12 by duality. 


Theorem 2.14. Let 1 < p,q <0, —00 <5 < +00, GC R", and the symbol a(x,§) ofa 
pseudo-differential operator A(x,D) belong to SG. Assume the following conditions: 

(i) mn(R"\G) = 0; 

(ii) the Fourier transform of the symbol a(x,&) of the operator A(x,D) with respect 
to the variable x has a compact support containing in a compact Kg for all 
eG; 

(iii) there are a function k € L,(R") and a number m € R such that the inequality 


lan) Sk)A+/EPI"?, xER", € €G, (2.69) 
holds. 
Then the mapping A(x,D) : H*(R") — H*~™(R") is continuous. 
Proof. Due to Theorem 2.12 condition (ii) implies that 
A(x,D) : ¥ p(R") > Ye, p(R”). 


Condition (i), in accordance with Theorem 1.21, implies that %_,(IR”) is dense in 
the Sobolev spaces H*(R”) and H*-”(IR"). Therefore, in order to prove the Theorem 
we need to estimate the A(x,D) f(x), f € Y,p(R"), in the norms of the correspond- 
ing Sobolev spaces. Recall that f € H°(R”) if (1 + |E|?)*/?F[f](E) € Lo(R”), or 
equivalently, (I — A)°/? f(x) € L(R”). The norm of f € H*(R”) is (see Parseval’s 
equality (1.34)) 


IF = + EPP LAleall = 2m)" LF [+ EP) Leal 
Let f € Y%_p(IR") with supp f = Go E G. Then, taking into account (2.63), one has 
JAG Dye" = (2ny"F [1+ In?) FAG) s(n) [eal 
=| fa+inby*(fam-é.s)Fteieas)e™an||, 2.70) 
R" G 


where G(€,&) is defined in (2.64). Further, changing order of integration and using 
substitution n — € = ¢, one can reduce (2.70) to 


Fo [+16 +P) a6, gee] PLACE) 


Rn 


= lla 5) FTA ile (2.71) 


||A(@,D) fA" || = (207) 


Ip 


100 2 Pseudo-differential operators with singular symbols (YDOSS) 


where 


glx,6) = f L+IE +67) Fale, g)e at. 


Ka 


Here K, is a compact set due to condition (ii). Further, it follows from condi- 
tion (2.69) and equation eid that 


BIS aoe [ latwsylaxs AM egy ery 


Moreover, for all €,€ € R", the inequality 1+ |& +m|* < 2(1+|&|7)(1 +|6|7) 
holds. Taking into account this inequality and estimate (2.72), one has 


(V2) "Alley 
(27)" 


sm =i 


lg(x,5)| S (+16P)3 fU+1E? Edt <c(1+|é?)2, 


Ka 


where C is a positive constant. Thanks to this estimate for g(x,&), it follows 
from (2.71) that 


|AG,D) fle" || SCH + IEP) F LACE lla = CHALE 


Theorem 2.15. Let 1 < p,q <, —o <5 < +00. Let the set GC R" and the symbol 

a(x,&) of a pseudodifferential operator A(x,D) satisfy the following conditions: 

(a) mn (R"\G) = 

(b) a(x,6) has a compact support Kg in the variable x for all € € G; 

(c) for all x € Kg and & € G there exist numbers s,l € R and a constant Cy > 0, 
such that 


Ell*!DEa(x,8)] < Ca(1 +161) Ca > 0,10] < [5] +1. 


Then 
(i) there exists a unique continuous extension A(x,D) : B gk) Big (R") of the 
operator A(x,D); 
(ii) there exists a unique continuous closed restriction A.(x,—D) : By (R") > 
Biya (R") of the operator A” (x,—D) ; 
(iii) the equality At (x,—D) = A(D), where At (—D) is the conjugate to A.(x,—D), 
is valid. 


2.6 '‘YDOSS in spaces of periodic functions and periodic 
distributions 


In this section we briefly consider pseudo-differential operators with singular sym- 
bols introduced above in the spaces of periodic functions and distributions. 
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Let Z” be the n-dimensional integral lattice and T” be an n-dimensional torus, 
namely T” = {x € R": |x;| <2, j =1,...,n} is an n-dimensional cube whose opp- 
osite sides are identified. Let @ € L;(T”) and its formal Fourier series is 


p(x)~ ¥ ge, xeT", (2.73) 
kez? 


where @, k € Z", are Fourier coefficients of @, i.e. 
m= (2) | trie Mas. 
Tn 


Since @ € L;(T”) its Fourier coefficients are finite: |@| < (27)~"||||z,. However, 
the Fourier series on the right-hand side of (2.73), in general, may not converge to 
((x) in the norm of L,(T”). In fact, Kolmogorov [Kol26] constructed an example of 
a function f € L;[—2,7] whose Fourier series is divergent everywhere on [—7, 7]. 
Even for continuous function its Fourier series may not converge (see Additional 
Remarks to this chapter). In multidimensional case the situation is much more com- 
plicated. Now, convergence of the Fourier series depends on how partial sums are 
formed. We refer the reader to survey papers [Ste58, AP89, Weil2] where the con- 
vergence of Fourier series in different norms (uniform, Lp, etc.) for various forms 
of partial sums (spherical, cubic, rectangular, etc.) are discussed. 

In order to avoid such difficulties we consider only functions @ € L)(T"). In this 
case the Fourier series on the right side of (2.73) converges to (x) in the norm of 
L,(T"), no matter how the corresponding partial sum is formed. The inner product 
of f, g € Lx(T"”) is denoted by (f,g). For f, g € L2(T”), Parseval’s equality reads 


(f,8) = (2n)" DI feBe, 


kezr 


which immediately implies the following relation for the norm: 


IIflL2(1")||? = (20)" >) Fal”. 
kezr 


The Sobolev space with the smoothness order s and denoted by W; = W;(T”) is 
defined as the set of functions f € L2(T”), such that 


[FW = YY + IKI) fel? <2. 


kez" 


Now we develop periodic analogs of the spaces ¥%(IR") and ¥ oo( RK"). Let 
IN» be the set of entire functions of the form 


alé)= ¥ ag", EER’, 


|o|=0 


where dg > 0 and lime. V Yol=e Ae = 0. In other words, any function a € Itz 
admits an analytic (entire) continuation to C”. 
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Definition 2.4. We introduce the space 


Wor = {9 €La(T"): lla = d alk) lol? <-,V ae MY}, 
kez" 


where @, k € Z”, are Fourier coefficients of @, and a(k) is the value of a(&) at the 
lattice point k = (ki,...,kn) € Z". A sequence n(x) € Wan” is said to converge to 
g in Wz,” if for every a € IM the sequence ||@n — @||a > 0. 


Theorem 2.16. A function @ belongs to War? if and only if there exists integer N(@) 
such that ;, = 0 if |k| > N. 


Proof. The sufficiency is obvious. Let us show the necessity. We will prove it by 
contradiction. Let @ € L2(T”). Assume that for every natural N there exists k € Z” 
such that |k| > N and @; 4 0. We choose two sequences R; and o; which satisfy the 
following conditions: 


i) Rj 3,1 > 09; 
ii) Dy) OT =, where tT = Xkez" | @x|7, Zi = {keEZ":R, <|k| < Rist}. 


Let for k € Z/ the inequality 


my i2% 
a(k)= >» Fal = (2.74) 
|o|=m_, R; 


holds. This inequality can always be achieved by an appropriate choice of numbers 
m,. Consider the function 


ao(E) = ¥ ai(€) => lel” 


i=1 1=1a|=m_; RB; 


m é 2a 


In fact, ao(&) is an entire function. Indeed, due to condition i) we have 


a 
lim lim | —— =0, 
k-400 || 00 Riel 


which shows that the radius of convergence of the power series expansion of ag is 
infinite. Now taking into account assumptions i), ii), and inequality (2.74), we obtain 


lle, = ¥ ah) (k)|pe|* = > ¥ a® WlaP2 Lom =+= 


|a|=0 i=1kezp = 


i.e., @ does not belong to Wz,”. 


Definition 2.5. W,,” is the space of linear continuous functionals defined on Wp,” 
and endowed with the weak convergence. The value of f € Wy, on the element 
© € Wr will be written in the form < f,@>. 
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Let f € W;,” and the series fxe"™ be its formal Fourier series. Here 
fe = (Qn) < f(x),e >, kEZ?. 
One can show that this series converges to f in the weak sense and the equality 


<f,g >=(20)" ¥ fede, 9 EW, 
keZ 


holds. 


Theorem 2.17. Let s € R. Then the embedding Wz? — W3(T") is continuous and 
dense. 


Proof. Since the embeddings 


W3(T") > Lo(T") OW,°(T"), 5s >0, 


are continuous and dense, it is sufficient to show that Win? is continuously and 


densely embedded to Lz (T”). It follows from Theorem 2.16 that the convergence of 


a sequence @», to Qo in Wt,” is equivalent to the following: 


(i) there exists a natural number N such that o” = 0 for all k: |k| > N, andm= 
1, 2 s0% 
(ii) [1m — Pollz. + 0, m — &. 


This immediately implies the continuity of the embedding in the theorem. Further, 
suppose @ € W;(T”). We take as the approximating sequence 


pn(x) = > oe’ € Win. 
|K|<N 


Then 


lo —owllz, = (20)" D! [gel + [k)?)° + 0, No. 
KEN 


Definition 2.6. Let A(k) : Z" — C be a discrete function defined on the integer lat- 
tice Z". We define a pseudo-differential operator with the symbol A(k) by 


A(D) f(x) = & Ak) fee™, x ET". (2.75) 
kez" 


Theorem 2.18. The space Wan? is invariant with respect to the operator A(D). 
Moreover, the mapping A(D) : Wan? — Wan” is continuous. 


Proof. Let f € Wen”, i.e. there is a natural number Ny, so that 


f= D fei 


lkI<Np 
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Then 
A(D) f(x) = Y Alk) fee € WE. 
IK| Np 


Moreover, one has the estimate 


|A(D)flla= Y a(KAD) AP? = Y aA? < Cll. 


keZn IkI<N¢ 


where C = max,)<y, |A(k)|. This inequality immediately implies the continuity of 
the mapping A(D) : Wy? + Wan”. 


Further, we determine a weak extension of A(D) to the dual space W,,° by the 
formula 


<A" (D)f,9 >=< f,A(-D)@ >, f ©Wm", @ © Wr”. 


Theorem 2.18 implies the following corollary. 


Corollary 2.19 W,,” is invariant with respect to the operator AY (D). Moreover, 
the mapping 


A” (D): Won > Won 
is continuous. 


Theorem 2.20. Let A(D) : Wi, — Wz: be a pseudo-differential operator defined 
in (2.75). This operator has a unique closed extension A(D) : W3(T") — W£(T") if 
and only if the condition |A(k)| < C(1 + k2)°, C>0,k eZ", is fulfilled. 


Proof. Sufficiency. Let f € Win. Then 


|A(D) fll = 20)" YY ACK) fel? (1+ 1d)’ 
kezr 

< (2m)" Y CAP + Ik?) = CPSs (2.76) 
kez" 


If f € W3(T”), then according to Theorem 2.17 there exists a sequence fin € Wan” 
converging to f in the norm of W;(T”). We put g, = A(D) f;. Due to Theorem 2.18 
gx © Wyn. It follows from (2.76) that || gx — gmll7 < C\| fe — finlls- Since fin is con- 
vergent in W;(T”), it follows that g,, is fundamental in W!(T”). Hence, there exists 
a function g € W3(T”) such that A(D) f; — g in the norm of W3(T”). We set Af = g. 
It is easy to see that this definition does not depend on the choice of f,,. Closing the 
estimate (2.76) we obtain that A(D) is bounded. 

Necessity. Assume that there is a sequence ky,N = 1,2,..., such that |ky| > ©, 
and 


|A(kw)] > (1+ |kw|2) 2". (2.77) 
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Consider the sequence of functions 
f(x) a fe, xe T°. 


with fi = (1 +|kw|?)~*/. It is clear that || fry||s = 1 for all N, i.e., fy € W3. More- 
over, due to inequality (2.77), one has the estimate 


||A(D) farll? = (220)"|A (kw)? flag |? + [kaw |?)! > N?. 


This estimate contradicts to the continuity of A(D). 


2.7 Pseudo-differential operators with complex arguments 


In this section we briefly discuss pseudodifferential operators with symbols a(¢) 
depending on complex variables € = (C,...,¢,) € C”. If one follows the procedure 


A(D)u(z) = F~"fa(g)Ftu( SI] (2) (2.78) 


for construction of classes of pseudo-differential operators, then one needs to know 
what is the Fourier transform F and its inverse F~! for functions depending on 
complex variables. There are two classical alternatives for the complex Fourier 
transform: the Fourier-Laplace transform and the Borel transform. We have seen 
the Fourier-Laplace transform, when we formulated the Paley-Wiener-Schwartz 
theorem, Theorem |.12. Below we introduce the Fourier-Laplace transform in gen- 
eral case and establish a connection with the Borel transform. For simplicity we 
show this connection in the case n = 1. Then we introduce a complex version of 
the Fourier transform F, which actually is an extension of the Borel transform to 
the class of analytic functionals. The operator F is very convenient for construction 
of pseudo-differential operators using the procedure (2.78). In Chapter 9 we will 
go further and will study pseudo-differential operators and equations with singular 
symbols depending on n complex variables. 

Let G(C") be the space of entire analytic functions endowed with the topol- 
ogy of uniform convergence. Taking a sequence of compacts K, C C”, such that 
Ky, C Kn41, and C” = U*_, Kn, and introducing Banach spaces %, of functions f 
analytic in a neighborhood of K, with the norm || f|.2%,|| = maxx, |f(z)|, one can 
see that O(C”) can be represented as the inductive limit of /,. Therefore, due to 
Proposition 1.21 @(C") is a locally convex topological vector space of Fréchet type. 
The conjugate space of @(C”) with the weak topology is called analytic functionals 
and denoted by 6’ (C”). The value of : € 6’ (C”) on f € O(C”) we denote by L1(f) 
or < LU, f > . For each analytic functional pt there exists a compact set K, determin- 
ing Lt (see, [Hor90]). Also, linear combinations of functions of the form exp (z, €), 
where € € C” and (z,€) = z16, +---+2ZnCn, form a dense subset of @(C”) [Hor90]. 
Let Exp(C") be the space of entire functions of finite exponential type, that is 


Exp(C") = {f € OC") :|f| < Cewealttroeny, 
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with some constant C > 0 and r= (r1,...,7n), 71 > 0,.--, 1% > 0. Taking a sequence 
7) = (rk...) k = 1,2,..., such that a > j= 1,...,n, and r* — ©, as 
k — oo, one has a sequence of Banach spaces 


(Kk) Ak) 
Be ={F EOC) sf] SCyett aro tn Fly, 


with the norm || f|.2%|| = sup.ccn (eo kal---—7h nl f(z)|). It is easy to see that 
2; C #41 is a continuous inclusion for each k, and Exp(C") is the inductive limit 
of 2;. Hence, Exp(C”) is a locally convex topological vector space of Fréchet type. 
The conjugate of Exp(C") denoted by Exp (C”) with the weak topology is called a 
space of exponential functionals. 


Definition 2.7. The Fourier-Laplace transform of an analytic functional U is 


f(C) = wlexp(z,o)) =< M(z),exp(z,6) >, eC". 


The Fourier-Laplace transform of uu € @ j (C”) is well defined due to above-mentioned 
denseness of linear combinations of exp (z, ¢) in @(C”). Moreover, one can readily 
see that fi(C) is an entire analytic function (see, e.g., [Hor90]). 

Further, assume n = |. By definition, the Borel transform B[f] of an entire func- 
tion f € Exp(C) with the power series representation 


fos 3 ae (2.79) 
k=0 
1S 
= ark! 
BIf\(¢) = 2 ris ; (2.80) 


The series in (2.80) converges absolutely if |¢| > 7, where r is the exponential type 

of f. Indeed, for coefficients a, of f, an entire function of exponential type r, one 

has the estimate [Leo76] 

e*(r+e)* 
ke? 

where € is an arbitrary positive number. Using Stirling’s inequality k! < e!~* /kk*, 

it follows from (2.81) that 


|ax| < (2.81) 


kK |ax| e r+e\* 
cet = all ia ) : 


for all k sufficiently large. Hence, for the absolute convergence of (2.80), one needs 


lim 
k—yeo 


I, 


Kaz] \1/k =ort+e 
= < 
(ge) [o| 


which yields |C| > r. 
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The inverse Borel transform is given by (see, e.g., [Hor90, Leo76]) 


2) = 55 | BUG yexp(zO)d€, ze, (2.82) 


where the closed contour y lies in the region |¢| > r. For a function g analytic in the 
domain |¢| > r the expression 


Liel(2) = 5; | s(Cdexpletyas, eC, 


defines a linear functional. The latter can be extended to an analytic functional with 
defining compact K = {¢ : |¢| < r} [Hor90], that is L[g](z) =< g,exp(z,¢) >. 
Therefore, one can rewrite formula (2.82) for the inverse Borel transform in the 
form 


f(z) =< BUf]($),exp(zo) >, IS] >% 


In other words, the inverse Borel transform is the Fourier-Laplace transform. 


Proposition 2.2. Let f © 2%. Then for its Borel transform B|f|(¢) the estimate 


K+ 1) CY 


Ce’ 


lf| Zz |, \C| >T, (2.83) 


holds. 


Proof. First we obtain an estimate for the coefficients a; of the power series repre- 
sentation of f. Using the relation [GR09] 


at f(S)dg 
mi Stier GitT? 


J=9,1,..25 


where r) <r <r), one has 


f(gje%e%ae 


lal = 5, | < C1flXesall 5c" 
aj\j=— ; elk 
MN 2nliiiar 6H ea | 


(k+1)|z| 


7 i e 
Sf Xi ll ye j=0,1,.... 


Taking this into account, for |¢| > 1, 


— la ili Cc rl&+1) 2] 
B erat Xk+ e = 
| NOLS > rep Sql -+11| > ( A) 


obtaining (2.83). 
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Example 2.3. An entire function f of the form 
f(z) = ce" + + Cme" (2.84) 


is called a quasi-polynomial. We want to find the Borel transform of f. Since the 
Borel transform is a linear operator, it suffices to calculate Ble“](¢). Using the Tay- 


lor expansion of the exponential function e“, one can easily obtain that Ble“](¢) = 
(¢ — ay, Hence, the Borel transform of the quasi-polynomial f in (2.84) is 


Bl) => “e. 
j=l j 


\C| > max{ay,...,dm}. 


Let a € G(C") with a power series representation a(¢) = Lle|=0 Ca6%. Define a 


differential operator of infinite order a(D), where D = Poe waht *) , in the form 
aD) = "¥ wep". (2.85) 
|or|=0 
Proposition 2.3. Let a € @(C"). Then the mapping 
a(D) : Exp(C") > Exp(C") (2.86) 


is continuous. 


Proof. Let f € Exp(C"). Applying the operator a(D) in (2.85) to f one has a(D) € 
O(C"). This immediately follows from the fact that any analytic function f satisfies 
the Cauchy-Riemann equation 0 jf =0, j=1,...,n. Applying the Cauchy-Riemann 
operator 0; to a(D) f, one has 


co 


djla(D) f()] = Y, coD%djf(z) =0, j=1,...,n, 


|a|=0 


which yields a(D)f € G(C"). 
Further, let f € Exp(C”). Then f € 2% C 241 for some k € N. We show that 


I|a(D) fl Zeal < CMA Zev), (2.87) 
which implies that a(D) f € Exp(C”). We have 
. a Spa 1 a(g)d¢ 
D)f(2) = «aD ay 7 ed 
a(D) f(z) *! f(z) , f(z) (2ni)" — Co+l 


— D® a(g)d 
- fo < = = 


a! 2ni)” 


|a|=0 


eee: = DF a 
7 j = py zavt )a(S)a6 (2.88) 


(27i)" jqjizo |! 
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Here IT(0, r()) is the polydisc with the center 0 and polyradius r), The expression 


— D“f(z) a! 
a! Cat1 


|a|=0 
is the Borel transform of the entire function 


h(w) = y DIT) weEC", 


|o=0 a! 
which is related to f through h(u) = f(u+z). Therefore, (2.88) takes the form 


ADIN = eT | gu BUC MIG )aC a. 


Due to Proposition 2.2, it follows from the latter that 


rN) ep y| 


e / r(k+1) J 
JD) (| < Cmpxlall/1 Piva = — ery SC Isl a 


j=IVG TF 


implying estimate (2.87). 

Finally, to show the continuity of the mapping (2.86) we assume that a sequence 
fim © Exp(C") converges to zero in the topology of Exp(C”). That is, fin © 2x1 
for some k for all m € N, and fj, — 0 in the norm of 2%. Due to estimate (2.87), 
one has 

l]a(D) fn| Bice ll S Cll fn Ziel] 0, 


as m —> ce, hence a(D) f,, — 0 in the topology of Exp(C"). 


Proposition 2.4. Let a € @(C"). Then the mapping a(—D) : Exp (C") + Exp (C”) 
is continuous. 


Proof. The proof follows from Proposition 2.3 by duality, since 
<a(—D)f,9 >=< f,a(D)9 > 
for arbitrary f € Exp (C") and @ € Exp(C"). 
The following propositions can be proved similar to Propositions 2.3 and 2.4. 


Proposition 2.5. Let a € Exp(C"). Then the mapping a(D) : G(C") + @(C") is 
continuous. 


Proposition 2.6. Let a € Exp(C"). The mapping a(—D) : 6 (C") + 6" (C") is also 
continuous. 
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Definition 2.8. Let f ¢ @(C”). Then the exponential functional 
f(S) = (2n)" F(—D)6(S) (2.89) 


is called a Fourier transform of the analytic function f. Similarly, if f € Exp(C"), 
then the analytic functional f(¢) defined by the same formula in (2.89) is called a 
Fourier transform of the entire function of a finite exponential type f. In either case 
we use both notations f(¢) and F[f](C) for the Fourier transform of f. 


Proposition 2.7. The following statements hold: 


1. The mappings F : @(C") > Exp (C") and F : Exp(C") > o (C”) are continu- 
ous; 

2. If f © Exp(C"), then Ff] = (22)"B[f], where B[f| is the Borel transform of f; 

3. The inverse Fourier ries Fo! en the relation 


“TAI@ = (20) < frexp(z,¢) >, 
ean 


Proof. Part 1 immediately follows from Propositions 2.4 and 2.6. To prove Part 
2, suppose f is an entire function of a finite exponential type, that is satisfies the 
condition | f(z)| < Ce”li++7lzal | where r; > 0,...,rn > 0. We show that in this 
case the equality < F[f],@ >= (27)" < B[f],@ > holds for an arbitrary function 


o € O(C”). Indeed, let ag, = = f oa A) ) . Using the Taylor expansion of f, one has 


<FLAI(S), (6) > = (2n)" < > da(—D)*5(S), (5) > 


|a|=0 


ny" ¥ ag <6(),D% (6) > 
|o|=0 


°° 


= (2m)" ¥ agD%9(0). (2.90) 
|o|=0 


Due to the Cauchy formula, 


sn, [ P(S)ds 
D*0(0) = (2m) “a Cart 
where y= 7 ®---@ Ya, the direct product of closed contours y;, j = 1,...,, contain- 


ing the discs |¢;| < rj, j =1,...,n, respectively, and a+ 1 = (0, +1,...,Q,+1). 
Using this fact in (2.90), and taking into account the absolute and uniform conver- 
gence of the series ¥yd@qa!6~%~! outside of the polydisc IT(0,r) = BG] < 
r;} with the center at the origin and polyradius r = (71,..., rn), one obtains 


< FUG). 00) >= ae (Farr) oC) 48 = n)" < BINNS). 9(6) >. 


|a|=0 


as desired. 
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To show Part 3, one has 


1 
(20)" 


< frexp(z,¢) > =< f(—Dz)8(6), exp(z, 6) > 


=< 6(6), f(De) exp(z,$) >=< 6(6), f(z) explz,$) > 
= f(z) < 6(6),exp(z, 5) >= F(z). 


Remark 2.5. Proposition 2.7 Part 2 shows that the complex Fourier transform F' int- 
roduced in Definition 2.8 is an extension of the Borel transform to the space of 
exponential functionals Exp'(C”). Part 3 of this proposition says that the inverse of 
the complex Fourier transform is exactly the Fourier-Laplace transform, that is 


1 


F'[g(C)]@) = am g(6),eS9) >. (2.91) 


Formula (2.91) can be used to prove shift, similarity, and delay properties of com- 
plex Fourier transform. Indeed, for a € C”, one has 


Fe) F[f]](2) = Gay <e FIFI, e&9) >= aa < F[fl,eS*-9 > 
= f(z—a). 


This implies the shift formula: F[f(z—a)|(¢) =e“) F[f|(C). Similarly, one can 
easily verify that 


Fif(b2)/($) = FIA), bEC, b#0, 


and 
Fle) F()(6) =FIA(S a), aeC". (2.92) 
The following properties of the complex Fourier transform also follow from the 
definition of F and Proposition 2.7: 


1. Flaf+bg](¢) =aF[f](¢) + bF[g|(¢), for any constants a,b € C; 

2. FIDE FI(S) = S°FLFI(S): 

3. F[S%FI(S) = (—De)°FTAI(S): 

Further properties of the complex Fourier transform in some Banach spaces of ana- 
lytic and exponential functions and functionals will be discussed in Chapter 9. 


Example 2.4. 1. Let f(z) =1€ @(C"). Then F/1](€) = (27)"6(C). 
2. Let f(z) =e *, z€ C. Then 


Fle *|(¢) =2mexp(D)6(6) =22 
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This is an analytic (or exponential) functional acting on analytic (or exponential) 
functions. The formula (2.92) shows that this functional can be written in the 


form F[e~‘](€) = 2m8p(6 +1) = 2n6_1(C), or 
< Fle~*(¢),9(¢) >= 2z@(¢ — 1) 


for arbitrary entire (or exponential) function @(C). 

. Now let f(z) =exp(z). This function does not belong to Exp(C), but is an entire 
function. Therefore, we find its Fourier transform as of an element of @(C). Due 
to Proposition 2.7 the Fourier transform of f is an analytic functional, that is 
F le" |(C ) € Exp'(C). We use the following representation for the Dirac delta 
function [Dub96]: 


WwW 


1 —aD2 o? 


= oan Sle" F]. (2.93) 


2: 
Applying the operator 2me”= to both sides of (2.93) with a = 1, we have 


d0(5) 


Fle*\(Q)=vaeF, CEC, 


obtaining the complex analog of relation (1.13). 


2.8 Functional calculus with singular symbols 


Previous sections discussed pseudo-differential operators with singular symbols in 
various cases. In this section we develop the abstract theory of pseudo-differential 
operators with singular symbols. In the abstract case we assume that singularities 
occur in the spectrum of a generic operator A defined on a Banach space. Let X be 
a reflexive Banach space with a norm ||v||, v € X. Let A be a closed linear operator 
with a domain Y (A) dense in X and with a spectrum o(A) C C. We assume that 
o(A) is not empty. 

We will develop an operator calculus f(A) for analytic functions f(A) in an open 
domain G Cc C. If G contains o(A), then we define 


f(A) = i ALA) (O)al, (2.94) 


where v is a contour in G containing o(A), and #(6,), € © C\o(f#), is the 
resolvent operator of A. 

In the case when f has singular points in the spectrum (A) of the operator A 
the construction in equation (2.94) is invalid. Below we show how f(A) can be 
constructed in presence of singularities of f in the spectrum o(A). Assume that G is 
an open set in C not necessarily containing o(A). Further, let 0 <r <-+eoandv <r. 
Denote by Exp, ,,(X) the set of elements u € M+) A(A*) satisfying the inequalities 
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\|A‘u|| < Cv* for all k = 1,2,..., with a constant C > 0 not depending on k. An 
element u € Exp, ,(X) is said to be a vector of exponential type v. A sequence of 
elements u,, 1 = 1,2,..., is said to converge to an element uo € Expy ,(X) if: 


1) All the vectors u, are of exponential type v < r, and 
2) ||un—uol| > 0, n> -~. 


Obviously, Exp, ,,(X) C Exp, y,(X), if vi < vo. Let Exp, ,(X) be the inductive 
limit of spaces Exp, ,(X) when v — r. For basic notions of topological vector 
spaces including inductive and projective limits we refer the reader to [R64]. Set 
A, =A—AI, where A € G, and denote Exp, ,., (X) = {ug € X su, € Expy, _,(X)}, 
with the induced topology. Finally, for arbitrary GC o(A), denote by Exp, g(X) the 
space whose elements are the locally finite sums of elements in Exp, ,.,(X), A € 
G, r < dist(A,0G), with the corresponding topology. Namely, any u € Exp, ¢(X), 
by definition, has a representation u = >)‘, u, with a finite sum. It is clear that 
Exp, G(X) is a subspace of the space of vectors of exponential type if r < +o, and 
coincides with it if r = +o. Exp 4,G(X) is an abstract analog of the space YG. »(R) 
introduced in pe 1, where A= —i4, GCR, X=L,(R), 1 < p<-. In the 
case A = —i£ 4. X = L»(R), the corresponding space is H*(G) [Dub82]. 

Further, let f(A) be an analytic function on G, represented as a finite sum. Then 
for u € Exp, ¢(X) with the representation u = Yacguy, ua © Exp, ,.,(X), the 
operator f(A) is defined by the formula 


co ¢(n) 
A)u= )' fy(A)ua, where f,(A)ua = >) f Og AD". — (2.95) 


AEG n=0 


In other words, each f, represents f locally in a neighborhood of A € G, and for uy 
the operator f(A) is well defined. 
Additionally assume that there exists a one-parameter family of bounded invert- 
ible operators 
U,:X > X (2.96) 


such that AU, — U,A = AUj, or the same 

A-AI=U,AU;', A€o(A). (2.97) 
Obviously, U;, maps Exp, ,,(X) onto Exp,,-(X) and it is a bijective mapping. 
Example 2.5. For example, if X = Lz = L2(IR) and A = —i<- jf : Ly > Ly with domain 


Q(A) = {v € Ly: AvE Ly}, then the operators Uy : v(x) > es v(x) satisfy 


é ay 
AU} V(x) = ~i 4 (e*y(x)) = Ae *y(x) — jel” 
dx dx 


= AU, v(x) + UA Av(x), 
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obtaining (2.97). The relationship A — AJ = U,AU D ' follows from the latter mul- 
tiplying from the right by the inverse operator U, ' which is the multiplication 
operator by eth, 

This example tells us that condition (2.97) is essentially a shift of the spectrum of 
operator A to A. It follows from equation (2.97) that (A — AI)” =U, A"U, "for all 
n=1,2,..., yielding 


= ¢(n) 
fAu= >> f Oy, AU; !u, = ¥, Un f(A)U, ua. 


AEeGn=0 AEG 


Let X* denote the dual of X, and A* : X* — X* be the operator adjoint to A. 
Further, denote by Exp,» g«(X*) the space of linear continuous functionals defined 
on Exp, ¢(X), with respect to weak convergence. Specifically, a sequence uj, € 


Expye ce (X*) converges to an element u* € Exp aig (X*) if for all v € Exp, ¢(X) 
the convergence < u;, —u,v >—> 0 holds as m — ©. For an analytic function f” 
defined on G* = {z € C: Z€ G}, we define a weak extension of f(A) as follows: 


< fY(A*)u*u>=<u",f(Aju>, Vu € Expy ¢(X), 
where u* € Bane (X*), 


Lemma 2.3. Let X be a reflexive Banach space and A be a closed operator defined 
on (A) CX. Let f be an analytic function defined on an open connected set GC C. 
Then the following mappings are well defined and continuous: 

I. f(A): Expy G(X) > Exp, g(X), 

2. f”(A*) : Expy» gx (X*) — Expys ge (X*). 

Proof. We will prove that f(A) maps Exp, «(X) into itself. Let u € Exp, g(X) has 


a representation u = Yq uj, uy € Expy, ,(X). Then for f(A)u defined in (2.95), one 
has the following estimate 


lak (A walls ON a anytatual| <Cvluah (2.98) 


with some v <r. It follows that fj (A)u, € Expy, ,(X) with the same v. Hence, 
f(A)u has a representation 1, wy, where wa = fy (A)u, € Expy, ,(X), and there- 
fore f(A)u € Exp, G(X). The estimate (2.98) also implies continuity of the mapping 
f(A) in the topology of Exp, ¢(X). 


Now assume that a sequence u* € Exp ave (X*) converges to 0 in the weak topol- 
ogy of Exp @ (X*). Then for arbitrary u ¢ Exp, ¢(X) we have 


< fY(A*)u;,u >=< uy, f(A)ju>=<ui,v>, 


where v = f(A)u € Exp, ¢(X) due to the first part of the proof. Hence, f”(A*)u;, > 
0, as n — 9, in the weak topology of Exp ee (X*). 
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Remark 2.6. Note that if o(A) is discrete then the space Exp, ¢(X) consists of the 
root lineals of eigenvectors corresponding to the part of o(A) with nonempty inter- 
section with G. If the spectrum o(A) is empty, then an additional investigation is 
required for solution spaces to be nontrivial [Uma88]. 


Definition 2.9. Let 2% be a topological vector space and two operators A and B lin- 
ear operators mapping 2% into 2%. Let X; and X2 be closed subspaces of 2°. Sup- 
pose, there is a linear bounded invertible operator U defined on 2, with bounded 
inverse U~!, and U : X; —> Xo, such that A= UBU~!. Then operators A and B are 
called similar and U is called a transformation operator for A and B. If U is unitary, 
then A and B are called unitary equivalent. 


Example 2.6. 1. The operator U, defined in equations (2.96) and (2.97) is a trans- 
formation operator for similar operators A — AJ and A. Here 2 = Expac(X), 
X, = Expa, y(X), and X2 = Expay(X). 

. Let P(D), D= —i(0/0x1,...,0/Axn) be a differential operator and p(&) its sym- 
bol. Then for all f € ¥(IR”) one has P(D)f = F~'[p(&)F[f]], where F is the 
Fourier transform. Hence, the differential operator P(D) and the multiplication 
operator by p(&) are unitary equivalent with the transformation operator F. 


N 


3. Let 2 =C![0,cc) with the topology of uniform convergence on any compact 
interval in [0,cc). Consider operators Aj = -£ +qj(x), j = 1,2, where qj; € 


C[0,cc). Further, let X¥; ={f € 2% : f' (0) =ajf(0)}, a €C, j= 1,2, and a 4 
Qi. Then operators A; and A> are similar with the transformation operator 


UAW) =f) + [ KEIO», x€ [0,%), 
where the kernel K(x, y) satisfies the partial differential equation 


Kyx — Kyy = (q2(y) _ q2(x))K, 


and conditions: 


K(x,x) = (a— a4) +5 f lauls) —an6s)l 
OK (x,0) 


ay =| 0 K(x, 0) =0. 


For the proof the reader is referred to [LS70], where many other examples, simi- 
lar operators, and their applications to harmonic analysis can be found. 


It follows from Definition 2.9 that if A and B are similar with the transforma- 
tion operator U, then operators A” and B” are similar for any n € N with the same 
transformation operator U, namely 


A" =UB"U"!, n=2,3,.... (2.99) 


This implies the following proposition 
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Proposition 2.8. Let operators A and B are similar. Then 


1. the spaces Expa.g(X) and Expp,g(X) are isomorphic; 
2. for any f analytic in G both mappings f(A) : Expa,g(X) > Expa.g(X) and 
f(B) : Expp,g(X) — Expp,g(X) are continuous simultaneously. 


Proof. Let u € Expay(X). Then w =U~'u € Exppy(X). Indeed, using (2.99) we 
have 


||B'wl| = ||U"A"Uw| = ||U*A"ul| < CIA" u|| < Cyv"||ul| < Cov"||wl], 
which implies both statements of the proposal. 


Further, let IT, , be a projection operator of the space X to a subspace Exp, ya 
(X), A € G, v < dist(A,OG). We want to build a projector-valued measure E with 
the help of IT, ,. It is easy to see that o(IT, 3) C Dy(A), where Dy(A) C G is the 
disc with the radius v and center 2. Let Q be a union of finite number nonintersect- 
ing discs D,,(Aj), j=1,...,M. We set E(Q) = E,+...+Ey, where Ej = TT, aj: 
It is evident that E(Q) is a projector and if Q; Q: = 0, then 


E(Q))0E(Q2) =O, and E(Q)UQ)) = E(Q1) + E(Q2). (2.100) 


Let X be the smallest o-algebra containing all possible finite unions of discs 
D,(A). Due to conditions (2.100) there exists an extension of E to Y, which is 
denoted by E. 


Lemma 2.4. Let E(o(A) \ G) = © and Dy(0)N 0(A) NG C Uj_) Dy (Aj), where 
Aj € G, rj < dist(A;,G), j => 1. Then the limit 


lim || ITy.0 — (Ei +...+Ey)|| =0 
M->00 


holds. 
Proof. We set 


Taking into account 


where Rj (A) is the resolvent of A and Iy4¢ = 0D y+¢(0) is the circle of the radius 
v +e, and the condition of the lemma, we have 


M 
dim ||F0~ ¥, Ell = fim | E(Vin)|| = |E(o(A)\G)NK,(0))|| =0. 
j=l 


In the theorem below Exp,(X) is the space of vectors of exponential type, cor- 
responding to the operator A, and G=C. 
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Theorem 2.21. For density of the space Expa.cg(X) in Exp,(X) it is sufficient (if X 
is a Hilbert space, then it is necessary) that E(o(A) \G) = 0. 


Proof. Sufficiency. Let x € Exp,(X), ie., there exists v > 0, such that 
x € Expayo(X). We set xy = (Ei +... + Em)x. It is clear that xy € Expa.g(X). 
Moreover, it follows from Lemma 2.4 that xy — x as M > © in the norm of X. 

Necessity. Suppose that X is a Hilbert space and E(o(A)\G) = E° > O. One can 
find anumber V such that 0 4x € (E° oI, 9)X. For arbitrary element y € Exp, G(X) 
we have 


IIx — |X|? = (@—y,x—y) = |]x1X ||? — Win(x,y) + [ly X |? > [lal 
since due to the selection of x the equality (x,y) = 0 holds. 


Denote by & the class of operators for which Exp,(X) is dense in X. For ins- 
tance, it is known [39,41] that if A is a generator of a bounded strongly continuous 
group of operators, then Exp,(X) is dense in X. Theorem 2.21 implies the following 
statement. 


Theorem 2.22. Let A € &. For density of Exps,g(X) in X it is sufficient (if X is a 
Hilbert space, then it is necessary also) that E(o(A) \G) =. 


2.9 Additional notes 


1. Pseudo-differential operators in its modern form first was introduced by Kohn and Nirenberg 
[KN65] and Hérmander [Hor65]. The algebra of pseudo-differential operators constructed 
in these works, which now became classic, contained differential operators, singular inte- 
gral operators of Calderon and Zygmund [CZ58], and parametrices of elliptic operators. 
A symbol a(x,&) of such a pseudo-differential operator was assumed to be infinite differ- 
entiable on co-tangent bundle of Q, that is a(x,§) € C*(Q x R"). The class of symbols of 
pseudo-differential operators of order m was denoted by S’”(Q). Hérmander [Hor68] also 
introduced the class of symbols Ss s(@) containing parametrices of hypo-elliptic operators. 
Many researchers contributed to the classic theory of pseudo-differential operators; see, for 
instance, books [Hor83, Tay81, Tre80, Shu78, Ego67, RSc82] and the references therein. 
Pseudo-differential operators with non-smooth or singular symbols were studied by Cordes and 
Williams [CW77], Plamenevskii [Pla86], and Dubinskii [Dub82], using different approaches. 
Cordess and Williams used abstract algebra methods for construction of pseudo-differential 
operators with non-regular symbols. Plamenevskii considered symbols with pole type singu- 
larities and used the Mellin transform to build corresponding pseudo-differential operators. 
Dubinskii used differential operators of infinite order for construction of pseudo-differential 
operators. The corresponding symbols are defined on a domain G C R” and locally ana- 
lytic functions, with arbitrary type of singularities on the boundary of G. For properties of 
such defined pseudo-differential operators and their applications, we refer the reader to books 
[Dub91, VH94]. Our approach developed in this chapter combines the ideas of differential op- 
erators of infinite order with the original form of pseudo-differential operators, and considered 
in the papers [Uma97, Uma98, GLUO0]. In Chapter 9 of this book we will also present a ver- 
sion of complex pseudo-differential operators with analytic and meromorphic symbols studied 
in the papers [Uma91-1, Uma91-2, Uma92, Umal14]. There we will apply this theory to general 
boundary value problems for systems of complex pseudo-differential operators. 
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2. Hypersingular Integrals. A class of pseudo-differential operators, qualified as YDOSS, is given 
by hypersingular integrals [Sam80, Rub96]. An example of such operators is the operator 


Do f (x) 


dy, O<a<l, 


1 l As f (x) 


d(at,1) Jig» |y|Pr% 


introduced in Example 2.2 with the symbol —|&|% (see Proposition 3.4 in Chapter 3). This op- 
erator is a model case of the class of hypersingular integrals. The general form of hypersingular 
integrals is 
(SASS (x) 
Aaf(x) =f ey > 0, 


where @(x) is a kernel function defined on the unit sphere and satisfying some conditions. The 
symbol of Aq has the representation through the surface integral [Sam80]: 


n+ 
orn(6)=§ a — f @(o)I(€,0)/*sianlé, o)a0, 
(2m) * T(4#)z1 


where X,,—1 is the unit sphere in R” with the center at the origin, and (x,0) = x10) +-+-+2%nOn- 
Hypersingular integrals with variable a(x) are studied by Almeida and Samko in their recent 
paper [AS09]. These hypersingular integrals are examples of variable fractional order differen- 
tial operators. In Chapter 3 we will introduce time-variable fractional order derivatives. Variable 
order fractional derivatives based on the Liouville-Riemann fractional derivative were studied 
by Lorenzo and Hurtley in [LH02]. Variable order derivatives based on the Caputo-Djrbashian 
fractional derivative, their memory properties, and the Cauchy problem for associated differen- 
tial equations are studied in [USO9] by Umarov and Steinberg. In Chapter 3 we also introduce 
a pseudo-differential operator of the form 


Af() =f D§Fl)dp(a), ER’, 


where p is a finite measure defined on the interval [0,2]. This operator, called a distributed 
order differential operator, has the symbol 


2 
¥(6)=—f [sl*ap(a), § eR". 


3. Another interesting class of pseudo-differential operators, also containing Df, consists of in- 
finitesimal generators of strongly continuous semigroups, associated with, so-called, Feller 
processes, discussed, for instance, in Applebaum [App09], Jacob [JacO1], Jacob and Schilling 
[JSc02], and Hoh [Hoh00]. These operators have the following generic form [App09, JSc02] 


n x n 2 x 
Ag(x) = colx)o(a) + ¥ b)(0) ee — Fay ZH 


k 
j=l Oxi je 1 Oxj0O% 
+ ogo, OOH 9O)=AjciOMVOO).9)]avG), OD 
where functions cg and b;, j = 1,...,n, are continuous from R” to R, such that co (x) < 0 for all 
x € R"; mappings aj; : R’ > R, i, j = 1,...,n, such that each (a;;(x)) is a positive symmetric 


matrix for each x € R” and the map x > (y,a(x)y) is upper semicontinuous for each y € R"; 
v is a Lévy measure, that is a measure satisfying the condition fgn min(1,|x|?)dv(x) < 09; and 
Xly|<1(y) is the indicator function of the unit ball By (0) C R}. Symbols of these operators are 
not differentiable, therefore, according to our terminology, these operators can be classified 
as YDOSS. The symbol corresponding to the operator A in (2.101) has the form (see, e.g., 
[JSc02]) 
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P(x,€) =co(x) + (B(x), €) — ( (x) 6,6) 
+ fan, OG? — 1 toa OVE9)] 40». 


Symbols of this form, by construction, are negative definite. By definition, a continuous func- 
tion @(&) defined on R” is called negative definite, if for any €),..., 6, € R” and z1,..., 2m € C, 
the inequality 


m 


DY [6()) + 9 (Ex) — 0(F; - Ezi% > 0 


jk=l 


holds. It turns out that the class of negative definite symbols is in one-to-one correspondence 
with the class of pseudo-differential operators which are infinitesimal generators of strongly 
continuous semigroups. We refer the reader to [App09, JacO1] for further properties of oper- 
ators of the form (2.101) and their relation with stochastic processes. We will return to these 
operators in Chapter 7 in connection with fractional Fokker-Planck-Kolmogorov equations. 
Taira [Tai91] considered boundary value problems to describe Markovian diffusion processes 
in a bounded domain. 

4. The Fourier transform plays a vital role in the theory of pseudo-differential operators of real 
variables. A pseudo-differential operator A(D) with the symbol A(&) in Definition 2.2 can be 
written in the form A(D)f = F~'[A(&)F[/]], that is both direct and inverse Fourier transforms 
are involved. Therefore, introduction of a complex Fourier transform with properties similar to 
the real Fourier transform, and for which the inverse Fourier transform is explicitly determined, 
would allow to develop complex theory of pseudo-differential operators. In 1984 Dubinskii 
[Dub84] introduced a complex Fourier transform of a complex function in the form 


FF\(S) = f(—D)6(6). (2.102) 


This Fourier transform inherits many properties of the real Fourier transform and was used 
for the construction of PsDO with analytic symbols [Dub84, Dub90, Dub96]. The complex 
Fourier transform F defined in Section 2.7 is equivalent to (2.102) and differs from it only by 
the constant factor (277)”. Due to this constant factor the complex Fourier transform becomes 
consistent with its real version (1.8), thus generalizing it. In Chapter 9 we apply the complex 
Fourier transform F to develop complex DOSS with meromorphic symbols and study sys- 
tems of pseudo-differential equations. 

5. In Section 2.8 we introduced the Frechet type topological vector space Exp, G(X) and its dual 


Exp G(X ), where G is an open subset of the complex plain C. These spaces represent an 
abstract modification of the space Y%_)(IR") and y-distributions %, »(R"). In the particular 


case G = C the spaces Exp, c(X) and Expy c(X ) were used in [Rad82] as solution spaces of 
the Cauchy problem for abstract differential-operator equations. We note that in some particular 
cases of the operator A the space Exp, g(X), and hence its dual can effectively be described. 
Below we consider some examples of such operators. Let A be a linear closed operator defined 
in a Hilbert space H, that is D(A) C H. A is called normal, if A*A = A*A. For any normal 
operator there exists an operator-valued measure FE , such that 


A= AdEy, 
Jo(A) 


where 0(A) is the spectrum of A. The widest class of operators, for which a spectral decom- 
position formula holds true, is the class of spectral operators studied by Dunford and Schwartz 
[DS88]. Spectral operators defined in a Banach space X, in general, have the form A = S+N 
(see [DS88]), where S is the spectral part, and N is the quasi-nilpotent part of A. If A is a spec- 
tral operator, then for any function f analytic in a neighborhood of the spectrum of the spectral 
part S, the representation 
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°° N* 
f(Au=y / f(s) E(ds)u 


holds for all u € X in the domain of f(A). In particular, if f(s) = s”, then 


A'u= > (t)m : s”KE(ds)u. 


o(A) 


We show that u € Expa.y(X) if u = E(|s| < v—e)x, where x € X, for some € > 0. Indeed, this 
follows from the following estimate 


n 


n n a ie A 
Narall << (RJM || fst Cas) < (\IN+ ve)" Ia < vs 


|si<v—e 


since the norm of a quasi-nilpotent operator is arbitrarily small ([DS88]), ||N|| < 5, where 
0<d<e. 


Chapter 3 


Fractional calculus and fractional order 
operators 


3.1 Introduction 


Fractional order differential equations are an efficient tool to model various processes 
arising in science and engineering. Fractional models adequately reflect subtle inter- 
nal properties, such as memory or hereditary properties, of complex processes that 
the classical integer order models neglect. In this chapter we will discuss the theo- 
retical background of fractional modeling, that is the fractional calculus, including 
recent developments - distributed and variable fractional order differential operators. 

Fractional order derivatives interpolate integer order derivatives to real (not 
necessarily fractional) or complex order derivatives. There are different types of 
fractional derivatives not always equivalent. The first attempt to develop the frac- 
tional calculus systematically was taken by Liouville (1832) and Riemann (1847) 
in the first half of the nineteenth century, even though discussions on non-integer 
order derivatives had been started long ago.! In the 1870s Letnikov and Griinwald 
independently used an approach for the definition of the fractional order derivative 
and integral different from that of Riemann and Liouville. The Cauchy problem 
for fractional order differential equations with the Riemann-Liouville derivative is 
not well posed (Section 3.3), that is the Cauchy problem in this case is unphysical. 
In the 1960s Caputo and Djrbashian introduced independently, so-called, a regu- 
larization of the Riemann-Liouville fractional derivative, which was later named a 
fractional derivative in the sense of Caputo-Djrbashian (Section 3.5). The useful- 
ness of the Caputo-Djrbashian derivative is that the Cauchy problem for fractional 
order differential equations with the Caputo-Djrbashian derivative is well posed. 
Thus the definition used by Caputo and Djrbashian returned the “physicality” of the 


' The first existing documented record on fractional derivatives goes back to year 1695. Leibniz 
in his letter (dated September 30, 1695) to L’H6pital wrote on the derivative of order 1/2 of the 
function f(t) =t. 
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Cauchy problem for fractional order differential equations. For the detailed history 
of fractional calculus, we refer the reader to books [OS74, SKM87]. 

Starting from the 1960s an intensive growth of the fractional modeling has been 
observed. A number of new approaches have been developed and extensive appli- 
cations in various fields have been found. Sections 3.11, 3.12 present two novel 
concepts appeared relatively recently, namely distributed and variable order frac- 
tional differential operators. Initial and boundary value problems with distributed 
and variable order differential operators and their applications will be discussed 
in Chapters 6-8. Distributed order differential equations model ultraslow diffusion 
[CGSG03, MS06], fractional kinetics with accelerating super-diffusion and decel- 
erating sub-diffusion, macromolecule movement in cell membrane [SJ97, AUSO06], 
etc. They model stochastic processes with mixed diffusion regimes; see Chapter 7. 
Variable order differential equations are used in modeling of processes arising in vis- 
coelastic materials [LH02], in modeling of relaxation processes and reaction kinet- 
ics of proteins [GN95], in the study of rheological properties of fluids [KM67], etc. 


What is a fractional order derivative and what is the key idea behind the definition 
of it? To answer this question let us first review the usual integer order derivative and 
integral. Let D= 4 be the differentiation operator and J be the integration operator, 
that is Jf(t) = {5 f(t)dt. Then the fundamental theorem of calculus states that for 
a continuous function f 


pif =< [sear =s00. 


In the operators language one can write the latter in the form DJ = I, where I is 
the identity operator, which means that the operator D is a left inverse to the opera- 
tor J. One can easily check that D is not a right inverse to J, since, according to the 
same fundamental theorem of calculus, for any differentiable function f the equality 
JDf(t) = f(t) — f(0) holds. The similar relations are true by induction for opera- 
tors D” and J”, where D” = g, “n-th derivative,’ and J” is the n-fold integration 
operator. Namely, 


D'J" f(t) = fit), (3.1) 
and 


7 n—1 D* f(0) i 


kl (3.2) 


J"D" f(t) = f(t) 

k=0 

Thus D” is the left inverse to J”, and is the right inverse to J” in the class of 
functions satisfying additional conditions: f (k) (0) = 0,k =0,...,n—1. These re- 
lations between “differentiation” and “integration” operators valid for n = 1,2,..., 
form the basis for the definitions of fractional derivatives in the sense of Riemann- 


Liouville and Caputo-Djrbashian, as soon as the fractional order integration operator 
is defined. 
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3.2 Fractional order integration operator 


In this section we introduce the fractional order integration operator of order a > 0 
(Ra) > 0). One can verify (by changing order of integration) that the n-fold inte- 


gration operator 
t T% 
rg) = ff paan-de, 
——” 


n—times 


can be represented as 


r'f(t) = = [o-or'y@ar. 


Taking into account the relationship '(n) = (n— 1)!, where 
ree | edt, Rs) > 0, 
0 


is the Euler’s gamma-function (see Section 1.4, Chapter 1), one can define a frac- 
tional order integral for any a, R(a) > 0, by 


J*f(t) = ray ht — +t)" f(a) dt. (3.3) 


Incidentally, we recall also Euler’s beta-function defined for all a, B € C, with 
Ror) > 0, R(B) > 0, as B(ar,B) = ff s%—!(1 — s)8-!ds, which is connected with 
the gamma-function through the following relationship (Section 1.4) 


P(a)r(B) 


ACE & 


(3.4) 

Before embarking on the world of fractional calculus let us make two important 
notes. The first note is about integration end-points, which are also called terminal 
points. So far we have used only the origin for the lower terminal point. In the 
general case the fractional integration operator can be defined with arbitrary lower 
terminal point a € [—c°9, ce). Indicating terminal points in the notation, the fractional 
integration operator can be written in the form 


1 t 
ad f(t =a! t—t)%"! f(t)dr, 3.5 
PPO) = Fay f C—O G5) 
where f is a continuous function in the interval (a,b). In what follows, if the lower 
terminal point is finite, then we preferably work with the interval (a,b) = (0,c) 
and denote oJ;* = J%, unless otherwise specified. This is convenient for the study of 
initial value problems, as well. 
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Second, the family {/%,a@ > 0} (as well as the family {2J,%, a > 0} for an 
arbitrary —co < a < ©) possesses the semigroup property: J*JP = J+B, Indeed, 
for any o& > 0 and B > 0 changing order of integration, we have 


J* J? f(t) = ray fe-9" (apy fh e-P Vedu) ae 


= norm f to(fe- 2° '(t—w)P 1dr) du. 


The internal integral after substitution T = ¢ — (t — u)s takes the form 
1 
(t—u)@+8-! i: s&l(1 — 5)B-lds = Blo, B)(t— uw) 48-1, 
0 


Therefore, due to (3.4) we obtain the equality J*JP f(t) = +8 F(t). 


Example 3.1. Let a > 0 and y > —1. Then 


j%Y = Tr(1+y) pte 


= , t>O0. 3.6 
r(1+y+a) oD) 


To show this, one needs to use the substitution t = ts in the integral J@[t”], and 
property (3.4). Then, 


AsV 1 : a-l,y oe : a-1 7 
ptt = —— fa) atdt = [aes ~'s'ds 
rq) ee) Te) ie 
tory r(1+y) 
= B(a,y+1)= tyre 
he Fae) 
In the particular case y = 0, we have 
t@ 
J*1 = —_.. 
T(i1+a) 


Example 3.1 shows that if —1 << y <0 and a+y< 0, then lim,.9J@[t7] = ©. 
However, if y > 0, then for any a > 0, the limit lim,_,9 J“ [t”] = 0. The latter is valid 
for any function continuous up to zero. In fact, the following statement holds. 


Proposition 3.1. Let T > 0 be an arbitrary number and f € C[0,T]. Then 


lim J*f(t)=0, O<t<T, (3.7) 
t>0+ 


for any a> 0. 
Proof. We can assume that T < 1. Making use of the substitution t = ts in the 
integral 


PLf\() = a} [e-oe roar, 


a 
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one obtains 
t@ 


TVG) = Frey 


a) 


| ‘(1—s)*""f(ts)ds. 
0 


Due to continuity of f on the interval [0,1], we have | f(st)|<M<«,0<s<1. 
Therefore, the estimate 


4 we fp 17, a” 
UFO S= Feay [a-s rae 


holds, yielding (3.7) whent > 0+. 


The fractional integral ,J is called left-sided. The fractional integral, called right- 
sided, and defined as 


BIO = as [ O's Odr, G8) 


is also frequently used. In fact, the operators ,J;* and ;J;* are mutually adjoint oper- 
ators. Namely, for arbitrary functions u,v € L2(a,b), the relation [SKM87] 


(aJ*u(t), v(t) = (u(t), Jpv(t)) 


holds. 
The proposition below states the continuity of the operators gJ* and ;J/* in Lp 
and Holder spaces. 


Proposition 3.2. ({SKM87]) Fractional order integration operators gJ?* and , J; are 
continuous mappings: 


gles Ly(a,b) + Lp(a,b), Jp : Ly(a,b) + Lp(a,b), 
fab) Cab, I? 2C*(a,8] = C0), 


where p >1,and0 <A <1,A+a41. Moreover, the following estimates hold: 


(b—a)* 
oT (a) 
(b— a)” 
oT (a) 


lla F(t) |Lp(a,b)I| S 


Il f\Lp(a,5)I|, 


Ip f(t)|Lp(a,b)|| < 


Il flLp(a,b)|)- 


In particular, the mappings ,J* : Cla, b] + C%|a,b] and ;J? : C[a,b] > C”[a, b] are 
continuous. 
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3.3 The Riemann-Liouville fractional derivative 


Riemann and Liouville defined the fractional derivative as the left inverse to the 
fractional integration operator of order @ > 0. 

Suppose that 0 < @ < 1 and consider the operator DJ'~%. We claim that this 
operator is the left-inverse to J®. In fact, using the above-mentioned semigroup 
property, one has DJ!~%J® = DJ = I. Hence, for 0 < a < 1 the definition of the 
fractional derivative of order @ in the sense of Riemann-Liouville would be 


D® =py'-*, (3.9) 


This operator, as we checked above, satisfies D“J“ = J, extending the relation 
D" J” =I to any real number & € (0,1). Obviously, this form of fractional derivative 
extends to @ = 1 giving D! = D. However, in the explicit form written below one 
has to assume that 0 < @ < 1, accepting conventionally D! = D. 


Definition 3.1. The fractional derivative of order ~, 0 < a < 1, of a function f 
defined on [0,ce) in the Riemann-Liouville sense, is 


1 d ft f(tjdt 
D® f(t) = [ . £>0, 3.10 
FO) T(1—a@) dt Jo (t—1)% om 
provided the right-hand side exists. 
In a similar manner for & satisfying m—1< a<m,m=2,3,..., one can easily 
verify that the operator 
d™ 
D® = —-y"* 3.11 
dt™ om 


is the left-inverse to J, that is D*J” = J. Since 0 < m—a@ < 1, due to (3.9) 
g yma = D%—™*+! | Therefore, one can write (3.11) in the form 


a—m+1 
dt™—! 2 


qv 
D® = —— 


m-l<a<m. 
Thus, one has the following definition of the fractional derivative in the sense of 
Riemann-Liouville for an arbitrary a > 0. 


Definition 3.2. Let ~@ > 0. The Riemann-Liouville derivative of order a of a func- 
tion f is 
1 d rt f(t)dt 


TU—ay) di (n® if#0<a<l (associated with m = 1), 


D%f(t)=¢ 2 pe"+1 £0), ifm —1<a<m, m=2,3,..., (3.12) 


dtm-1 


d™ f(t 
ced a=m=0,1,..., 


provided the right-hand side exists in each case. Sometimes, to avoid a confusion, 
we denote the Riemann-Liouville fractional derivative of order a by Df. 
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Remark 3.1. 1, The explicit form of D“ f(t) for a € (m— 1,m), as it follows from 
equations (3.10) and (3.11), is 


D* f(t) = 


1 d™ ft f(t)dt 
ie t>0. (3.13) 


T(m—a) dt Jo (¢— 1)’ 


Here one can put @ = m—1. In this case, as it is readily seen, D“ f(t) = 


m m—1 : os 
af (t) = a. f(t). However, in the explicit form (3.13) one cannot replace 
a with its upper bound m, since in this case a strong singularity appears in the 
integral. On the other hand, the operator form of the fractional derivative in equa- 
tion (3.13) is 

D® = a es 


a (3.14) 


where a satisfies the condition m— 1 < a < m. Here one can formally put « =m 
obtaining D® = D” = a which is consistent with Definition 3.2. In our further 
considerations we sometimes write m— 1 < @ < m, assuming informal setting 
a = m-— | in the explicit form (3.13), or m— 1 < @ <™m, assuming formal setting 
a = min the operator form (3.14) of the fractional derivative of order a. 

. The fractional derivative operator defined in (3.14) is called left-sided, since 
the corresponding fractional integral J”~% is left-sided. A right-sided Rieman- 
Liouville fractional order derivative is defined in a similar manner: ,D7 = 
(—D)" ,J7 ~ (see formula (3.16) below). 

. The fractional derivative D for non-integer a, unlike the integer order differen- 
tiation operator, is not a local operator. It depends on the whole interval (0,r). 
If the interval where the fractional derivative is defined is (a,b), then the corre- 
sponding left-sided Riemann-Liouville fractional derivative is denoted by ,D?, 
and defined as 


N 


ww 


aD; f(t) = : cal Ly uae t € (a,b). (3.15) 


T(m— a) dt™ Ja (t—T)e-m1? 
Similarly, the right-sided Riemann-Liouville fractional derivative is defined by 


(-1)" a™ i f(t)dt 
t (t 


T(m = a) dt™ = Tam 1 ? 


DE f(t) = (a,b). (3.16) 


Example 3.2. Let f(t) =t”’, where y > —1. Then for ~ > 0 one has 
mv") ¢>0. (3.17) 


poe, 2 OY 
PD FG bya) 


Suppose m— 1 < a <m. Then formula (3.17) follows immediately, if one uses (3.6) 
in the relation D@[t’](t) = D"J”“[t"|(t). In (3.17) one needs to use the analytic 
extension of Euler’s gamma function to the left complex plane, if 1+ y—a <0, 
which has simple poles at points —1,—2,.... Therefore, D“[t”] = 0, if a= 1+ y+ 
k,k=0,1,.... 
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Consider two important particular cases in equation (3.17): 


(1) y= 1. In this case 
1 
D™1 = ——_1". 3.18 
T(1-a@) a 
This shows that the fractional derivative of a constant is not zero! (unlike 
the usual derivative). However, recall that the function I’(s) has the analytic 
extension to the complex plane except points {0,—1,—2,...}, which are sim- 
ple poles. So, 
T(s)= if s=0,—1,-2,.... (3.19) 
Therefore, it follows from (3.18) that D°1 = Oif ~@ = 1,2,.... 
(2) y= a —1. In this case 
De ae. (3.20) 


This shows that the kernel of the operator D™ (with the domain in Lj (0, 1)) is 
not trivial! 


Example 3.3. Consider the fractional order homogeneous differential equation 
D°u(t)=0, 1>0, (3.21) 


where 0 < @ < 1. Introduce the set #% (a) = {h(t) : h(t) =Ct®—!, CE R}. It follows 
from (3.20) that any function h € .#(«) satisfies equation (3.21). In fact, the kernel 
of operator D® consists of all functions h € .#(a) and not other functions, i.e., 
Ker(D®) = # (a). Assuming Ker(D%) = .# (a), one can see that the initial value 
problem 


D*u(t)=0, t>0, (3.22) 
u(0) =a, (3.23) 


where a # 0, has no solution. Therefore, the Cauchy problem (3.22)-(3.23) is ill- 
posed. On the other hand, if the initial condition (3.23) is replaced by 


nO =a, (3.24) 


then due to Example 3.1 for a function h(t) = Ct?! € (a) one has J) %h(t) = 
CI'(a). (Notice that A is not continuous at t = 0, therefore Proposition 3.1 is 
not applicable here.) Therefore, the choice C = -/4) provides a unique solution 
to the Cauchy type problem (3.22)-(3.24). We note that the initial value prob- 
lem (3.22), (3.24) is not a Cauchy problem, since the initial condition (J'~%u)(0) = 
a is not a Cauchy condition. This crucial observation is valid for the homogeneous 
fractional order differential equation 


D*u(t)=0, t>0, 
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for any a > 0, m—1< a <™m, with the initial conditions 
(Dk J"-%4)(0) = ay, k= 0,...,m—1. 
In this case (a) = {h(t): h(t) = Diy Cxte™ ty. 
Example 3.4. Leth € # (a), a > 0. Then (3.20) immediately implies that for B € 
(0, a), such that o — B is not integer: 
1.0= D8 D“h(t) 4 D“DB h(t) F 0; 
2.0 =D D*h(t) £4 D**B h(t) £0. 


A natural question arising in connection with the Riemann-Liouville derivative is 
for what class of functions f one can ensure the existence of the fractional derivative 
D*® f(t) of order a. Below we reproduce one well-known and useful statement (see 
Samko et al. [SKM87], p. 239) answering this question. 


Proposition 3.3. ({SKM87]) Let b be any positive number and f € Ce [(0,b],0<A< 
1. Then for any a < A the fractional derivative D® f (t) exists and can be represented 


in the form 
ie tut) 6.25) 


DIO Fae 


where y € C*—%(0,b], and w(0) =0. Moreover, the estimate || y|C*— “|| < C|| f |C* || 
holds with some constant C > 0. 


Representation (3.25) carries an important information related to Riemann- 
Liouville fractional derivatives. Namely, if f is continuous at t = 0 and its Riemann- 
Liouville derivative of order & exists, then this derivative has the singularity of or- 
der o at t = 0. Therefore, the fact that the Cauchy problem (3.22)—(3.23) is not well 
posed is not surprising. 


Proposition 3.4. Let a > 0. Then the Laplace transform of Jf (t) is 
LI“ f\(s) =s “L[f](s), 9 >0. (3.26) 
Proof. By definition, 
1 co t 
Lig = =a / sa t—)%1f(t)dtdt, 0. 3.27 
UV" F\(s) Pia) ie * Pe le 9 a (3.27) 


Changing the order of integration (Fubuni is allowed) the right-hand side of (3.27) 
can be written as 


1 


i: - __ 7) a-1 st 
ace raf (t—1)%le“"dtdt, s>0. (3.28) 


The substitution t — t = u/s in the internal integral reduces it into 
| (t—2) edt =P (a), 5 >0. 
T s 


The latter and equations (3.27), (3.28) imply (3.26). 
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Proposition 3.5. Let m—1<a<m,m=1,2,.... Then the Laplace transform of 
D® f(t) is 
m—1 
L[D* f(s) = s*L[f\(s) — ¥ (DEI"-* F)(0)s"—I—*. (3.29) 
k=0 


Proof. Making use of the equation D® = D’"J’"~% and Proposition 3.4, one has 


m—1 
UD" f\(s) = LID" 4 FI(5) =s"LU"% f(s) ~ (DEM “ACO 
m—1 
= s*L[fl(s)— YF (Dp) Os. 


k=0 


Let 0 < @ < 1. Then formula (1.22) with m = 1 reduces to 
LD" f(s) = s*L[f](s) — J" f)(0). (3.30) 


Example 3.5. In Example 3.3 we introduced the set .#(a) of functions h(t) = 
ct! t > 0, satisfying the fractional order differential equation D“u(t) = 0, 0 < 
a < 1. Now we show that .# (a) exhausts all possible solutions of this equation. 
Suppose h(t) satisfies the equation D“h(t) = 0,t > 0. Then in accordance with for- 
mula (3.30) one has 


L[D“h|(s) = s*L[h|(s) — (J1~%h)(0) = 0, s > 0. 


Solving this for L[h](s), 
Linl(s) = 2 


so? 


s>0, 
where b = (J'~“h)(0) is a constant. Hence, see Example 1.3, h(t) = rot € 


KH (a). This yields Ker(D%) = # (a). 
Example 3.6. Consider Abel’s integral equation 
J*u(t)=h(t), t>0, 0<a<1l, (3.31) 


where h € C%*[0,b], b > 0, with A satisfying 0 < A < 1—«a, and h(0) = 0. This 
equation has a unique solution in Ce (0, b]. Moreover, the solution has the represen- 
tation 

u(t) = D°h(t). (3.32) 
To see this we take the Laplace transform of both sides of (3.31), obtaining 
s~“Llu](s) = L[h](s). This can be written as 


L[u](s) = s*L[h](s) = s*L[h](s) — (J'~%h)(0). (3.33) 


since J'~“h(0) = 0 due to Example 3.1 and continuity of at t = 0. Equation (3.33) 
immediately implies u(t) = D“h(t), in accordance with (3.30). The fact that u(t) € 
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C (0, b] follows from Proposition 3.3. The case @ > 1 can be reduced to (3.31) by 
differentiating. 


If h is not continuous up to tf = 0, then we cannot rely on the fact that 
J'~%h(0) = 0. In the general case the following statement holds. 


Proposition 3.6. ({Djr66]) Let h € L,(0,b). Then equation (3.31) has a unique 
solution u(t) € L1(0,1), which is represented in the form (3.32), if and only if 
1. D"-1J"-“h(t) is absolute continuous on [0,b); 
2. J" 10) == (Dh) 0) =0. 
Example 3.7. Consider the fractional differential equation 

D°u(t)=hA(t), t>0, (3.34) 
subject to the initial conditions 


J*-%y(0) =ap, ..., D™1I"-*u(0) = an-1, (3.35) 


where m— 1 < a <_m, and h is a continuous function. This problem has a unique 


solution 
m-—1 


u(t) t)+ py .e@cmibeiy t>0. (3.36) 


Indeed, applying the Laplace transform to equation (3.34), one has 
s*L[ul(s) — , Dk(I"-4u)(0)s"-! = Lial(s), 8 >0, 


or solving it for L[u](s) and taking into account conditions (3.35), 


L{h| (s) m—1 ak 
Lul(s) = + Y AR, 550. 
k=0 


Now (3.36) follows from the latter due to Proposition 3.4 and (1.18). 


3.4 Mittag-Leffler function and its Laplace transform 


The Mittag-Leffler function E,(z), z € C, is an entire function defined as a power 
series 
co n 


z 
p=. 
a2) & Fanti) 
where I"(-) is Euler’s gamma function. Obviously, Eg(z) = exp(z) if @ = 1. For 
real z = x the Mittag-Leffler function E,,(x) increases exponentially (~ exp(x!/@)), 
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when x — oe, and tends to 0 behaving like Eg (x) ~ 1/|x|, when x + —co. Therefore, 
the Laplace transform of the function e(t) = Eg,(—t) defined on the half-axis R,, is 
well defined. In our considerations the function e(At™) = Eg (—At®), i.e. 


Ate A226 
T(a+l) ’ Fath 


Eg(—At®) =1 bee. (3.37) 


for A € C, will emerge frequently. Therefore we find its Laplace transform. 


Proposition 3.7. For the Laplace transform of Eq(—At™), t > 0, where A € C, the 
following formula holds: 


a-l 


5 1 
L[Ea(—At*)I(s) = 7a, 5 > |Alil*. (3.38) 
Proof. Using the formula (see (1.18) ) 
“ T 1 
[ er aS) Pont )) ) s>0, 


one has 


L|Ea(—At®)](s) => . ae 


aT (an+1) 
LS r\" gat 
=5>( =) =joe (3.39) 


The geometric series in (3.39) converges if |A /s“| < 1, or the same, if s > |A|!/“. 
Let 0 < @ < 1. Differentiating Ey,(—At™) in (3.37) in the variable r, one has 


d ae Ate! 4272071 
Gj bal—At®) = To) * FOay to 


which implies |Eq(—A1®)| = O(s4z),t > 0. Similarly, if m—1 < @ <™m, then m 
£7 Eg(—At®) 
t — 0. Thus we have proved the following proposition. 


times differentiating Eyg(—Ar®), one obtains that = O(a4z); when 


Proposition 3.8. Let m—1 < a <m. Then for each fixed 4 € C the asymptotic 
behavior 


ca 
dt™ 


Ey(—At®) 


1 
=O (sez) , tO, (3.40) 
holds. 


An integral representation of the function Ey(—t™) was provided by R. Gorenflo 
and F. Mainardi in [GMM02]. The proposition below reproduces this representation 
for Eqg(—At®) with an arbitrary positive real 2. Introduce the function 
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1 r*—! sin(az) 
wre + 2r%cos(an) +1’ 


Ko(r) r>0. (3.41) 


Proposition 3.9. Let A be a positive real number. Then for Eq(—At®) the following 
representations hold: 


1. if0<a< 1, then 
Ea(—At®) = [ eV (Wr. (3.42) 
2. if 1 <Q <2, then 


ly 2 @ cos £ m 
ent Ka(r)dr-+ <i COS & Egg (1a1/@ sin =) (3.43) 


Eq(—a1%) = [ 


0 


Proof. It follows from Proposition 3.38 that 


a1 1 O+ic0 gO pst 
Eq(—At%) =L"! z t =5,/ ~—d 
a ) Eee (t) Imi Jojo A+Se 


where o > A!/@. Since o is not an integer, the function H(s) = “7° under the 


5 
integral has a branching point at s = 0. We take values in the main ‘search Moreover, 
H(s) has poles at points sy, = A!/%ei#/@2k+1) | & € Z. The poles which are in the main 
branch satisfy the condition —7 < arg(s,) < 2. Further, deforming integration path 
to the Hankel path Hz, which starts at —co along the lower side of the cut negative 
real axis of the complex s-plane, along the circle of radius € centered at zero, and 
then goes to —co along the upper side of negative axis, one can reduce the above 


integral to 


1 gol pst gt l 
Eg(—At®) = ds + SR —— 
a ) 270i A+s0°° Pa Ise | pg |? 


s=Tetit 


where # is the set of relevant poles of the function H(s), and Res),_, means 
the residue at the pole s = a. Obviously, the function H(s) has simple poles and 


Res,_,. [| = 1/a. Hence, Eg(—At™) = Mo(t) + Na(t), where 


Ma(t) 1 ae, d Na(t) 1 ye 
= Ss an = — e*. 
7 2 — At+s% . O oD 


s=te™" 


In computing the integral along two sides of the negative axis, one can see that the 
real parts cancel out and the imaginary parts are added, so 


Ma(t) = iy -ailaig (8° d (3.44) 
a = 7 J e A+s@ |s=teim r, f 
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where 3(z) means the imaginary part of z. It is easy to verify that 


Cai _ At! sin(az) 
A+5%|srein} A? +2A7% cos(orm) + 170" 
Substituting this into (3.44) and changing t = rA!/@, one obtains 
Malt) = fe?" Ka(rdr, 


where K,,(r) is defined in (3.41). Now notice that if 0 < a < 1, there are no poles 
of H(s) satisfying —m < arg(s,) < a. Hence Nq(t) = 0, and in this case we have 
Eq(—At®) = M(t), obtaining (3.42). 

If 1 < @ < 2, then there are two poles 4!/%e**/ in the main branch. This 
implies 


2 1 
Na(t) = a £8 & cos(tA!/% sin ra) 


Hence, in this case Eg(—At™) = Ma(t) + No(t), obtaining (3.43). 
Remark 3.2. The function Eg(—r®) has the following asymptotes near zero and 
infinity [GM97]: 

t& {20 


.-, t74+0 
FosD Freon’? 


Eq(—t®) ia + t> (0<a<2) 
. r(l-—a) (1-20) ""”’ 


3.5 The Caputo-Djrbashian fractional derivative 


The fractional derivative in the Caputo sense, introduced by Caputo [Cap67] in 
1967, contrary to Riemann-Liouville derivative, is more convenient for the study of 
the Cauchy problem. This is important in the study of fractional models of various 
physical problems. On the other hand, the Caputo derivative is restrictive to compare 
to the Riemann-Liouville one, since to define the derivative of order a@ € (m—1,m) 
in the sense of Caputo, one requires the existence of the derivative of order m. 


Definition 3.3. By definition, the Caputo fractional derivative of order @ > 0 is 
FO); a=0, 
(D2) F(t) = pty OGRE, 0 <a <1 (associated withm=1), (3.45) 


- lq" 
D® m+ jai), wl Mm, m=?2,3,... 


provided the right-hand side exists in each case. 
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The third line of this definition requires some explanation. If m— 1 < a < m, then 
0<a—m-+1 <1. Hence, one uses the first or second line to define the fractional 
derivative D?—”"*+! g(r) of the function g(t) = f(t). 

Let 0 < @ < 1. Then it follows from Definition 3.3 (second line) that 


D? =J'-"p. (3.46) 
This is an operator form of D&. Equation (3.46) implies that 
J°DE F(t) =I°I' Df (t) = IDF (t) = fF) — FO), (3.47) 


which means that D? is the right-inverse to J® up to the additive term —f(0). Recall 
that the fractional derivative D® in the sense of Riemann-Liouville was the (exact) 
left-inverse to the operator J“. In general, if m—1< a@<m,m=1,2,..., then the 
operator form of D? becomes 

qd™ 


pt = yn-a a 3.48 
: aa (3.48) 


and relation (3.47) takes the form 


7 m—1 Df (0) i 


JOD EF) = IAI"-4D" F(t) = I"D" F(t) = Fle) Po, 


(3.49) 
k=0 


showing that D® is the right-inverse to J® up to the additive polynomial 


™! DKF (0) x 
= ae 


k=0 


Now again assume that 0 < @ < 1. Then the definition of D% f(t) uses the first 
derivative 7 (t). Therefore, if one works with Definition 3.3, then one must ensure 
the existence of the first derivative of f in some sense. However, the relationship 


DE f(t) =D (f(t) — F(0)]. (3.50) 


between D® and D®%, obtained by applying D® to both sides of (3.47), can be 
used to overcome the restriction connected with the presence of the first deriva- 
tive. Obviously, the expression on the right-hand side of (3.50) exists representing 
an extension of D® to the class of functions f for which the fractional derivative in 
the sense of Riemann-Liouville exists, and f(0) is finite. If additionally, f is dif- 
ferentiable (or absolutely continuous), then D@ f(r) in (3.50) and in Definition 3.3 
coincide. Moreover, equation (3.50) shows that D® and D® coincide in the class of 
functions satisfying f(0) = 0. 

In the general case the Caputo fractional derivative is related to the Riemann- 
Liouville one through the following formula 
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m—1 ,k ¢(k) 
Df f(t) = D* (1 => iro) (3.51) 


] 
mC! 


which shows that these two derivatives coincide if f”)(0) = 0,n = 0,...,m—1. 
To prove (3.51) let us denote g(t) = D@ f(t). Applying the fractional integration 
operator J®, one has (see (3.49)) 


S790); 


J°g(t) = S27" SD" f(t) = I"D" f(t) = f(t) Al 


k=0 


Now since D® is the left-inverse to J“, one obtains 


m=1 4k ¢(k) 

DA J%g(0) = g(t) =D" (1 y “ro | 
k=0 . 

thus (3.51). 

The relationship (3.51) was noted by M. Djrbashian in his 1966 monograph 
[Djr66] with the aim to prove existence of the Riemann-Liouville derivative of or- 
der a. The fractional derivative D® justly called the Caputo-Djrbashian fractional 
derivative. From now on we will also call D® the Caputo-Djrbashian fractional 
derivative. 


Proposition 3.10. (Djrbashian [Djr66]) Let D"—' f(t) be absolutely continuous on 
[0,b] for any b > 0. Then D@ f(t) exists a.e. in (0,b) for any a € (0,m]. And if 
m—1<a<m, then 


m—1 (k) 
Df f(t) =D f(t) > Aire a 


k=0 


(3.52) 


Proof. Formula (3.52) follows from (3.51) immediately if one takes into account 


k! 
D® tk — tk-@. 
a T(+k-a) ’ 


see Example 3.2. 


Remark 3.3. 1. Notice that the functions r*~%, k= 0,...,m—1, in (3.52) are singular 
at t = 0. The Caputo-Djrbashian derivative “removes” all the possible singu- 
larities of the RL derivative arising intrinsically as an action of D“. Therefore, 
D® f(t) is also called a regularization of the RL derivative D® f(t). 

2. Ifm—1<a<m, f(t) is defined on the interval [a,b], and D~! f(r) is absolutely 
continuous on [a,b], then the relationship between the Riemann-Liouville and 
Caputo-Djrbashian fractional derivatives takes the form 


o _ _ f (a) (t = ae a 
aD f(t) = py Titkoa) tePe (t). (3.53) 
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Here ,D? is defined in (3.15), and 


t (m) 
aDE f(t) = : - fi" (@) dt, t€(a,b). (3.54) 


P(im—a) J, (Dm 


3. The derivative ,D%, in (3.54) is the left-sided Caputo-Djrbashian fractional 
derivative. The right-sided Caputo-Djrbashian fractional derivative is defined as 


—)\yn (m) 
De, f(t) = ai Pr) at, + € (a,b). 


T(m-—a t—T)o-m+l 
Proposition 3.11. Let m—1< a <m. The Laplace transform of the Caputo- 
Djrbashian derivative of a function f € C|0,) is 


LID“ f\(s) =s*L[f\(s)— Ff O)s*!-*, s>0. (3.55) 


Proof. Since D¢ f = J” “D" f we have 


LID? f(s) = LU" *D" f(s) = 5 MLD" f(s) 


Example 3.8. 1. It follows from the definition of the Caputo-Djrbashian fractional 
derivative that D?1 =0,Va > 0; 
2. Let a > Oand y > 0. Then 


T(y+1) 


NET) pra 
T(y+1-a) 


De [| = 


Indeed, suppose m— 1 < a < m. Then, using the formula 


T(y+1) 


D™ tY — We ym 
ve T(y—m-+1) 
and relationship (3.6), one obtains 
De [t!) =s" OD") = POF YD jmaxigr-m see AE) el 
ytl—m r(y+1—a) 


Example 3.9. Let m— 1 < a <m. Consider the following fractional order differen- 


tial equation 
D&u(t) =h(t), t>0 
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where h(t) € C[0,7]. We solve this equation under the assumption that u(t) satisfies 
the initial conditions 


u) (0) =a,, k=0,...,.m—1. 


Applying the Laplace transform and taking into account formula (3.55), one has 


Example 3.10. Consider the following Cauchy problem: 
D&u(t)+Au(t)=0, +>, 


u¥(0) = az, k=0,...,m—1, 
where A is a complex number. Applying the Laplace transform, one has 


m—1 


(st +A)Liul(s)= ¥ ays?! 
k=0 
Hence, due to Proposition 3.7, 


m—1 ss 1 Al m—1 ‘ 
u(t) = pe Feoed = 2 ae Eq(-At®). (3.56) 


where E,,(z) is the Mittag-Leffler function. 


3.6 The Liouville- Wey] fractional derivative 


Consider the pseudo-differential operator Ag(D) for @ > 0 with the symbol 


Gag (5) = (iG), ie. 


Aa(D) f(x) 


I L Fif\(G)e ds (3.57) 


Into  (i)# 


Obviously, Aq is a‘ ¥DOSS whose symbol has a strong singularity at € =Oif a> 1. 
In Section 2.3 we saw that this operator is well defined on the space ¥%_,(R), or on 
its dual e F (IR). Moreover, since the symbol of A is isolated and is of finite order, 
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this operator can be extended to a Lizorkin type spaces introduced in Section 1.12 
with the base spaces of Besov or Lizorkin-Triebel. The number of orthogonality 
conditions depends on @. 

Now we show that the operator Ag (D) in (3.57) is related to the fractional inte- 
gration operator of order ~. Let 0 < a@ < 1. Due to Corollary 2.11 (ii) one can write 
the symbol in the form 


(iE) = 44(5) = (Aa(D)e~**)i,-0, § #0. (3.58) 


In equation (3.58) one can assume that the operator Ag(D) acts on the space 
‘Pp (IR), or on 72 F (R). On the other hand, by virtue of formula (1.21), one has 


1 1 T(a 1 bien 
GE = Fea) GE@ Tay OH) 
_ rab y* 168 dy = may f rte tay 
lin Fey x— y) Ne dy. (3.59) 


Equation (3.59) shows that a ie) is also the symbol of the fractional integral with 
the lower terminal point — 


1 % 
a a-l 
85 = - dy. : 
IF) = Fey | _&- FO)dy (3.60) 
Indeed, one can rewrite (3.59) in the form 


Sas ee. G0. 


Hence, the two operators Ag(D) and _..J®% have the same symbol, and therefore co- 
incide, if one considers them on the spaces ¥%_,(R) or Lee (R), p> 1, or Lizorkin 
type spaces. 

The dual to Ag(D) operator Aj(D) has the symbol (—ig )~%. Analogously, one 
can verify that the dual fractional integral operator can be written in the form 


JF (x) = ra [0-9 Foe (3.61) 


Example 3.11. 1. Let a > 0. Then for an arbitrary a > 0 one has _..J%[e™] = 
a %e™, 


2. Similarly, for a > 0 one has ,J&[e~"] =a %e™. 


Further, similar to the Riemann-Liouville fractional derivatives, one can define 
fractional derivatives exploiting the fractional integrals _./% and ,J& with terminal 
points +c, Letm—1<a<m,m=1,2,.... Introduce the operators 
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_oD@ — D™ rr aan 


and 
,D% = (-Dy" JE, 


which are called Liouville-Weyl forward (LWf) and backward (LWb) fractional 
derivatives, respectively. Explicit forms of LWf and LWb fractional derivatives are 


a 1 a™ f* f(y) 
-D*f) = rea ae / - =a dy, (3.62) 
and 
e (—1)" q™ co f( ) 
Daf lx) = T'(m— a) dx” i aes fos (@.63) 


Notice that the LWf and LWb fractional derivatives are related to the usual inte- 
ger order derivatives through _..D’” = D” and ,D™” = (—D)". It follows from the 
explicit representations (3.62) and (3.63) that for the existence of Liouville-Wey] 
fractional derivatives the function f must satisfy some differentiability and decay 
conditions. Namely, it is not hard to see that 


(a) LWf derivative exists on (—c»,a] if f € C* (—co,a] has the asymptotic behavior 
| f(x)| ~ |x| "Te" ®, x — —00, and 

(b) LWb derivative exists on [b,0°) if f € C*[b,cc) has the asymptotic behavior 
F(x) ~ beomrO®, x +00, 


where C* A > a, is the Hélder space, a and b finite numbers, and € is an arbitrary 
positive number. Moreover, Liouville-Wey] fractional derivatives can be interpreted 
as YDOSS. Namely, for functions f € %_»(IR"), 0 ¢ G, we can write 


=@D" f(x) = D"Am—a(D)f (x), 
as well as for y-distributions F, 
xDEF (x) = (—D)"An—a(D)F (x). 


Using the properties of the Fourier transform and symbols of Liouville-Weyl 
integrals one can easily derive the symbols of LWf and LWb fractional derivatives. 
Namely, 


F[—eD* f\(S) = FID” J“ f\(5) = (ig )" = 
= (6)°F[AI(S), 


and 


PLDI) =F ads FG) = (ye) ee 
= (-i)°FLS](S). 
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Proposition 3.12. The symbols of operators —..D® and ,»D©& are 
O palS) = (i6%) and o 44 (5) = (—i5)”. (3.64) 


Example 3.12. Show that for an arbitrary a > 0 the following formulas are valid: 


1 _ Der _ a%“e™: 

2. Die fF =ate™, 

3.7 Riesz potential. Connection with ’DOSS 
Let 0 < a < 1. The integral 


(3.65) 


Raf (x) = Ca f fQ»)ay 


R |x—y|!-% 


defined for f € L;(R) is called the Riesz potential. Here the constant Cg, is normal- 
ized in such a way that og,(€) = |€|-%. Since Za f(x) = (H * f)(x), that is a 
convolution operator with “ = iit , Proposition 1.20 implies that 


Cay (E) = FLAME) = CaF ar (é) =|EI-*, (3.66) 


where we set Cg = x: Therefore, in order to determine Cg one needs to know 
a 


bq, which appears in the Fourier transform of |x|—(-) see Example 1.6, 8. How- 
ever, instead of computing bg, one can find Cg, applying the symbolic calculus for 
DOSS introduced in Chapter 2. 

Indeed, we show that there is a constant dg, such that 


da{ G4q(S) + O43 (5)} = 62,(5)- 


First, notice that @(€) = o4,(€) + o4:,(€) = 2K {on,(€)} = 2K{ Geyet where K 
stands for the real part. Second, the function @(€ ) is symmetric, i.e., ¢(—€) = @(). 
Therefore, it suffices to find R{ 1, } only for E > 0. We have 


(i) 
1 ‘Ko | 1 TO 
R{——} =R{e 74} = cos—, €>0. 
(3 gal = [aS 
This immediately implies that 
Ta 


1 
da{Orq(E) + Oxi(6)} = 27p7q 008, 
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which yields 
1 
2cos H° 
Proposition 3.13. Let a € (0,1). Then for the one-dimensional Riesz potential 
the following relations hold: 


I. Oa (5) = sayme{Oaa(S) + Oa (5)} =161-% 
2, Ro = saq7e {Aa (D) + AG(D)}; 
3. Ry = ater { al + J}. 


Since 
ood * + JS 
Raf (x) = Fonte ) 
_ 1 * fO)dy |” _f)dy 
20 (a) cos (/. (x—y)l-a@ | a ars) 
_ ] = _fO)dy 
20 (at) cos Joo |x — y|!-@? 
obviously, 
1 
o- 2 (a) cos 


Hence, the constant bg in Example 1.6, 8 is 
a 
bq = 2T' (a) cos = 
Now we extend the definition of the Riesz potential for arbitrary @ setting 


1 
Joos tet cod + JI7},0< a A2kK+1,k =0,1,.. (3.67) 


(0 com 
2cos 44 


The operator Zo, with the symbol or, (€) = ie where a& > O anda #4 2k—1,k= 


1,2,..., has the strong singularity at € = 0, if a > 1. Hence, Zg, is a ¥YDOSS if we 
sonicee it on the space of y-distributions ae ,(R"). Therefore, all the properties 


related to ¥’DOSS are valid for Zg,. The opatine &y, is well defined on the Lizorkin 
spaces ®(R"), as well. Additionally, we note that Z, is the inverse operator to 
the fractional power @ of the operator D* = -#,, ie., (D?)@/2, > whose symbol is 
|E|”. The Riesz-Feller derivatives, which we are going to introduce, tell us how to 
construct such fractional powers. 

By definition, the Riesz-Feller derivative of order oa (analogously to (3.67)) is 


—1 
Dy f(x) = Fog tay! DPS (#) + Deaf (*)), 0<aA2k+1,k=0,1,..., 
cos -— 


(3.68) 
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where _.D% and ,D®% are LWf and LWb fractional derivatives of order @ defined 
in (3.62) and (3.63), respectively. 


Proposition 3.14. The symbol of the Riesz-Feller derivative is 
— a 
Ggu(6)=-IE I". 


Proof. Taking into account (3.64) one has 
1 


*o rena n+ Poult) 
ee ee 
= ~ Fog REE)" + (HE) = ~ yee ew HCE) 

= eI" exw cos = éI°. 


Introduce the shift operator 1, f(x) = f(x+h), where 0 < |h| < 1. Then the é-th 
order central finite difference operator Ae can be defined in the form 


An (x) = (Ty — 4) FQ). (3.69) 


In particular, for £ = 0,1, and 2, the operators Ap f(x), Aj f(x), and A? f(x) take the 
form 


AR i) =f) =F@); 
Af (x) = f(x +h/2) — f(x—h/2); 
Ap f(x) = f(x +h) —2f(x) + f(~—A). 


Proposition 3.15. Let 0 < a < 2. Then the Riesz-Feller derivative of order a of a 
function f in the Hélder space C* (R) AL, A > a, has the representation 


co AZ 
Ba) = Oa | AS ap, (3.70) 


where My = (1/m)I' (a+ 1) sin. 


Proof. We show (3.70) for 0 < a < 1. The general case follows from Theorem 3.4 
(in the particular case n = 1). By definition, 


—1 
Feos a ( col) + ,DE) F(x) 
2 


_ —D 
i On 
2cos > 


~ ee ee fue : : foe). (3.71) 


Dy f(x) = 


(20% + J) F(X) 
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The substitutions x — y = u and y—x = v in two integrals on the right-hand side 
of (3.71) give 


0) = aqme (ff a - f Sa). 


“=a fr = and changing the order of integration, we 


By virtue of the equality u 
have 


~a “|, = | , =] 
IP (1 = a) cos ac u) | joi dhdu [rer | joi dhdu 


7 f(x—h)—2f(x) + f(x+h) 
~ 2rd ae a ns hita ate 


Now using the known property 


Ta 
Trd-a)r(il+a)= 
( PI + a) sin 7 
of Euler’s gamma function, we obtain 
a Ta 
= (1/n)I'(a+1) sin — 
IU = ajeosaz — U/ A a+Isin, 


and, consequently, the representation (3.70). 


Theorem 3.1. For the Fourier transforms of BY f(x) and Di f(x) for a > 0 the 
following formulas are valid: 


1. F[REF\(E) = |El- °F (E)s 
2. F(A F\MS) = —16|°F(5)- 


Part 2 of this theorem implies that the a values in the operator Yj f(x) can 
naturally be extended to a = 2 as J, = = ze 


3.8 Multidimensional Riesz potentials and their inverses 


The natural generalizations of the one-dimensional Riesz potential Z and Riesz- 
Feller derivative Zp" to the n-dimensional case, respectively, are the n-dimensional 
Riesz potential (with the normalizing constant C, ¢) 


RZ f(x) =Gaf = ae UY Oa mR +2 yee (3.72) 
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and the n-dimensional hyper-singular integral (the inverse Riesz potential) defined 
as (see (2.48)) 


De f(x) = — ASO) 5 2 N 3.73 
of (x) d(a,1) ’ |yjnro ys <aF m,mMe : ( . ) 


The normalizing constant in (3.72) is 


re) 


2% qn (2) ’ 


Cha 


In equation (3.73) / is integer, / > a, A! is the centered finite difference of the 
order / in the y direction, and d(a,/) is constant defined by (2.49). For our further 
considerations it suffices to consider the case / = 2 and 0 < @ < 2. In this case the 
operator Df takes the form (see Section 2.4) 


-y)-2 
De f(x) =Bra | fE=y)=2AOtIE) |G Qca<2, (3.74) 
Rn |y|rtoe 
sae ( a ) (a2 ) an 
Bra = 92-0 1 tn/2 (3.75) 


Below we will derive (3.75) (see Theorem 3.4). It is seen from equation (3.75) that 
the value a = 2 is degenerate. 


Theorem 3.2. Let a > 0 and a #n,n+2,.... Then for the symbol Ope (€) of the 
n-dimensional Riesz potential the formula 


oge(E)=|E%, EER", (3.76) 


holds. 


Proof. The Riesz potential can be expressed as a convolution. Namely, 


Applying the Fourier transform, one has 


FIRS ](6) = Ore (§)-FUAI(S), 
where 
Ope (6) _ Croak =| (¢). 


In Proposition 1.20 of Chapter | setting o =n— a, one has 


F | eg] €)= baal 


|x|"—o 
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where 
; 2% nT (4) 
ON Re 
a TE) 
Obviously, Cy,¢ben = 1, and we obtain (3.76). 
Theorem 3.3. Let 1 < p,q <,s€R. Then the following mappings are continuous: 


Lif0<a<" mpl ) , then 


Ro: Byg(R") + Bog (R"); (3.77) 


2. if MY + 2(m—1) < a< MPN) + 2m 1,mEN, then 


os 


Re: B 


> Byg.2m—1(R") + By, (R"); (3.78) 


Pq 
3. if mp Me) On 1<a< “24 42m,meN, then 


os 


Ro: B 


: Bog om(R") > — Be (R"), (3.79) 


Pq 


Proof. One can easily verify that the symbol of the operator Rj considered as a 
‘YDOSS defined on %,, where G = R” \ {0}, satisfies the condition (2.36) with 
1=s+a. Due to Theorem 3.2 the symbol of Rf has a singularity of order a at 
— =0. Let a € [0,n(p—1)p7!) and gE Bil R") with supp@ C Q.. Further, let 
{Oj }7-o with {F7! $j };_o € ®, define the norm of the Besov space Bi,,(R"). Then 
we have 


Re@(x Balt =(f, F7' b> F p|Pdx 

IRFoC1Bs It = (fF Tag | y 
> ao ae org aFoleoll. (3.80) 
j=l 


Since ap’ <n, the first term on the right of (3.80), in accordance with Theorem 1.24 
of Chapter 1, can be estimated as 


Fo! 
oe wER 


where C is a positive constant depending on Q, a, and p. Further, since supp; © 
{2/ <|E| <2/+1}, j =1,..., the second term in (3.80) can be estimated as 


Fo|’dx < Cl|@|Bpgll? 


ql 


co 


y 2s+o)ia|| Flo, 


Ear oer rit se 5 2 F- 'OiF Q|Lpl|4 
j=l 


~ clots )|Bogll*. (3.81) 
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Estimates (3.80)-(3.81) imply ||RF@(x)|Bp5|l < || @(x)|Bygl|, and thus, the conti- 
nuity of the mapping in (3.77). 

Now suppose that @ € (2(m—1)+n(p—1)p7!,2m—1+n(p—1)p7!) and € 
Bog 2m—1s 8 & € Qm—1+n(p— 1)p!,2m+n(p— 1)p-!) and gE Byg.2m: Then 
due to Theorem 1.23 there exists a function v € re such that F@ = |§|""Fv. Here 


m = 2m -— 1 in the first case, and m = 2m in the second case. In both cases this fact 
yields the following estimate for the first term of (3.80) 


7 1 p-\ 7 
C(f rape Ee eras)” lB? < Capa 


where C is a positive constant depending on Q, a, p, and m. One can estimate the 
second term on the right side of (3.80) as in the previous case, and hence, obtain the 
continuity of mappings in (3.78) and (3.79). The proof is complete. 


Theorem 3.4. Let 0 < @ < 2. Then for the symbol ope (€) of the n-dimensional 
Riesz-Feller derivative the formula 


Ope (E)=—|E|", EER", (3.82) 


holds. 


Proof. Due to Corollary 2.11, Part ii) for the symbol of Dj’, we have 


- ea 
Ope (¢) = Doe ix le=0 = Brio Re Tppre al=0; 


where By, q is defined in (3.75). Therefore, in order to prove the proposition we need 
to show that 


ae [ele 


[yjrre dy|x—0 = Bho (3.83) 
R" ; 
For the left-hand side we have 
A2e—ts eiety)§ 2.4 e-ile-v)é 
|y|nte ylx=0 -/ [yjere dy|x=0 
eS —2 4 evs 
7 / yer 
R” 
= FL ee l-8) - Fel) + Fl elt) 
hahah yer ia 
1 
_ 42 
= AtF lara (0). 
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In Proposition 1.20 taking o = n+, we have 


ere ree) 


51°, 


where I'(— $) is the value at z= —a@/2 € (—1,0) of the analytic continuation of the 
Euler gamma-function I"(z) to the interval (—1,0). It follows from this equality that 


1 2 ear (2) 
A?F Fad 0) = ——___*_ 2" |€|@, 3.84 
§ |y|rro ( ) (42) EI ( ) 


Finally, using the relationship (see [AS64], formula 6.1.17) 


a a a 9 
Pa =e 
2 2 2 sin 


in equation (3.84), we obtain (3.83). 


Theorem 3.5. Let 1 < p,q <,s€R,and0 < a < 2. Then the mapping 


De : BS o(R”) + BY,“(R”) 


is continuous. 


Proof. Due to Theorem 3.4 operator Df can be considered as a YDOSS defined on 
YG, p(IR”) with G = R” \ {0}. Now the proof follows from Theorem 2.8, since the 
symbol of D¢ satisfies all the conditions of this theorem. 


Remark 3.4. 1. Riesz potentials form a semigroup. Namely, if R(a@) > 0, K(B) > 0 
and R(a +B) > 0, then ReRE f = RO ¢ for f € Y. It is not hard to see that 
the mapping Rj : 4 — @ is continuous. By duality, the mapping Rf : 4 ‘4g’ 
is continuous, and thus the semigroup property extends to 7 as well. 

. The operator Dy in (3.74) is defined for 0 < @ < 2. As was noted above in this 
definition the value @ = 2 is degenerate. However, the symbol of this operator is 
meaningful for @& = 2, as well: 


lim, Opg (5) = — ||’. 


N 


We know that this function is the eynoe of the Laplace operator. Therefore, it is 
natural to extend D§ to a = 2, setting ; =A. 


3.9 Fractional powers of positive definite operators 


The relationship between the symbols of the operator Df and the (negative) Laplace 
operator —A, i.e. 
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Ope (6) = —16 1% = —(16P)%/? = —[o_ a (8)]%”, 


obtained in the previous section, at least at the formal level, gives an idea to represent 
)§ as a fractional power of —A, namely DJ = — (—A) >. Therefore, in this section 
we briefly discuss fractional powers of positive definite operator. By definition, a 
closed linear operator A with a domain (A), dense in a Banach space X, is called 
positive definite, if its spectrum does not contain the negative axis (—-°, 0], and the 
estimate ||(A — AZ)~!|| < C(1+|A|)~! holds for A € (—°, 0]. 

First, as is known from the spectral theory of linear operators [DS88], that for 
an arbitrary positive self-adjoint operator A defined in a Hilbert space H and with 
a spectrum 2(A) and a spectral decomposition E,, one can define the fractional 
powers of A: 


At = if A“dEy, 
Z(A) 


whose domain is 
DAN) ={feH: | MAME Lf) <=}. 
X(A) 


For instance, the Laplace operator A = —A in Lz(R") is a positive self-adjoint oper- 
ator, whose spectrum is 2(—A) = (0,°¢), so one can define its fractional powers in 
the form 


(a)? =f asaey, a>0, 
0 


where E, is the spectral decomposition corresponding to —A. Though this approach 
is nice from the theoretical point of view, however it is not always practical. To use 
this approach one needs to know how to find and work with the spectral decompo- 
sition of A. 

The following statement will be used in our further considerations. 


Proposition 3.16. Let u > 0 and0 < a <m. Then 


°° 


i sls yom lt (aT (m= a) (3.85) 


} (ute? T(m) 


Proof. The substitution s = in the integral yields 


ae 


co 


- aly 
[Ss = ptm fl Wyld = "Bc, a), 
0 0 


where B(-,-) is Euler’s beta function. Now using formula (3.4), one obtains (3.85). 
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Let A be a positive definite operator and 0 < a < 1. Then for f € Y(A) fractional 
powers of A is defined by 


1 


en T(a)r(1—a) 


[at atan asad. (3.86) 
0 


This definition was first given by Balakrishnan in 1960 [Bal60]. To feel this defini- 
tion better let us assume that A =¢, that is Af =tf, where t is a positive number, then 
the expression on the right side of (3.86) becomes f% f (= A“ f). Indeed, changing 


A /t > s, one has 
eae! gure as 
| mo taa = (of e)e 


The integral on the right-hand side equals ['(a)I' (1 — a). This follows from (3.85) 
taking W = 1 and m= 1. Balakrishnan in his paper [Bal60] proved that this idea 
works for any positive definite operators. 

The definition (3.86) can be generalized to the case 0 < @ < m, where m € N; 
see [Kom66]. Namely, for arbitrary f € (A”) 


r( 


a — Tim) i a-1 —1l,jm 
AM f = a (A+ ADA" faa. 


T(or( 


In particular, if m = 2, 0 < a < 2, and A = —A, then for f(x) € H*(R”), where 
H?(R") is the Sobolev space, we have 


= (-A)*f(0) = a fa (a tata yaa. B87) 
0 


Applying the Fourier transform to the right side of (3.87), and changing the order of 
integration, we have 


ARI | Ela +An)!(—A)P fI(E)da 
0 


~ F(a) (2—a) 
=—|6|*. 


In the last stage of this calculation we used (3.85) with m = 2 and wp = |E|* > 0. 
Thus, the operator Dj defined in (3.74) and the fractional power operator —(—A ice 
defined in (3.87) have the same symbol, and therefore these two operators coincide 
in the space H?(R"). 
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3.10 Griinwald-Letnikov fractional derivative 


In the numerical calculation of fractional derivatives the Griinwald-Letnikov 
approximation or its modifications are frequently used. 


Definition 3.4. By definition, the Griinwald-Letnikov fractional derivative of order 
a > Ois «ZY defined for t € (a,b) as 


(An f(t) 

a _ h 

aD, f(t) = Li ree (3.88) 
provided the limit exists, where A” means the finite difference of fractional order a 


with step h > 0: 


m=0 
Here 
’ T(a+1) 7 
@ ~ T(a—m+)ml 0,1,.... (3.90) 


If « =0, then Ap f(t) = f(t), since 


(°) 1 _ Jl ifm=0, 
m}) T(1—m)m! )0O ifm=1,2,.... 


due to poles of the gamma function I’(z) at points z = 0,—1,—2,.... Hence, 
«QZ =I, where I is, as usual, the identity operator. If « = 1, in a similar way 
we get Aj f(t) = f(t) — f(t—/), and therefore, in this case the Griinwald-Letnikov 
derivative coincides with the first order derivative: 


oF f(t) = him LOL) _ py 


0 
Analogously, it can easily be verified that 9" f(t) = f) (t) for every integer @ =n: 
OP f(t) = lim — ¥ ( iy" (" ) f(t— mh) (3.91) 
oe ho ht a m : , 


where 


(") ~ Te m)! wens 1) 


What concerns non-integer a, the definition of ,F,~ in (3.88) and (3.89) is essen- 
tially obtained from (3.91) replacing n by a. Hence, the binomial coefficients take 
the form (3.90), and apart from the integer case, the binomial coefficients never 
vanish. However, if m > (t —a)/h, then t — mh < a, that is t—mh will be out of 
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interval (a,b). Therefore, in the case of non-integer of, the upper limit of the sum 
in the Griinwald-Letnikov derivative is N = | (t —a)/h]|, and N — c when h > 0. 
If the interval (a,b) coincides with the real axis (—°,°°), then the upper limit in 
the summation becomes ©. Thus in this case the Griinwald-Letnikov derivatives are 
defined through infinite series. 

We note that ,Y,~ defined in (3.88) and (3.89) is called a forward Griinwald- 
Letnikov derivative, in accordance with the forward finite difference in its definition. 
If one replaces the step size h to —h, h > 0, in the definition of , FY”, then the ob- 
tained expression is called a backward Griinwald-Letnikov derivative and is denoted 
by Dy. Hence, by definition, the backward Griinwald-Letnikov derivative is 


lead m 
a a a . 1 A (-1) 
De f(t) =(-1) (a+ 1) lim ia >» Gon +mh)}. (3.92) 


Now we present two important assertions related to Griinwald-Letnikov deriva- 
tives without proof. The first one is due to Letnikov proved in his original work 
[Let68] published in 1868. 


Proposition 3.17. (Letnikov) Letn—1<a<nand f €C"|a,b]. Then 


n—1 ¢(k) _ 7\k-a t #¢(n) 
a4) <5 LPe=a) 1__ finde ayy 


k= T(k-a+1) "F@—aed) (1 


Comparing (3.93) with (3.53) one can see that the Griinwald-Letnikov derivative 
aZ- and the Riemann-Liuoville derivative ,D? coincide in the class of functions 
satisfying the conditions of Proposition 3.17. Therefore, both Riemann-Liuoville 
and Caputo-Djrbashian derivatives can be numerically evaluated using the 
Griinwald-Letnikov approximation. 

The second result is on the order of accuracy of the Griinwald-Letnikov approx- 
imation. The reader is referred to paper [Gor97] for details. 


Proposition 3.18. Let f € C" [a,b]. Then for all a € (0,nj, 


(Ar A@ 


aDe f(t) = ho + O(h), h—0, 


where (Aj f)(t) is defined in (3.89). 
Remark 3.5. 1. Similar results hold for the backward GL derivatives and approxi- 
mations 


2. If (a,b) = (—*,°°), then the forward and backward Griinwald-Letnikov deriva- 
tives of order a € (m— 1,m) take the forms 


Fe f(t) = tim LY (-1)" (*) f(t—mh), (3.94) 
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le a 
DZ f(t) = lim — by (tj (*) f(t+mh), (3.95) 
m=0 

respectively, and coincide with the corresponding forward and backward 
Liuoville-Weyl derivatives of order @ in the class of suitable functions (see 
[SKM87]). 


3.11 Generalized fractional order operators. Distributed order 
operators 


A distributed fractional order differential operator generalizes fractional order 
derivatives. 


Definition 3.5. Let T > 0 be an arbitrary number and function f € C”[0,T]. Let 
LL be a bounded measure defined on the interval [0,v], where v € (m—1,m],m € 
N, and such that the function @ + D@ f(t), where D®% is the Caputo-Djrbashian 
derivative of order a, is 1-measurable for all t € [0,7]. The operator D,, defined by 


Dusit) = [ D&fdu(a), O<r<T, (3.96) 


is called a distributed fractional order differential operator with mixing measure Ll. 


Since the integral in (3.96) is carried out with respect to a measure, some explana- 
tion is needed. First, for any function f € C’” [0,7] the function p(a,t) = D@ f(t) is 
an analytic function of a on the complex domain %(a) < m (see [OS74], page 49). 
Therefore, in general, can be a measure defined on the complex plane with the 
support on 9(o) < m. However, we will consider only measures defined on the in- 
terval (0,m], to have a generalization of fractional order differential equations. 

Second, since @(q@,t) is an analytic function of a for each fixed t the inte- 
gral (3.96) is well defined for any Borel measure LW € 4[0,m]. In particular, if u 
is a linear combination of the Dirac delta functions concentrated on integer points 
Je € (0,m], then D, defines a differential operator. 

Third, the specification of (3.96) is that the integration is carried out in the 
variable a, the order of differentiation. Therefore, it is named a distributed order 
differential operator. In what follows we use the abbreviation DODO for distributed 
fractional order differential operators, and DODE for distributed fractional order 
differential equations. Models with DODO arise naturally in various fields, for in- 
stance, in the kinetic theory [CGSG03] when the exact scaling is lacking or when 
diffusion is too slow (ultra-slow diffusion), in the theory of elasticity [LH02] for 
description of rheological properties of composite materials. Caputo [Cap67] was 
first who introduced DODO to model waves in viscoelastic media. 

Fourth, Definition 3.5 is based on the Caputo-Djrbashian fractional derivative. 
Similarly, one can introduce the DODO based on the Riemann-Liouville fractional 
derivative, 1.e. 
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wPuft)= f° D*fe)du(a), 0<1<7, (3.97) 


There is a connection between these two approaches, which will be established 
later on; see Proposition 3.23. In Chapter 7 we also introduce DODO based on 
the Liouville-Wey] fractional derivative. 

Consider some examples of DODO. 


Example 3.13. 1. Let u = 6p, i.e., Dirac’s delta with mass on B € (0, v]. Then one 
has Dy = ps. 
2. Let U = Yaj6q,, where a; € R and a; € (0, v], j= 1,...,J. Then 


J * 
Duf (t) = »y a;D°" f(t). 
j=l 
3. Let du(a) = a(t)dt, where a € C[0, v] is a positive function. Then 


Du fit) = [ales teat. 


In the theory of DODOs the following functions play an important role: 


i tJ-% ld (a) 
Hy j(t =i —————,, t>0,j=1,...,m, (3.98) 
fm ) jl rG_o) 
which will be called kernel functions, and 
u 
,(s) = | s“du(a), R(s) >0,w€ (0,v). (3.99) 
0 


Since supp C [0, v], for %,(t) one has 


Vv m—a—1 . 
Amt) ~ I me. 


The substitution @ — (j — 1) = B reduces the operators K; to 


17¢-Bdy. 
i) — fe PalB, 
o T(1-B) 
where uj(B) = u(B + (j—1)). Therefore, it suffices to study the properties of the 
kernel function 


_ 1 ¢-Bav(B) 
Ay (t) = i FO=s)' 


where v is a bounded measure defined on [0, 1]. 


Proposition 3.19. (Kochubey [Koc08]) Let dv(B) = a(B)dB,a € C?[0,1], and 
a(1) £0. Then 
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1. y(t) = win? +O i} ),t +0; 


2. @(s) = W+o( 


“Ins 


(Ins)? 2), i ae 


3. Ifa € C(0, 1] and a(0) £0, then ®(s)~ 425-0. 

Another description of the kernel function “ = .% is due to Meerschaert and 
Scheffler [MS06]. Denote by RV..(7) the set of functions regularly varying at infinity 
with exponent y, that is eventually positive functions with behavior g(At)/g(t) = 
A’, t — °°, for any A > 0. Similar meaning has the set of functions regularly varying 
at zero, which is denoted by RVo(7). 


Proposition 3.20. (MMM) Let dv(B) = a(B)dB, where a € RVo(B — 1). Then there 
exists K* € RV..(0) such that #(t) = (Int)~8K* (Int). Especially, # (t) = M(lnt) 
for some M € RV..(—B) and # € RV..(0), so #(t) is slowly varying at infinity. 
Conversely, if for X(t) we have H = M(Int) for some M € RV..(—B) and B > 0, 
then a € RVo(B — 1). 


Proposition 3.21. Let m € N and v € (0,m]. Then the distributed fractional order 
operator Dy defined in (3.96) has the representation 


Du f(t) = > (4 fVO0), (3.100) 


where * denotes the convolution operation and the kernel functions 4; = H,,j, 
j=1,...,m, are defined by equation (3.98). 


Proof. Dividing the interval (0,m] into subintervals (j — 1, j], j =1,...,m, one has 
Dyfi ue D2f(\du(a), 


Since, the Caputo-Djrbashian derivative of order a € (j — 1, j]) of a function f is a 


convolution K? « f), K?(t)= ae then 


Daft) => 1 Kifer) = Yi (2+ FV), 


jal? J =1 


a. 


obtaining (3.100). 


In the same manner one can prove the following proposition. 


Proposition 3.22. Let m € N and v € (0,m]. Then the distributed fractional order 
operator r_D,, defined in (3.97) has the representation 
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where * denotes the convolution operation and the kernel functions Hj, j =1,...,m, 
are defined by equation (3.98). 


The following proposition generalizes relation (3.52) establishing a connec- 
tion between DODOs based on the Caputo-Djrbashian and Riemann-Liouville 
derivatives. 


Proposition 3.23. The two DODOs Dy, and r_Dy are related to each other through 
the formula 


Duf (t) = eDuf(t)— Y f (0). Mle), (3.101) 
where 


0= [a atk’ 


Proof. The proof of this statement immediately follows from (3.52) by integration 
with respect to the measure [U(@). 


Proposition 3.24. For the Laplace transform of the kernel function Xj, j =1,...,m, 
the following formulas hold: 
J ; 
LANs) = f° s*-idu(or) 
j-l 
@;(s) — Bj 
7 eee (3.102) 


sl 


Proof. The Laplace transform of .%(f) is 


epeisy= [ee (f) OO) are fof FS Jan. 


Now the result follows due to formula (1.18) and the definition of ®;(s) given in 
equation (3.99). 


Proposition 3.25. Let f ¢ C”)[0,0). Then for the Laplace transform of Du f the 
following formula holds: 


m—1 v(s) — ®,(s ) 
L[Dufl(s) = Pv( — BA ee) s>0, (3.103) 
where ®,(s) is defined in (3.99). 
Proof. Due to Proposition 3.21, one has Dy f(t) =X", (4% « f)(t). This implies 


m 


L(Dyuf\(s) = ¥ ZAM)LFM|(s), 5 >0. 


j=l 
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Further, using (3.102) and the first differentiation formula for the Laplace transform 
(see (1.22)), one obtains 


m j-l (k) 
->> (®((s) ee ®;-1(s)) PO) gsi (3.104) 


Taking into account ®p(s) = 0 and ®,,(s) = ®,(s) due to the assumption that 
supp C (0,Vv], where v € (m— 1,ml, one has ¥7_; (®((s) - ®)-1(s)) = P,(s). 
Therefore, the first term on the right-hand side of (3.104) equals ®,(s).7[f](s). 
Changing order of summation in the second term, 


ay (k) m=1 ¢(k)(Q) 
» » (#16) 7 }-1(9)) on ~ >» : oO 2 (®((s) 7 ®;-1(s)) 


m—1 ¢(k) 
=F AO (ey(s) —@(9)), 


k=0 
yielding (3.103). 
Proposition 3.26. For the Laplace transform of r_Dyf the following formula holds: 


m—1 
L(eDuf\(s) = Gy (s)-Z[f\(s) — ¥ Ms" * 1,5 > 0, (3.105) 
k=0 


where AA = fy (DEI™-% f)(0)du(@). 


Proof. The proof of this statement immediately follows from (3.29) by integrating 
with respect to the measure U(@) on the interval [0, v). 


3.12 Variable order fractional derivatives and the memory effect 


Another generalization of fractional order derivatives are fractional variable 
order differential operators. We will use the abbreviation VODO for fractional vari- 
able order differential operators. The study of variable fractional order derivatives 
and operators started in the middle of the 1990s by N. Jacob et al. [JL93], S. G. 
Samko et al. [SR93, Sam95], W. Hoh [Hoh00]. A. V. Chechkin et al. [CGS05] used 
a version of variable order derivatives to describe kinetic diffusion in heterogeneous 
media. Lorenzo and Hartley [LH02] introduced a wide class of variable fractional 
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order derivatives, which can be used for modeling of processes with various types 
of memory effects. 


Definition 3.6. Let a function f(r), t > 0, satisfies the condition 0 < B(t) < 1. By 
definition, a variable order fractional derivative is 


d t 
AVF) =5 f xt r¢(Oar, (3.106) 


where u and v are real parameters, t > 0, and 


1 
HP = 0 ; 3.107 
wv) Td—B(urtvtya— neers? 9 <7 <! ee 


The function f(t) is called an order function. If B(t) = 1 for some fo > 0, then 
df(t) 


77 whenever 


we agree that the integral on the right-hand side of (3.106) equals 
Ut+ vt = 1. The operator gw ©) depends on parameters yt and v. These parameters 
run in the parallelogram IT shown in Figure 3.1, which we call Lorenzo-Hartley 
causality parallelogram (or LH-parallelogram). Therefore, we call the operator 


B® a Riemann-Liouville type (tt, v)-VODO with the order function f. 


Similarly, one can introduce the Caputo-Djrbashian type (1, v)-VODO with the 
order function B. 


Definition 3.7. Let a function f(r), t > 0, satisfy the condition 0 < f(t) < 1. By def- 
inition, a Caputo-Djrbashian type (1, v)-VODO with the order function B is 


DF) = [ HED (t, 1) LO ar (3.108) 


Fig. 3.1 The Lorenzo-Hartley (LH) causality parallelogram IT. 


where parameters and v and the kernel function Kp ©) (t,t) are defined as in 
Definition 3.6. 
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The Caputo-Djrbashian type (1, v)-VODOs can be defined for any positive 
bounded piecewise continuous order functions. Denote by [8 (t)] the integer part of 


B(t) for each t > 0, and by {B(t)} its fractional part. Then one can rewrite oP, i) f(t) 
in equation (3.108) in the form 


t 
9B F(t) = [ HEE (0,0) fOUVOI (Daz, (3.109) 


Obviously, if B(t) < 1, then [B(ut+vt)] = 0 and {B(ur+ vt)} = B(ut+vr). 
Therefore, (3.109) coincides with (3.108). For those values of tg > 0 for which 
B(t) = 1, as we did in Definition 3.6, we agree that the integral on the right- 


hand side of (3.109) equals ar) whenever Lit + vt = fo. The definition (3.109) 
is valid for any bounded (not necessarily bounded with 1) piecewise continu- 
ous function B(t) with the additional agreement that if B (to) =m € N for some 


to > 0, then the right-hand side of (3.109) equals aio whenever [lt + VT = fg. 
To verify validity of this claim, assume that m— 1 < B(t) < m, in some interval 
(a,b). Then [B(ut+vt)| =m—1 and {B(ut+vt)} = B(ut+vt)—m-+1 when 
t+ vt € (a,b). The latter makes the integral in (3.109) consistent with the Caputo- 


Djrbashian form of the fractional derivative. 


Remark 3.6. The role of the Lorenzo-Hartley causality parallelogram (see Fig- 
ure 3.1) I = {(u,v) €R?:0< p< 1,0<u+v <1} in the VODOs (3.106) and 
(3.108) or, in more general case, in (3.109), is that “t+ VT runs in the interval 
(0,t) when (u,v) € I. Indeed, the conditions (u,v) € I and Tt € (0,t) yield 
Mt+vt © (ut,(u+v)t) C (0,t). In other words, the condition (u,v) € I pre- 
determines the causality, sinceO0 < ut+vt<tforallt >OandO0<T<t. 


Remark 3.7. In Chapter 5 we will use VODOs to model complex diffusion processes 
in heterogeneous media with different diffusion modes in different time intervals 
(see Definition 3.8). The corresponding mathematical model is the Cauchy problem 
for a pseudo-differential equation with a singular symbol and a variable fractional 
order time derivative. Such a model takes into account the memory effects of the past 
in computing present or future states of the underlying diffusion process. Diffusion 
processes in heterogeneous media are accompanied by frequent changes of diffusion 
modes. It is known that a non-Markovian random process possesses a memory of 
past (see [MKO0, Zas02]). For instance, protein movement in cell membrane, as is 
recorded in [SJ97, Sax01], follows a non-Markovian (anomalous) diffusion process. 
Descriptions of such processes using random walk models also show the presence 
of non-Markovian type memory [AUS06, GMM02, LSATOS]. It turns out there is 
another type of memory noticed first by Lorenzo and Hartley in their paper [LH02] 
in some particular cases of and v. This kind of memory arises when the diffusion 
mode changes. Below we study memory effects in the case when the order function 
is piecewise constant. 
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The kernel (3.107), and thus, both the operators (3.106) and (3.108) are weakly 
singular for (u,v) € IT. Further, denote 


1 
HA (t,T,8) = Td-(Bopen peer t>0,0<t<1t,0<s<t, (3.110) 


where 0 < f(s) < M, for some M < , is an order function. Let 0 = 7) < T) < 
.. < Ty < Ty41 = be a partition of the interval (0,°¢) into N + | sub-intervals 
(Tk, Tk-1). Let B(t) be a piecewise constant function 


N 
)= VR Alt), 1 (0,-), (3.111) 
k=0 
where -% is the indicator function of the interval (7,741) and 0 < By <1,k= 
0,...,, are constants. Under these conditions, the function (3.110) becomes 
y 1 
T,s)= > A(s) , t>0,0<t<t,0<s<t, (3.112) 
k=0 (1 — By) (t — 7) 


and the kernel of the fractional order operator (3.108) becomes 
HPO (t,t) =K(t,1,ut+ v0), t>0, O<t<t. (3.113) 
with K(t,t,s) defined in (3.112). 
Theorem 3.6. Let the order function B (t) be a piecewise constant. Then the mapping 
GEO -C"(0,T] > C[0,T] 
is continuous. 


Proof. For simplicity we assume m = |. The proof for m > 1 does not have an 


essential difference. Let f € C![0,T.] Then h(t) = a aa f(t) is continuous. Indeed, 
exploiting (3.112) and (3.113), we have 


df 
=] K( d 
Pore \| = li (t,0,ut+Vvt)— t 


= 4k eit < By 
=35 aa fh pa dt = LID s, 


i k=0 


where J B * is a fractional order integration operator. Since Df = af € C[0,7], it fol- 
lows from Proposition 3.2 that JPeD F(t) € C[0, 1] for each k = 0,...,N. Moreover, 


since the kernel K(t,t) = Y%(ut + vt)(t— 7) € L1(0, 1) for each k= 0,...,N 
it follows that 
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, k=0,...,N, 


: d 
PDF (t)| < RelLal sup | 2 
[0,7] dt 


implying the continuity of o, i 
Remark 3.8. With slight modification of the proof one can show that Theorem 3.6 
can be extended to any piecewise continuous order functions. 


Definition 3.8. Let the order function f(t) be defined as in (3.111) and (u,v) € I. 
We say that the triplet (B,,1,v) determines a diffusion mode in the time interval 
(Tk, Te+1). 


Remark 3.9. If one assumes that the input is a triplet (B,,1,v), then the output is 
determined by the fact that which values of B(t) are used to compute the variable 
order derivative, or in other words, by the fact that which interval (7, 7j+1) the 
point s = ut+vt belongs to. Since (u,v) € IT implies ut+ vt € (ut, (u+v)r), 
this means that the operators x © and o i use information taken in the time sub- 
interval (ut, (u + V)t) if v is positive and from the sub-interval ((u + v)t, ut) if v 
is negative. In both cases, the length of this interval is |v|r. 


Now we analyze the memory effects in a special case of a single change of dif- 
fusion mode, that is, a diffusion mode given by a triplet {B,, u,v} changes at time 
T to a diffusion mode corresponding to another triplet { fo, u,v}. 


Definition 3.9. Let {B;,u,v} and {B5, u,v} be two admissible triplets which deter- 
mine two distinct diffusion modes. Assume the diffusion mode is changed at time 
t=T from {B),4,v}-mode to {f2,u,Vv}-mode. Then the process is said to have a 
‘short-range’ (or short) memory, if there is a finite 7* > T such that for all t > T* 
the { Bo, 1, v}-mode holds. Otherwise, the process is said to have a ‘long-range’ (or 
long) memory. 


Remark 3.10. According to Definition 3.9, a diffusion mode has a long memory if 
the effect of the previous diffusion mode never vanishes, even the diffusion mode is 
changed, i.e., the particle never forgets its past. In the case of short memory, particle 
remembers the previous mode until some critical time, and then forgets it fully, 
recognizing the new mode. 


Theorem 3.7. ({[US06]) Let v > 0 and p 40. Assume the {B,, UL, v}-diffusion mode 
is changed at time t =T to the { Bo, U, v}-diffusion mode (Figure 3.2). Let T* =T /u 
and t* =T/(u+Vv). Then the process has a short memory. Moreover, 


(i) for all0 <t <t* the {B,U,v}-diffusion mode holds; 
(ii) for allt > T* the { Bo, U, v}-diffusion mode holds; 
(iii) for all t* <t <T* amix of both { Bi, u,v} and { Bo, u, v}-diffusion modes hold. 
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Fig. 3.2 These figures illustrate Theorem 3.7. Moving from the upper curve to the lower curve (left 
figure), and from lower curve to the upper one (right figure) does not occur at time T, when one 
diffusion mode changed to another mode. Instead, it occurs at time T* > T fully accepting a new 
diffusion mode. The curves in these figures are kernel functions corresponding to two diffusion 
modes. 


Proof. Let B(s) = B; for0<s <T and B(s) = p> for s > T. Assume v > 0. Denote 
s=Ut+VvT. So, the {B), u, v}-diffusion mode holds if ut+vt<T.Let0<t<f* = 
T/(u+v). Then for every t € (0,t) we have ut+vt < (u+v)t < T. This means 


that the order operator B(s) in go ae takes the value B, giving (i). Ift > T/p, 
then for all t > 0, ut+ vt >T. Hence, B(s) = Bo, obtaining (ii). Now assume 
T/(u+v) <t<T/p. Denote % = (T —ut)/v. Obviously Tt > 0. It follows from 
(u+v)t > T dividing by v thatt > T/v—tu/v = 1, ie., 0 < 1 <t. It is easy to 
check that if 0 < Tt < % then ut+vt € (ut,T) C (0,T), giving B(s) = B,, while if 
T <tT<t then ut+vt€ (T,(u+v)t) C (T,), giving B(s) = Bo. Hence, in this 
case the mix of both {B), u,v} and {{, u, v}-diffusion modes is present. 


Theorem 3.8. ({US06]) Let v < 0 and u+v 40. Assume the {B,,uU,Vv}-diffusion 
mode is changed at time t = T to the {B2,U,Vv}-diffusion mode. Let f= T/u and 
T= T /(u+v). Then the process has a short memory. Moreover, 


(‘) forall0<t< t* the {Bi, LU, v}-diffusion mode holds; 
(ii) for allt > T* the { Bo, u, v}-diffusion mode holds; 
(iii) for all tf <t<T* amix of both {B,,u,v} and {Bo,uU,Vv}-diffusion modes 
hold. 


Proof. Let v <0. Assume again B (s) = B; for0<s < T and B(s) = By for s > T. As 
in the previous theorem, denote s = Ut + VT. First we notice that if0 <t<T/p then 
ut + vt <T, which implies B(s) = By, giving (i). Now let t > T/(u +) be any 
number. Then for 0 < tT <t we have pt+vt > T, which yields B (s) = By. So, we get 
(ii). Now assume T /p <t <T/(u+v). Again denote 1% = (T —ut)/v. Obviously 
T > 0. It follows from (+ v)t < T dividing by v < 0 thatt > T/v —tu/v = 1%, 
ie., 0 < %| <t. It is easy to check that if 0 < t < 1% then ut+vt € (T, ut) C (T,-), 
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giving B(s) = Bo, while if 1] < 7 <¢f then ut+vte((u+v)t,T) C (0,7), giving 
B(s) = B,. Hence, in this case the mix of both {f;,u,v} and {B5,u, v}-diffusion 
modes is present, obtaining (iii ). 


Corollary 3.9 Let v = 0 and u #0. Assume the {B,,U,Vv}-diffusion mode is 
changed at time t = T to the {Bo,U,Vv}-diffusion mode. Let T* = T/. Then the 
process has a short memory. Moreover, 


(a) for all0 <t < T* the {B,,U, v}-diffusion mode holds; 
(b) for allt > T* the { Bo, u, v}-diffusion mode holds. 


Proof. If v = 0, then we have B(s) = B(ut) = Bi fort < T/p and B(s) = Bo for 
t>T/p. 


Corollary 3.10 Let u =0 or u+v =0. Assume the {B1, U1, v}-diffusion mode is 
changed at time t = T to the {Bo,u,v}-diffusion mode. Then the process has the 
long memory. 


Proof. According to the structure of LH-parallelogram = 0 implies v > 0. In this 
case T* = oo. If u+v =0, then v < 0 and ¢* =~. In both cases we have long 
memory effect. 


Remark 3.11. Notice, that if v = 0 then there is no intervals of mix of modes. More- 
over, if v= 0, = 1, then 7* = t* = T. In this sense we say that a process has 


no memory. For all values of {u,v} except the bold lines in the LH-parallelogram 


(see Figure 3.1), the operator D, a has a short memory. Memory is stronger in 


the region v < 0 and weaker in v > 0. On the dashed line u + v = 1 we have 
t* =T <T*. The bold lines up = 0, v > 0 and u+ v = 0 identify the long range 
memory. 


3.13 Additional notes 


1. The starting point of fractional calculus goes back to 1695, when L’H6pital wrote a letter to 
Leibnitz asking him about the notation d” f /dx” for f(x) =x, if n= 1/2. Leibnitz responded 
stating that “An apparent paradox, from which one day useful consequences will be drawn.” 
Contributions to factional calculus were made by classics Euler, Laplace, Fourier, Abel, Liou- 
ville, Riemann, Griinwald, Letnikov, Hadamard, Heaviside, Weyl, Lévy, Marchaud, Zygmund, 
M. Riesz, etc. Several books devoted to fractional calculus are written among which we would 
like to mention the encyclopedic book by Samko, Kilbas, and Marychev [SKM87] published 
first in Russian in 1987, the earlier books by Djrbashian [Djr66], Oldham and Spanier [OS74], 
Miller and Ross [MR93], books appeared relatively recently and written by Kiryakova [Kir94], 
Podlubni [Pod99], Rubin [Rub96], Hilfer [Hil00], Kilbas, Srivastava, and Trijillo [KST06], etc. 
The survey papers written by Gorenflo and Mainardi [GM97], Metzler and Klafter [MKOO], 
contain a vast material including recent developments and historical facts. 
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2. Example 3.4 shows that the semigroup property J“J® = s¢+8 = JB J valid for fractional 
integrals and for integer order derivatives, in general, fails in the case of Riemann-Liouville 
fractional derivatives. However, as is shown in [OS74], if f satisfies the condition f = J8 pB f, 
then the rule D*D f = D“*8 f, called a composition rule, holds. Some differentiation rules and 
properties valid in the classical calculus generalize to the fractional calculus as well. Obviously, 
all the different versions of fractional derivatives and operators introduced in this chapter, in- 
cluding distributed and variable order derivatives, are linear. The product rule, or in the general 
case the Leibniz rule (n € N) 


(Fy => (Larne, 


k=0 


in the case of fractional Riemann-Liouville derivatives takes the form [OS74] 


co 


Detrel() => (C)aDe*Fee 0) 


k=0 


where (%) =I'(a@+1)/(k!I (a —k+1)). To generalize the chain rule to fractional derivatives 
one needs first the chain rule for n-th order derivative, called the Fad di Bruno formula (see 
[AS64]): 


a) Say ey tl | el? 2 
Fe)" =a! DY XT ss |] > 
k=1 jal ti: | J: 
where the sum inside is over all combinations of nonnegative integer numbers P),...,P, such 


that 
n 
Y iP; =n, and YP; =k. 
j=l j=l 
Then the fractional generalization of the chain rule for the Riemann-Liouville derivative reads 
[OS74] 


f(g(t)) 
Df f (g(t) = 
a of (a ) 
= m1 | g(r) *y 
gl 
+ a> Pe ar | 
>) reo ast a ea sO UNF ji 
with the same meaning of Pj, j = 1,...,n, as in the Faa di Bruno’s formula. For further frac- 


tional generalizations of the Leibniz and chain rules, we refer the reader to papers [Osl72, 
SKM87, FGT12]. In particular, for suitable functions f(z) and g(z) we note the representation 
of the fractional derivative of order a > 0 of f(z) with respect to g(z), that is Di@ f(™= 


D&F(g—!(w)) [FGT12]: 


! 


a _ T(a+l) f(t)g () 
Duo t (2) ni i (et) 7 a) a+l dt 
and [FGT12] 
Dee) (e@s@) en 1) [ Ole OVs dt, (3.114) 


' (s(t) al) 


where contours C and C; are special Pochhammer contours. 
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3. Proof of formula (1.7). The formula (3.6) can be used for the proof of the following property 
of the Gamma-function: 


T(a)r(1-—a@) = 0<a<l. (1.14) 


sina’ 


First, we note that using the contour integrals method one can easily verify that 


oO ox 
[ lay, | ee (3.115) 
J0 


l+x sin 7a 


Further, taking y = — @ in equation (3.6), 


Pee 1 1 7 dt 
J%1-* =P(1—a@) ma eps 


The substitution t = t —t/(x+ 1) in the latter integral implies 


eo ya 
(a) (-a)= d 
(ayr(1—a@)= [Sas 
Comparing this with equation (3.115) we obtain (1.7). 

4. Marchaud fractional derivative. One can use the idea of analytic continuation of _..J® f (x) 
defined in (3.60) (or ,J& f(x) in (3.61)) to the domain %(a) < 0, in order to define a fractional 
order derivative for suitable functions f(x). This idea leads to the following definition of the 
Marchaud fractional derivative: 


Definition 3.10. The fractional order derivative in the sense of Marchaud is defined by 


f(x), if a =0; 
DY FG) = 4 rte lo Sean, ifo<a<; (3.116) 
De f(y), ifk<a<k+1,k=1,2,..., 


subject to the integral on the right is finite. 
Indeed, let 0 < a < 1. Then, one can write formally 
f(e=h) 
—O 
f(x a fjita 


However, the integral on the right diverges due to the strong singularity of the integrand at 
h=0. Regularizing (and using the equality (1 — a) = —aI(—q)), one obtains a meaningful 


integral 
f(x =), 
WO) = Gg | a 


convergent for suitable functions. Hence, the a fractional derivative in Definition 3.10 
is “a regularization” of _..J-% f(x). Similarly, the regularization of ,J% f(x), 0< a < 1, gives 


OV) =r ff pF an 


The derivatives Dt and D® are called, respectively, a forward and backward Marchaud frac- 
tional derivatives. We note that if for a function f € L,)(R), 1 < p < ©, one of the fractional 
derivatives (D%) f(x) (Marchaud), _..D” f(x) (Liouville-Weyl), and _..9@ f(x) (Griinwald- 
Letnikov) exists, then other two also exist and all the three coincide (see [SKM87]): 
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(DE) f(x) =-- D® f(x) = Bef (x). 


The same is true for backward versions of Marchaud, Liouville-Weyl, and Griinwald-Letnikov 


fractional derivatives. Further, it follows from Example 3.12 that if Bg is a one-sided Marchaud, 
Griinwald-Letnikov, or Liouville-Wey] fractional derivative of order a, then 


BEet® =a%e*™, a>O. (3.117) 


This formula will be used in our further considerations. 
For functions defined on a finite interval (a,b) the general forms of forward and backward 
fractional Marchaud derivatives are (0 < a < 1): 


F(x) a * f(x)— FQ) 


MeO TR aja=ae Ta) le yer 7 ae, 
and 

é fa) pF) F@) 

(DF) s(x) near re, Goer ¥€ (a) 


5. Generalized Mittag-Leffler function. Mainardi’s function. The Mittag-Leffler function is an en- 
tire function of the complex variable z € C and depends on two parameters, a and B : 


Eq, p(z) => ra@ntBy’ a>0,B>0. 


The function Eq(z) introduced in Section 3.4 corresponds to the case B = 1. For various 
properties of the Mittag-Leffler functions, we refer the reader to [GK14, HMS11]. For the 
reader’s convenience, below we provide some of them, which will be used in subsequent 
chapters. It is easy to see that in particular cases Mittag-Leffler functions are related to the 
exponential, cosine, and sine functions. Namely, the equalities E)(z) = e*, En(—2*) = COSZ, 
and E2,2(—z*) = (sinz)/z hold. The function Eq, (z) is an entire function of exponential order 
1/a, and the following asymptotic behavior is valid for 0 < a < 2, B = 1, as |z| > © through 
different sectors [GK 14]: 


k 


1 exp(z!/*)- ye, 22 if |z| < 2, 
eate)~ {3 p(z/™) Xk=1 Fltzak) I< 9 


ee fitz an id= 
Xe=1 Flak)? if S <argz<2a- 5, 
The formula 
L| Pe Ate a R aie 
a,p(—At®) () = say q? (s) > |Al!", 


generalizes (3.38). One can derive from the latter the following useful formula valid for all 
k=0,1,---: 
nee 


ok+B—1 pk) ¢_ 440 = 
1 [ret tE E(t) (9) = Gary aye 


Ris) > fale, (3.118) 


Further, the function, called M-Wright or Mainardi function, and defined as 


0 (-1)"z" 
nao UIT (— B(n+1) +1) 


Ms(z) , 0<B<1, 


is useful in description of Lévy distributions. In fact, for Mg(t),t > 0, and 0 < B < 1 the 
following relations hold [Mai10]: 
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: B 1 _B 
L[Mg|(s) = Ep(—s), L| pars Bb (s)=e", 


7 My (=)| (s) =Pe*, 


We note also the following connection with the Gaussian density evolved in time (see (2.13) 
with «k = 1) 


5 


i weet t>0,xER. 

6. Distributed fractional order differential operators. The idea of a distributed order fractional 
derivative was first appeared in the paper [Cap69] by Michele Caputo in 1969 in connection 
with modeling of wave propagation in viscoelastic media. In the papers [Cap95, Cap01] he 
applied DODE models to other processes arising in filtering, dielectric induction, and diffu- 
sion. Distributed order derivatives can be used to model complex processes with a simultane- 
ous effect of different modes, and therefore, become an attractive tool for many researchers. 
For instance, Chechkin et al. [CGSG03, CSK11] used DODE for modeling of hereditary and 
ultra-slow diffusion, Podlubny [Pod99] for control and signaling systems, Kazemipour et al. 
[KAN10] for Klein-Gordon distributed order equation, Andries et al. [AUS06] for cell biol- 
ogy, etc. Mathematical foundations of distributed fractional order derivatives are studied in 
[BTO0] by Bagley and Torvik, [UGO5-2] by Umarov and Gorenflo, [MS06] by Meerschaert 
and Scheffler, and [Koc08] by Kochubei. Section 3.11 also contains new mathematical proper- 
ties of DODOs. In the papers [SCK04, CSK11] fractional diffusion processes are modeled by 
two different forms of time-DODEs and two different forms of space-DODEs. 


5 M1 j2(x/Vt) = G(x) = 


a. The natural time-DODE form: 


0? p(t, x) 


2? t>0,xER, 


[ P'w(B)DBote.x)aB = 


where w(f) is a nonnegative dimensionless function satisfying the condition fo w(B)dB = 
1, t > 0, and K is the diffusion coefficient; 
b. The modified time-DODE form: 


Op(t,x 1 _p | 02 p(t.x 
ue Pf w(B)K(B)D! | ores) ) ap. t>0,xeR, 


where w() has the same properties as in the natural form, and K(B) = t!~F; 
c. The natural space-DODE form: 


Op(t,x a2 d* p(t, x) 
w d= [’9(@) ayer pg | PE da, 1>0,xER, 


where ¢ and K are positive constants, and p(@) is a nonnegative dimensionless function 
satisfying the condition if p(a)do = 1; and 
d. The modified space-DODE form: 


O° p(t,x) 


ae t>0,xER, 


2 
[ p(a)2-“ D2 p(t,x)do. = —K 
Jo 
where @, K, and p(a@) have the same meaning as in the natural space-DODE form. In all 
the four cases the initial condition p(0,x) = 6o(x) is required. 


7. Variable fractional order differential operators. Another mathematical apparatus, relatively 
young and being intensively developed last two decades, is the variable fractional order deriva- 
tives. Variable order derivatives can be effectively used for modeling of diffusion processes in a 
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heterogeneous media, processes with changing regimes in time, etc. A variable fractional order 
derivative was introduced and studied by S. G. Samko and his collaborators in 1993-95 [SR93, 
Sam95]. In the papers [LH02] Lorenzo and Hartley introduced several types of fractional vari- 
able order derivatives based on the Riemann-Liouville derivative and applied them to engi- 
neering problems. A. V. Chechkin at al. [CGS05] used variable fractional order derivatives to 
describe kinetic diffusion in heterogeneous media. Umarov et al. [US09] studied variable frac- 
tional order derivatives based on the Caputo-Djrbashian fractional derivatives. In this paper the 
memory effects provided by variable order differential operators are studied in detail. For nu- 
merical approximations of fractional variable order derivatives, see papers [SCWC11, VC11], 
and the references therein. 

8. Fractional order integrals. In Section 3.2 we showed that the families of operators ,J* and 

Je, where a > 0, form semigroups of operators. These semigroups are strongly continuous 
on Banach spaces L, (a,b), p > 1, and C[a,b]. See the definition of strongly continuous semi- 
groups in Section 7.3. 
In Section 3.7 we established the equality of the ’DOSS A,(D) and the fractional Liouville- 
Weyl integral operator _..J;% in ¥_)(IR), 0 ¢ G. The equality of these operators remains valid 
in the scale of Sobolev spaces, as well, with some orthogonality conditions. To feel it better 
let us consider some examples. Let 1 < @ < 2. Then Ag(D) f(x), f € H*(R), is meaningful 
if f is orthogonal to 1, ie., < f,1 >= 0, or, the same, F[f](0) = 0. It is easy to see that 
Ag(D)f € H**%(R). On the other hand, _..J% f € H*t(R) also implies [™, f(x)dx = 0, that 
is F[f](0) = 0. For example, the function 


Ross sign(x) 
fe) =. 


belongs to H°(IR) = L2(R) and satisfies the condition < f,1 >= 0. For @ = 1 we have 


—F+tan'x, ifx>0 
—%—tan7! x, ifx <0. 


—ood f(x) = 


This function is continuous and has asymptotics 1/x as x —> tee. Hence, _..J% f(x) € H!(R). 
However, we note that, in general, for the operator _..J;” to be meaningful, it is not necessary 
that f € H*(R) was orthogonal to 1. But, now one cannot guarantee that _..J% f € H°*®(R). 
An example, again for a = 1, is the function g(x) = (1 +x7)~! € H°(R), but _.J%g(x) = 
tan! (x) ¢ H!(R). Obviously the function g does not satisfy the condition < g, 1 >=0. 


Chapter 4 


Boundary value problems for pseudo-differential 
equations with singular symbols 


4.1 Introduction 


Let 2 C R" be a bounded domain with a smooth boundary or Q = R". This chapter 
discusses well-posedness problems of general boundary value problems for pseudo- 
differential and differential-operator equations of the form 


9 

Lu] = s+ DAM Se aS), 1€(T.B), EQ, Al) 
k=0 

= M(x), x€Q,k=0,...,m—1, (4.2) 


where f (t,x) is defined on (71,72) x Q, —00 < Ty < Th <0, and &(x),xE€ Q, k= 
0,...,m—1, are given functions; A;(t) and bj;, k =0,...,m—1, 7 =0,...,m—1, 
are operators acting on some spaces (specified below) of functions defined on Q; 
and tx € [M,7)], j,k =0,...,m— 1. For example, when Q = R", the latter opera- 
tors may act as Y¥DOSS defined on the space of distributions ee (R”) with an 
appropriate G C R”. 

Examples discussed in Section 2.2 showed that the solution operators of simplest 
boundary value problems can be interpreted as ’DOSS. Moreover, the equation 
in Examples 2.2.0.4 and 2.2.0.5 (that is, equation (2.24)) is a pseudo-differential 
equation with a symbol singular in the dual variable. 

The classes OPXS,(G) of DOSS’ introduced in Chapter 2) are convenient in 
the study of boundary value problems of the form (4.1)—(4.2). The role of the set G is 
to localize singularities of the coefficients, as well as the solution operators. This al- 
lows to construct algebras of DOSS’ complete in the sense that not only operators 
Ax(t) and b; j, but also solution operators of boundary value problem (4.1)—(4.2) be- 
long to the same algebra. Moreover, this approach (being a variation of the operator 
method) works independently of the type of equation (4.1). 
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In general, due to singularity of symbols of operators A;,(t) and b,;, 
problem (4.1)-(4.2) is not well posed in the sense of Hadamard in classical func- 
tion spaces. However, as we have seen in Chapter 2, one can always find a space 
(possibly too narrow) in which the problem is well posed in the strong sense. By 
duality, this can be extended to the dual space of distributions, but now the solu- 
tion is understood in the weak sense (the exact definitions are given in Section 4.2). 
Depending on the symbol of solution operators sometimes the well-posedness space 
can be extended up to Sobolev, or Besov and Lizorkin-Triebel spaces. In this chap- 
ter we obtain general conditions of well posedness in classical Sobolev, Besov, and 
Lizorkin-Triebel type spaces. 


4.2 General boundary value problems for ‘DOSS: 
homogeneous case 


Consider the following general boundary value problem for a pseudo-differential 
equation 


P) o™u m—1 o*u ; 
L(t, > .D)u(t,x) — gen t D Ad) ae =f(t,x), té(T%,h),xER", 
(4.3) 
m-1 oi thi, 
Be(D)|u) = ¥, byj(D) MH) — (a), vER", k=0,...4m—1, 
j=0 
(4.4) 


where m > 1, -0 <1 < Th <0, & € [T, To], D= (Di,...,Dn), Dj = ig; op- 
erators Ay(t,D),k =0,...,m—1, and by;(D), k,j =0,...,m—1, are YDOSS with 
respective symbols A,(t,&) and by;(€), k, 7 =0,...,m— 1; the functions f(t,x) and 
(x), k =0,...,m-—1, are given functions in certain spaces that will be specified 
later. Problem (4.3)-(4.4) cover all the examples (Examples 2.2.0.1—2.2.0.6) dis- 
cussed in Section 2.2. 


Definition 4.1. Let f € C°[T),T2;¥%p(R")], and o € %)(R"), k = 1,...,m 
A function u(t,x) € C"[T),T2;'¥,p(R")| is called a strong solution to boundary 
value problem (4.3)—(4.4) if it satisfies both relations (4.3) and (4.4) pointwise. 

A w-distribution valued function u(t,x) € C"|T), Th; ae  (R")] is said to be a 
weak solution to boundary value problem (4.3)—(4.4) if the following relations hold 
for every @ € ‘YG _)(R”) and all t € (7,7): 


ou m—1 


Oru 
< 3m > + 2, < ore Ax(t, —D)o >=< f(t,x),¢ >; 


m—1 oi hiss 
<B,(u),@>= ¥ < au a) 


j=0 


,bxj(—D)b) >=< @x(x), O(a) >. 
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If at least two points 4; in the boundary conditions (4.4) are distinct, then 
(4.3)-(4.4) are nonlocal multi-point boundary value problems. If t; = to € [T,,T)] 
for all k, 7 =0,...,m—1, and operators by; = 6;;1, where 6;; is the Kronecker’s 
symbol and / is the identity operator, then (4.3)-(4.4) represent the Cauchy 
problem: 


L(t, <Dyult.x) =f(t,x), t>tw,xER", (4.5) 
O*u(t,x) 7 
ay = Q(x), xE€R",k=0,...,m—1, (4.6) 


t=Ig 


where L(t, 2 ,D) is the operator defined in (4.3). Cauchy problem (4.5)-(4.6) for an 
inhomogeneous equation (f (t,x) 4 0) can always be reduced to the Cauchy problem 
for the corresponding homogeneous equation 


L(t, S,Dyu(t.s)=0, > 4, (4.7) 
O*u(T,x) 
AE yale), k= 0,...5m—1, (4.8) 


for some T > fp, and with nonhomogeneous Cauchy conditions with the initial data 
y;., which depend on functions (or functionals) @ and f(t,x). Here the operator 
Lit, 2,D) is the same as in equation (4.3), however it acts on functions (func- 
tionals) defined on the interval (t, 7). The reduction procedure was first found by 
Jean-Marie-Constant Duhamel in the 1830th, and therefore it is called the Duhamel 
principle. We will discuss the Duhamel principle in the general case later on and 
obtain its generalizations to various classes of boundary value problems, including 
fractional order pseudo-differential equations. However, here we introduce the no- 
tions of the Duhamel integral and Duhamel principle in a simple case. The classical 
Duhamel integral (see, e.g., [TS66, BJS64]) is used for representation of a solution 
of the Cauchy problem for a given inhomogeneous linear partial differential equa- 
tion with homogeneous initial conditions via the solution of the Cauchy problem 
for the corresponding homogeneous equation. Consider the Cauchy problem for the 
second order inhomogeneous differential equation 


oe? 
Siz (3x) = Ault.x) +F(62), t>0!,xeR’, (4.9) 
with homogeneous initial conditions 
7] 
u(0,x) =0, 5 (0-8) =) (4.10) 


' For simplicity here it is assumed that to = 0. 
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where A is a linear differential operator containing the temporal derivatives of order, 
not higher then 1. Further, let a sufficiently smooth function v(t,t,x),t >, T > 0, 
x € R”, be a solution of the homogeneous equation 

d’v 

ap (h T,x) =Av(t,T,x), t >, 


satisfying the following conditions: 


dv 


W(t; 7,%) hae = 0, ar (t;7;%) =e — F(t,2). 


Then the solution of Cauchy problem (4.5)-(4.8) is given by means of the Duhamel 
integral 


u(t,x) = [veenar. 


The formulated statement is called the “Duhamel principle” (see for details, e.g., 
[BJS64] or [TS66]). 

An analogous construction is possible in the case of the Cauchy problem with a 
homogeneous initial condition for the first order inhomogeneous partial differential 
equation 

Ou 
ot 
where B is a linear differential operator containing only spatial derivatives. 

Now we prove the Duhamel principle, for simplicity, in the case of second order 
(in the sense of time-derivatives) pseudo-differential equations with singular sym- 
bols. Namely, consider the Cauchy problem 


(t,x) =Bu(t,x)+f(t,x), t>0,xER’, 


Oru Ou 

pelea yp asics: A — n 

72 +Aj(t,x,D,) 7 +Ao(t,x,D,)u=h(t,x), t>0,xER’, 
u(0,x) = @o(x) and ou 6) = (x), xER". 


ot 


We assume that symbols aj(t,x,€), j = 0,1, of the pseudo-differential operators 
Aj(t,x,Dx), j = 0,1, belong to SG for some G C R” for every fixed t > 0 and con- 
tinuous in the variable t > 0. In this case the Duhamel principle is formulated as 
follows. 


Proposition 4.1. Let a twice differentiable in the variable t function U(t,T,x) € 
YG, t > T = 0, be a solution of the Cauchy problem for a homogeneous equation 
d°U aU 
re +Ai (t,x, Dx) >— +Ao(t,x,D,)U=0, 0<t<t,xER", (4.11) 
U(t,T,x)|=7 =0, xER’, (4.12) 


OU 
a bh T,X)|;=1 = f(x), xE R", (4.13) 
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in the domain D = {t > T, x € R"}, where t > 0. Then the function 
t 
u(t,x) = | U(t,t,x)dt (4.14) 
0 


is a solution of the Cauchy problem 


zu 
oe 5 tA (t,4,0 ne +Ao(t,x,Dy)u=h(t,x), t>0,xER’, (4.15) 
u(O,x) =0 and oH 0,x) =0, xER". (4.16) 


Proof. Obviously u(0,x) = 0. Further, for the first order derivative, one has 


Ou 
(t,x) = mie U(t,t,x)d 


ot 
=-[3 U(t,T,x)dT, 


since U(t,t,x) =0 for any t > 0 due to condition (4.12). It follows that oe (0,x) =0. 
Therefore, the function u(t,x) in (4.14) satisfies the initial conditions (4.16). Fur- 
ther, for the second derivative, using condition (4.13), one obtains 


9 a 1 
Sault.) = sets) + f SaU(t,t,x)dt 


t Q2 
= n(x) + | SU (t.tx)dt. 


Moreover, 
07 u Ou 
pez tT Ault x,Dx \s + Ao(t,x,Dx)u = h(t, x + f= ul (t,T,x)dt 


+A(t,x,D,) Serer ales) [uaraar 


= h(t,x) +f a +Ay een” +Ao(t,x,Dy)U]dt = h(t,x), 


Ot 
since U(t,T,x) is a solution to equation (4.11). Hence, u(t,x) in (4.14) satisfies the 
equation (4.15) as well. 


Remark 4.1. The Duhamel principle for abstract differential-operator equations of 
arbitrary order m will be proved in Section 4.7, and for fractional order differential 
equations in Sections 5.5 and 6.4. 


Unfortunately, the Duhamel principle is not valid for multi-point problems. It is 
convenient to split the general boundary value problems (4.3)—(4.4) into two partial 
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problems. Namely, the boundary value problem with the homogeneous equation and 
inhomogeneous boundary conditions 


L(t, 2-,D)ult atu 9 te (Ti,T), xe R" (4.17) 
ae? Ul, xX ore ’ € 1,42), X€ ’ : 
B,(D)[u] = @(x), x ER’, k=0,...,m—1, (4.18) 


and the boundary value problem with the corresponding inhomogeneous equation 
and homogeneous boundary conditions 


0 Ku 
L(t, + ,D)u u(t, se paft.x), te(,h),xeR", (4.19) 
B,(D)[u] =0, x€R",k=0,...,m—1. (4.20) 


In this section we will study boundary value problem (4.17)-(4.18). The bound- 
ary value problem (4.19)-(4.20) will be studied in Section 4.3. Since the Duhamel 
principle does not work for general multi-point value problems, we will use the 
Green’s function or fundamental solution approaches to solve boundary value prob- 
lem (4.19)—(4.20). 

Consider in the interval (7,7) the following ordinary differential equation, 
called a characteristic equation of pseudo-differential equation (4.17): 


m—1 


t)+ >» A(t =0,t€(T,T), (4.21) 


which depends on the parameter 6 € G. Assume that the symbols A;(t,é) are con- 
tinuous in the variable t for each fixed value of the parameter €. Then there exist 
m linearly independent solutions u,(t,€),k = 1,...,m, of equation (4.21) which 
are defined on the interval (7,72) and m-times differentiable in this interval, that 
is uz(t,é) € C” (T,, 7) for each fixed value of €. The set {u,(t,€)}"_, is called 
a fundamental system of solutions of the characteristic equation (4.21). It is clear 
that a fundamental system of solutions is not defined uniquely. Depending on our 
purposes we will construct different fundamental systems of solutions. 

Let uj(t,€), where j € {0,...,m—1}, be a solution to differential equation (4.21) 
satisfying the conditions 


ul" (t),£) = Sy, k=0,...,m—1. (4.22) 


It is known [Nai67] that uj;(t,) € C"(T,, 72) exists and unique. Moreover, the set 
of solutions uo(t,€),...,%m—1(t,6) are linearly independent, and hence, form a fun- 
damental system of solutions. 


Theorem 4.1. Let the symbols Ax(t,€), k =0,...,m—1, and byj(€), kj = 
0,...,m—1, of the operators Ax(t,D) and by ;(D) in equation (4.17) belong to 
SG for some open set G C R". Then there is a subset Go of G, such that for 
all @ © PGo,p(R”), 1 < p<, there exists a unique strong solution u(t,x) to the 
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multi-point value problem (4.17)-(4.18) in C™ [(T;,T), YG, ,p(IR")]. Moreover, the 
solution has the representation 


m—1 
= DY Sk(t,D) g(x), 
k=0 
where solution operators S,(t,D), k =0,...,m—1, have symbols s,(t,§) € SG, k 
0,...,m— 1, which form a fundamental ane wf soluhons to (4.21). 


Proof. Consider the boundary value problem for ordinary differential equation with 
a parameter € : 


du m—1 déu 


d 
a ae te (l,T), (4.23) 


m—1 
=F hul6) gy ditn®) _ pip), k=0,..5m—1, (4.24) 


where F[@](&) is the Fourier transform of @;,(x). We look for a solution of prob- 
lem (4.23)—(4.24) in the form 


m—1 
Gly Fete eG) (4.25) 
k=0 


where the set u;,(t,6), k =0,...,m—1, is a fundamental system of solutions 
of (4.21) satisfying Cauchy conditions (4.22). It is clear that u*(t,€) € C"(N, Tr) 
and satisfies (4.23). Substituting it into (4.24) we get a system of linear algebraic 
equations 


M(G)F(5) = (6). (4.26) 
Here M(6&) is the square matrix of order m with entries 
m—1 (i) 
my = Y) Bei(E)uz (thj,8), kl =0,...,m—1, (4.27) 
j=0 


F(E) = (fo(E),---,fm—1(&)) is an unknown vector, and (€) is the transpose of 
the vector (Figol(é), wh F19n-11(€)). Denote by Mo the set of points € € G at 


which the determinant of M(&) vanishes, that is DetM(€) = 0. If € ¢ Mo, then 
equation (4.26) has a unique solution 


a 


F(§) =M (5) 8(6). (4.28) 
We note that Mo is the singular set for the symbols of the solution operators. 
Substituting the representation (4.28) of the vector F(&) = (fo(&),.--,fm—1(6)) 


into (4.25) and applying the inverse Fourier transform one obtains the solution of 
the general multi-point value problem (4.17)—(4.18) in the form 
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m—1 


u(t,x) = ¥ Sx(t,D) x(x), (4.29) 
k=0 


where the S;(t,D), k =0,...,m—1, are solution pseudo-differential operators 
of (4.17)-(4.18) with the symbols 


se(t,€) = ut(t,€) = ((mry"(E)u(e,8)) k=O .0cqni—A (4.30) 


where the symbol (-), means k-th component of a vector (-), (M*)~!(E) is the ma- 
trix inverse to the Hermitian conjugate of M(é). Indeed, the symbols s;(t,€) € 
C"(T, Th), k=0,...,m—1, forall € € Go C G\ Mo. This together with Theorem 2.1 
implies u(t,x) € C’” [(T,,T2), %y.p(R")]. The system {so(t,€),-..,5m—1(t,€)} is 
linearly independent, otherwise the system {uo(t,&),...,Um—1(t,€)} would not be 
linearly independent due to the fact that the matrix M(&) has nonzero determinant 
if € € Go. The proof is complete. 


Remark 4.2. 1. The vector-function S(t,&) = (so (HE) fasSm-1(€ )) , components 


of which are symbols of solution operators S;,(t,D), k = 1,...,m, depends on op- 
erators A; (t,D),k=0,...,m—1, and By;(D),k=0,...,m—1, 7 =0,...,m—1, 
given in (4.17), (4.18), respectively. Its behavior may be of different nature: it 
may have singularities in variables (&),...,6,) in G if Mo NG # 9, or may in- 
crease or decrease when |&| — oo. The well posedness of boundary value prob- 
lem (4.17)-(4.18) in the classical Sobolev, Besov, and other spaces essentially 
depends on the behavior of the vector function S(t, &); see Section 4.4. 

. It is useful to have a maximal Go in this theorem, which is actually G\ Mo. In 
accordance with Theorem 1.21, '%G,_)(IR”) is dense in classical spaces if Go is a 
dense subset of R”. 


N 


Theorem 4.2. Let f = 0 and let the symbols A;(t,é), k = 0,...,m—1, and 
byj(€), kj =0,...,m—1, of the operators Ax(t,D) and by, ;(D) in equations (4.3)- 
(4.4) belong to SG for some open set G C R". Then there is a subset Go of G, such 


that for all o © ¥ ea (R"), 1 < p <9, there exists a unique weak solution w(t,x) 
or 


to the multi-point value problem (4.17)-(4.18) in C™ [(T,,T2),¥ ea (IR”)]. More- 
0; 


over, the solution has a representation 


m—1 


W(t,x) = DS? (t,—D) gx(x), (4.31) 
k=0 


where solution operators S}’(t,—D),k =0,...,m—1, have symbols s,(t,€),k = 

0,...,m— 1, which form a fundamental system of solutions to (4.21). 

Proof. Let Qk € an y (R"),k =0,...,m—1, and @ be an arbitrary function in 
—Go 


YG, p(IR”). We only need to show that w(t,x) defined in (4.31) is a weak solution 
of boundary value problem (4.17)-(4.18) with weak extensions “A}’(t,—D)” and 
“by.(—D)” instead of operators “A;(t,D)” and “bj;(D).” Let 


W(t,x) = Wo(t,x) +-:-+Wn-1(t,x), (4.32) 
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where W;(t,x) = S'"’(t,—D)Q;(x), that is the j-th term in representation (4.31). 
We have 


w,, 
< DN 


OS” (t, —D)Q; m=1 d*S” (t,—D)Q; 
a orm — + YARED) is atk HE 46 a 


aS ;( ge aks; 
=< 9;(x), Ae + 2 Aul t, D) oS) D) 


as ju go Sj 
=< o(x), F ie ee Dante te?) roi) > 
=0, wWwe(l,h), 


since by construction sj(t,&) satisfies equation (4.23). Similarly, 


i moi vr ats, tye,D (OF 
< Bi(—D)|W)].6(2) >=< F bfy(—D)2 ALP IPs, (ys 
l=0 
m—1 P) S(t »,D 
=< 9; (x )» Dy bxe(D p)2 Silt?) 4 > 


=< oy(x we |S le)? ye) ries) > 
=< (x), by jO(x) >=< 5; ;0;(%), O(%) >, &,7=0,...,m—1. (4.33) 


Now summing up (4.33) by index j = 0,. — 1, and taking into account (4.32), 
we have Bi(—D)|W] = (x) in the sense oF y’ " Gasp (R"). Thus, W (t,x) given by 


in (4.31) satisfies boundary value problem (4.17)—(4.18) in the weak sense. 


4.3 General boundary value problems for ‘“DOSS: 
inhomogeneous case 


Theorems 4.1 and 4.2 establish well posedness of boundary value problems for 
homogeneous equations with nonhomogeneous boundary conditions in the spaces 


Go,p(R"), and yy (R"), where Go C G\M. Here M defined as 
Go.p 


M={é ER": detM(E) = 0}, (4.34) 


where M(6&) is the matrix with entries defined in equation (4.27). 
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Now consider an inhomogeneous equation with homogeneous boundary 
conditions 


fa) 
L(t, + ,D)u=h(t,x), té€(TN,I),xER’, (4.35) 
B,(D)u=0, x€R", k=0,...,m—1, (4.36) 


where operators L(t, 2D) and B(D) are defined in equations (4.3) and (4.4), re- 
spectively. As was noted above the Duhamel principle is not applicable in the case 
of multi-point boundary value problems. Below we show the well posedness of 
problem (4.35)-(4.36) in the spaces YG, »(IR”) and Fe a (R”). 

Applying the Fourier transform in x in equations (4.35) and (4.36) one obtains the 
following multi-point boundary value problem for an ordinary differential equation 
with the parameter € € R”: 


L(t, Ev =h(t,€), 1 € (TB) (437) 
B,(E)v=0, k=0,...,m—1, (4.38) 


where v(t,£) = Flul(t,€) and i(t,£) = FlAl(t,€). 

One can find a solution to problem (4.35)—-(4.36) using the fundamental solution 
of the operator 

d qd” m—1 dk 

L(t, —,¢) = — Ax(t,¢)— 
(58) = Gm + Dl 8) Se 
in a suitable space of distributions. Since symbols A;(t,6) by assumption are 
continuous functions in the variable ¢ for each fixed € € GC R", this operator 
has a fundamental solution (see, e.g., [Vla79]) &(t,s,6) satisfying the differential 
equation 


© 8)6(,5,8) =5,(t), 1€(T,B), (4.39) 


for arbitrary s € (7, 7>). From the general theory it follows also that the function 
&(t,s,) is m times differentiable on each of the intervals 7) <t<sands<t<T. 
The function 


Lt, 


e(t,é) = [ es.8)hls.8)as 


obviously solves equation (4.37). Let E(t,x) be the inverse Fourier transform of 
e(t,&) in the sense of distributions, that is E(t,x) = F~![e](t,x). Then, one can 
easily verify that 


Th 
E(t,x) = s &(t,s,D)h(s,x)ds, (4.40) 
1 


and by construction it satisfies the equation 


Lit, £ DIEU) =h(t,x). 
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Indeed, 
Lit, = E(t,x) y= fy Mae &(t,s,D)h(s,x)ds 


= et Sieaay =h(t,x). 


T 


In fact, we would like to have a fundamental solution which would satisfy not only 
equation (4.39), but also boundary conditions (4.38). Therefore, we fix &(t,5,&) 
adding an additional term, namely 


6o(t,5,6) = &(t,5,€) + Wo(t,s,6), (4.41) 


where Wo(t,s,&) is a solution to the boundary value problem 


L(t, <.8)w=0,t € (Ti), xER", (4.42) 
By(E )w = (5,6), x€ Go, k=0,...,m—1, (4.43) 
with 
m—1 dié 
(8,6) = —Bu(S)[E] =— Dy bi(S) (48,8) (4.44) 
j=0 


t=tgj 


Since € ¢ M, boundary value problem (4.42)-(4.43) has a unique solution 
Wo(t,s,6) € Cc) (T,,T), which represents the second term in (4.41). Moreover, 
the desired fundamental solution 40(t,s,6) has the representation 


m—1 
E(ts8,8) =E(t,8,8)— DY) sult. )ou(s,8), (4.45) 
k=0 
where 5; (¢,6), k =0,. — 1, are the symbols of solution operators to prob- 


lem (4.42)-(4.43). Nowe one can readily verify that 
Th 
u(t,x) = | &j(t,s,D)h(t,x)ds (4.46) 
T 


satisfies both equation (4.35) and boundary conditions (4.36). The latter can be rep- 
resented in the form 
u(t,x) = E(t,x) +w(t,x, ) (4.47) 


where E(t,x) is defined in (4.40) and 
Th 
w(t,x) = W(t,s, D)h(s,x)ds. 
Ti 


Here W(t,s,D) is the pseudo-differential operator with the symbol Wo(t,s,€). 


180 4 Boundary value problems for pseudo-differential equations with singular symbols 


Another approach to the splnkion of problem (4.35)-(4.36) is based on the 
Green’s function of the operator L(t, + EY with boundary conditions (4.38) for suit- 
able values of parameter 6. 

By definition, the Green’s function of the operator L(t, £ ,&) with boundary con- 
ditions (4.38) is a function G(t,s,€) defined on (7,72) x (11, T2) x G, and satisfying 
the following conditions: 


1. all the derivatives in the variable ¢ up to order m — 2 are continuous; 
2. m times differentiable on intervals 7) <t<sands<t<t; 
3. (m— 1)-st derivative satisfies the jump condition at t = s : 


a M,s,6), —-G(5,6))  =1; 
t=s+0 t=s—0 


4. satisfies the equation L(t, 4,€)G(t,s,€) =0 on intervals T; <t< sands <t< 
T, and boundary conditions B,(D)[G] = 0. 


Let {uo(t,),..-,Um—1(t,€)} be a fundamental system of solutions of the operator 


Lit, £, ). Then one can look for G(t,s,&) in the form 


_ J G5.) th <t<s, 
aeatiae ifs<t<T. 
where 
m—1 
G_(t,5,6) = Y cj(E)uj(t,€), t<s,6 ¢M, 
j=0 
m—1 
Gi(t,s5,6) = 2, 4i()usj(t.8); t>s,e¢M 


Here c;(€), dj(€), j =0,...,m—1, are 2m unknown coefficients to be found. Due 
to the definition of G(t,s,&) for these unknowns we have the following 2m relations 


? 


BeDIIGE,8.8)1 = 0, k=0,...,m—1 
ae —2, 


Gi (s+,s,€E) -—G G!_(s—,s,E)=0 
G"!(s+,s,§)-—G""!(s—,s,€) = 


This system of equations has a unique solution if € ¢ M, thus identifying the Green’s 
function. Once G(t,s,&) is found, one can find the solution to problem (4.35)-(4.36) 
using the formula 


Th 
u(t,x) = i G(t,s,D)h(s,x)ds. 
i 


Theorem 4.3. Let the symbols A;(t,¢), k= 0,...,m—1, and byj(€), kj j= 
0,...,m—1, of the operators Ax(t,D) and b; ;(D) in boundary value problem (4.3)- 
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(4.4) belong to SG for some open set GC R". Then for any f © C[(T, Tr), ¥eo,p(R")] 


and Q € PG p(R"), k=0,...,m—1, where 1 < p< and Gy C G\ M, there exists 
a unique strong solution u(t,x) € C! [(T,, Ta), %éo,p(R")] of problem (4.3)-(4.4). 
Moreover, the solution has the representation 


m—1 


u(t,x) = > Sx (t,D) P(x) +f 60(t,8,D) f(s,x)ds, (4.48) 
k=0 qT 


where &(t,s,6) is the fundamental solution of the operator L(t, £6) defined 


in (4.45) and the solution operators S;(t,D), k =1,...,m, have symbols s,(t,6) € 
SG k=1,...,m, which form a fundamental system of solutions to equation (4.21). 


Proof. Recall that general boundary value problem (4.3)-(4.4) was split into two 
problems: problem (4.17)-(4.18) with homogeneous equation and nonhomoge- 
neous boundary conditions, and problem (4.35)-(4.36) with nonhomogeneous equa- 
tion and homogeneous boundary conditions. Taking into account Theorem 4.1, 
which summarizes problem (4.17)—(4.18), and equation (4.46), which resumes prob- 
lem (4.35)-(4.36), one obtains representation (4.48). 


By duality it follows from Theorem 4.3 the following theorem. 


Theorem 4.4. Let the symbols A;(t,€), k =0,...,m—1, and byj(€), kj j= 
0,...,m—1, of the operators A;(t,D) and b; ;(D) in problem (4.3)-(4.4) belong 


to SG for some open set G C R". Then for all f € a)? Z (R")], and 
—Go, 


Px E tee a (R"), 1 < p < ©, there exists a unique weak solution u’(t,x) in the 


space C") |(T,,Ty), en e (IR")]. Moreover, the solution has a representation 


m—1 Th 
w(t.x) =, S¥(e,—D)oa(x) + f° &'(¢,s,—D) Fls,x)ds, 
k=0 A 


where symbols s,(t,€),k =1,...,m, of solution operators, and &(t,&) is defined 
as in Theorem 4.3. 


Remark 4.3. In Theorems 4.3 and 4.4 one can replace operators éo(t,s,D), &" 
(t,s,—D) by G(t,s,D), G"(t,s,—D) with the symbol being the Green’s function 
G(t,s,€), respectively. 
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4.4 Well posedness of general boundary value problems 
in Besov and Lizorkin-Triebel spaces 


This section discusses well posedness in the sense of Hadamard of boundary value 
problem (4.3)-(4.4) in the classical function spaces, including Sobolev, Besov, and 
Lizorkin-Triebel spaces. Let X denote one of these spaces. The approach we want 
to use to establish well posedness in X is based on the possible closability of solu- 
tion operators S;(t,D),k =1,...,m, defined on the space YG _,(IR”) up to bounded 
operators acting on the scales of X. This strategy requires a verification of two 
conditions: 


1. the denseness of '¥G_,(IR") in X; and 
2. the closability of solution operators S;,(t,D), k = 1,...,m, up to bounded opera- 
tors acting on the scales of the space X. 


The denseness of 'Y_,(IR”) in the Besov and Lizorkin-Triebel spaces was studied 
in Section 1.11 of Chapter 1; see Theorem 1.21. The existence of a closed extension 
in the Sobolev, Besov, and Lizorkin-Triebel spaces of pseudo-differential operators 
defined on ¥_,(R”) was studied in Section 2.3 of Chapter 2; Theorems 2.7-2.9. 
Thus, we are prepared to investigate conditions for the well posedness of general 
multi-point boundary value problem (4.3)-(4.4) in the classical function spaces. We 
start from the definition of well-posed problems in the Besov spaces. 


Definition 4.2. Let @ = (€0,...,4m) € R™*1, 5 = (s0,51,---;5m) € R™*!, and 
1 <p,q<os. The problem (4.3)-(4.4) is said to be (¢,5) - well posed in the 
scale of Besov spaces if for every @j—1(x) € Bz, (R"), j =1,...,m, and for every 
h € ©C[T), 1; Bie, (R")] there exists a functional u(t,x) € C” [(T1,T); ae , (R")] 
for some G C R", such that 

(i) ul (t,x) € C [(T,, By); Bk (R")], k= 0,...,m 


(ii) u(t,x) satisfies the considering problem in the weak sense; 
(iil) the estimate 


Pe > let BI < cy, llj-11B pall + ae la x)|Brgll, (4.49) 
te€(T, ,T) k=0 te(Ty 
holds with C > 0 independent on @;(x), j =0,. —1, and h(t,x). Recall that 


here || - [Beall is a norm of the Besov space ios (R). 


Similarly one can define a (@,5) - well-posed problem in the scale of Lizorkin- 
Triebel spaces F pq (R”). For shortness, we will say that boundary value prob- 
lem (4.3)-(4.4) is (2,5; B)-well posed and (€,5; F )-well posed if it is (2,5)-well posed 
in the scale of Besov and Lizorkin-Triebel spaces, respectively. 

In formulations of the well-posedness theorems below s;(t, €), 7 =0,...,m—1, 
are symbols of the solution operators constructed in Theorem 4.1. 
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Theorem 4.5. Let 9;(x) € By, (R"), j =0,...,5m—1, and f € C[N,, Tr; BY, (R")], 
where 1 < p,q <. Let the symbols s;(t,€), j =0,...,m—1, and &(t,€) for all 
k=0,...,m, and |a| < [$]+1 satisfy the estimates 


d*s;(t,€) 


[5 !9l|pg— |S Cad + 16/4 [,], § ER", §=0,...,m—1, 
(4.50) 
KE t, s—f n 
g|!|og ES), <Ca(1+|E|)-%,¢€ [HB], € eR", (4.51) 


where Cq is a positive constant. Then boundary value problem (4.3)-(4.4) is 
(¢,5;B)-well posed. 


Proof. Let 0; € By,(R"), j=0,...,m—1. Consider @p,..., @n—1 as w-distributions 
in YG . (R"), with some G dense in R”. Then, in accordance with Theorem 4.4, 


the problem has a unique solution u(t,x) € C™ [(T;,T),Y (R")]. Moreover, 


—Go,p' 
u(t,x) has the representation 
m—1 T 
ult.x) =, S¥(0,—D)ou(x) + [° &"(t—s,-D)h(s,x)dx, 
k=0 T 


Further, it follows from Theorem 2.8 that there are closed restrictions $ ic(t; —D), j= 
0,...,m— 1, of operators S¥(t, —D) mapping continuously the space Bye to the 
space Bias and a closed restriction 40¢(t — s, -D) of the operator &@”(t — s,—D) 
mapping continuously the space Bie to the space Boyt for each fixed ¢ and s. Their 
adjoint operators, St(t,—D) = §,(t,D) : BY, > BM, and &t(t,—D) = A(t,D) : 
Boy > BS, serve as solution operators of the considered problem. That is, for the 
solution we have the representation 


m—1 . Ty 7 
u(t.x) = ¥, 8(t,D) x(x) + | &y(t—s,D)h(s,x)ds, (4.52) 
k=0 qT 


Indeed, u(t,x) defined in (4.52) satisfies all the three conditions of Definition 4.2. 
Condition (i) of this definition immediately follows from the conditions 4.50 and 
4.51 of the theorem. Condition (ii) is fulfilled due to construction of the solution 
u(t,x). Condition (iii) follows from conditions 4.50 and 4.51 of the theorem and 
Theorem 2.8. 


Remark 4.4. Theorem 4.5 remains valid for Lizorkin-Triebel spaces, as well. 


For p = 2 the inverse assertion is fulfilled under weaker assumption. 
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Theorem 4.6. Let p = 2, 1 < q <o». The problem (4.3)-(4.4) is (0,5;B) (or (€,5;F)) 
-well posed if and only if for any t € [T,,T)] and k =0,...,m the estimates 


d*s,(t 
jes) <C(1+|é))%, C>O,E ER", j=0,....m-1. 
and 3k 
éo(t , 
iP eotes) <C(I1+|E/)*, C>O, EER’, 
hold. 


Proof. We only need to prove the “only if” part. Assume that the condition of the 

Theorem is not fulfilled. For simplicity, assume that the first estimate is not verified. 

This means that for some component sj, (t,§) of the system S(t,€) there exists a 
° 


neighborhood U(€,) of a point €, € M, such that for any N > 0 and L > 0 the 
inequality 


Isio(t,E)]/ >N(IE-El)~, € CUE), (4.53) 


holds. If the condition is not verified at infinity, then for large || and for some 
to € (T1,T), ko € {0,...,m}, and jo € {0,...,m— 1}, the inequality 


| ds 5,(t,) 
otko 


holds. Inequalities (4.53) or (4.54) imply that 


| > M(1 + |é|)%07 “0 (4.54) 


as | . 
555i t0,D) Pi Bgl > Nl IB I (4.55) 


where @j, € BS , suppF @ C U(€,) and r is 0 or ko. Further, setting p; = Oif j F jo, 
it follows from (4.55) that 


ar ; ‘6 
Il su lt0,x)/BaGll > Ml Pio Bog ll. 


The latter contradicts to the (¢,5;B)-well posedness of boundary value 
problem (4.3)-(4.4). 


4.5 On sufficient conditions for existence of a solution 


If conditions of Theorems 4.5 and 4.6 are not fulfilled, then generally speaking, the 
problem (4.3)-(4.4) is not well posed in the scales of Besov and Lizorkin-Triebel 


spaces. However, if the structure of the set M defined in (4.34) is simple, then one 
can find effective sufficient conditions for @; € By, (R") under which a solution 
exists. One of such problems is a boundary value problem for uniformly elliptic 
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operator of the order 2@ with a boundary operator containing normal or oblique 
derivatives of higher order. Here for simplicity we assume that ¢ = 1. Thus, let us 
consider the problem 


O7u P 
az thDyu=0, 1>0,xER", (4.56) 
Bau(t,x)|-0 = 9(x), xER’, (4.57) 


where L(D) is a second order pseudo-differential operator whose symbol L(6é ) sat- 
isfies the two-side estimate C,|E|? < —L(E) < G|E|?, C1,G > 0; Ba = D® or 
Bo = DY where a > 0 is an integer number. For example, let « = 1 and L(D) = A, 
the Laplace operator. Then, if the boundary operator is B; = D;, then we have the 
Neumann problem for the Laplace operator. In this case, as is known, the necessary 
and sufficient condition for the existence of a unique solution is the orthogonality of 
the boundary function @ to |. Similarly, if the boundary operator is Bj = D,,,, then 
we have a boundary problem with the oblique derivative (which is tangent to the 
boundary in our case). In this case, the solution exists if @ is orthogonal to 1(x,), 
that is fe @(x)dx, =0, for all (x1,...,%n-1) ER". 

Fractional generalizations of these boundary conditions will be discussed in de- 
tail in Chapter 5. 


Remark 4.5. For higher values of @ some consistency relationship between equa- 
tion (4.56) and boundary condition (4.57) may appear. For instance, if By = D? and 
a. > 2, then one has 
0(x) + DP L(D)ult,x)| =0. 
t=0 
The solutions found below (e.g., (4.59)) automatically satisfy this relationship. 
Therefore, we do not emphasize this condition in formulations of theorems. 


Theorem 4.7. Let Bo, = D%, 1 < p<, 1<q< «and the following conditions are 
fulfilled: 


1) if0<a<n(p—1)p |, then ge Bhq has a compact support; 


os 
2) ifm—1+n(p—1)p'!<a<m+n(p—1)p |, m>1 integer, then 9 € B cit 
os 


where B is a Lizorkin type space defined in Section 1.12. 


pq,m 


Then there exists a unique solution u(t,x) of problem (4.56)(4.57) with By = D? 
in the space L*(R+;By,,5,). Moreover, for the solution the estimate 


sup ||u(t,x)|Bogmll < Cll@|Bp, 
t>0 


Aes (4.58) 


all 
holds, where C > 0 depends on the size of supp @. 


Remark 4.6. The case 1) is associated with m = 0. Hence, in estimate (4.58) one 


S+O _ ps+Q _ pst+a 
needs to put Brin = Boao = Bog - 


186 4 Boundary value problems for pseudo-differential equations with singular symbols 


Proof. One can easily verify that a bounded solution of problem (4.56)-(4.57) with 
Bo, = Df can be represented in the form 


u(t,x) = Po(t,D)@(x), (4.59) 


where Pa(t,D) is the pseudo-differential operator with the symbol 


_ exp(—t/—L(é)) 
Be) = eye © (4.60) 


The latter has only singular point 6 = 0, and its order of singularity equals a. 
Therefore, u(t,x) is well defined only under some conditions on @. Depending 
on a the sufficient conditions for @ are given in items 1) and 2) of the theorem. 
To verify these conditions one needs to show the validity of estimate (4.58). Let 
a € [0,n(p—1)p~') and @ € By,(R"). Further, let the collection {j}%o with 
{F- ‘Os 9 € ®, define the norm of the Besov space B¥,,(IR"). Using repre- 
sentation (4.59), (4. 60) of the solution u(t,x) and the definition of the norm of the 
Besov space (see, (1.88)), one has 

Po\G 

i) 


SHOL|G — exp(— —-L(§)) 
I|u(t,x) Tas P= (/. F | neal 


toy; —ty/—-L 
4 2644 exp ©) py a L, 
Fa (- /-L®))* 

We will estimate each term on the right of (4.61). For the first term, since ap’ <n, 
in accordance with Theorem 1.24 and Remark 1.10 of Chapter 1, one obtains 


“1 |g exp(-1y =) 
Je c (—J-He))" 


where C is a positive constant depending on the size of the support of @, a, and p. 
Further, taking into account the fact supp; C {2/ < |E| < 2/*1}, j=1.,..., the 
second term in (4.61) can be estimated by the expression 


q 


F' 19; (4.61) 


p 


dx <C\lo|Bs)|”, (4.62) 


Pq 


F oO) 


CY 2°4\|F-! [6;F [ol] |Lpll?. 
j=l 
The latter together with (4.61) and (4.62) — estimate (4.58). 


Now let us assume @ € [m—1+n(p—1)p~!,m+n(p—1)p~ 1) and @ € Brom: 

a in accordance with Theorem 1.23 there exists a function v € Baa such that 

= |€|""Fv. Thanks this fact the first term on the right-hand side of (4.61) can be 
ee by 


p-l 
CCL Elm eras)  HelasimlP <cllolBpel’ 
SUPP $0 
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where C is a positive constant depending on the size of the support of @, a, p, and m. 
One can estimate the second term on the right side of (4.61) as in the previous case. 


The theorem below uses the oblique derivative in the boundary condition in the 
form By = Df... Its proof is similar to the proof of Theorem 4.7. We leave it for the 
reader as an exercise. 


Theorem 4.8. Let By = Df, 1 < p<, 1 <q <~, and the following conditions 
are fulfilled: 


1) if « =0, then DE BS and has a support in the strip {|x,| < N} with a width 
2N,N > 0; 


fo} sl Sn ° s! Sn 
2) ifa=1,2,...,theng@EeB where B 
Section 1.12. 


Then there exists a unique solution u(t,x) of the problem (4.56)-(4.57) with By = 


fo fg 
Din the space Phab Moreover, the estimate 


is a Lizorkin type space defined in 


pq, a? pq,a 


fg. of 
sup |lu(t,x)IB pj | < Cllg|B, 3" ||, C > 0, 
t> 


holds. 


4.6 Examples and applications 


In this section we demonstrate a few examples and discuss some applications of 
YDOSS. We start with a brief analysis of Problems (examples) 2.2.0.1—2.2.0.5 
discussed in Section 2.2 with a nonhomogeneous term. Then we will discus appli- 
cations of established theorems to the analysis of boundary values of harmonic func- 
tions 

(hyperfunctions) and the uniqueness problem of a solution of polyharmonic 
equation. 


4.6.1 Examples 


1. Problem 2.2.0.1: This is the Cauchy problem 


07 u(t,x) 


ae +A°D-u(t,x) =h(t,x), t>0,xER, 


(0,2) =9(2), MO) yay, rer, 


where A = u+iv and D = 0/idx. Here the Duhamel principle is applicable. 
Therefore, we first consider the case h(t,x) = 0. In this case the symbols of 
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solution operators are s9(A,t,€) = cos(EAt) and s\(A,t,€) = @ sn These 


symbols satisfy the conditions of Theorem 4.5 only if A is real, which corre- 
sponds to the Cauchy problem for the wave equation. Moreover, in accordance 
with the Duhamel principle we need to solve the following Cauchy problem for 
arbitrary T > 0: 


v(t 

OVE EA) + A2D°V(0,1,2) =0, t>7,xeER, 
ov 

V(t,T,x) =0, a =h(t,x), xéER, 


Exploiting the solution operators with symbols so(A,t— 7,6) and 5\(A,t—7,&), 
we have 
inA(t—t)D 
V(t,t,x) = | h(t,x). 


Hence, if A is real, then the problem is well posed in the Besov spaces. Namely, 
for any 9 € Bi, g(R ")we ae and h € C[t > 0;B¥, ,(IR")] there exists a unique 
solution u(t,x) in the space 


2 - RBS ‘ n | - pstl 
C’[t > 0;Bi, (R")]NClt = 0; By, (R")|NC'[t > 05857 (R")]. 


If A has nonzero imaginary part, and in particular, purely imaginary, then the 
problem cannot be well posed in Besov or Lizorkin-Triebel spaces, because of 
an exponential growth at infinity of the symbols of solution operators. 


2. Problem 2.2.0.2: This is the Dirichlet problem 


07 u(t, x) 
ot? 


u(0,x) = (x), u(1,x) = yO), 

where again A = tt +iv and D = 0/idx. The Duhamel principle is not applicable 
for this problem. Again, we first assume that (t,x) = 0. Then the symbols of 
solution operators are so(A,t,€) = Sea and 51 (A,t, 6) = a. These 
symbols belong to the class C*S,,(G), where G = R\ {& = = ,k=41,+2,...} 
for a fixed A € C and t > 0. Obviously, conditions of Theorems 4.5 and 4.6 are 
not verified if A is real (the Dirichlet problem for the wave equation). If A €¢ C\R, 
then conditions of Theorem 4.6 is verified. Moreover, one can readily verify that 
the Green function G(t,t,&) for the operator 


+47D7u(t,x) =h(t,x), 


L 
CH 


has the form 
_ AE sinrE ¢ 
Git, t,6)= sin(t—1)AE sind f 
Time» «(ft >t. 
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Therefore, for any 9, y € H*(R) and h € C[[0, 1]; Bi, ,(R")] there exists a unique 
solution of the problem in the space C”[(0,1);H°(R)| NC[[0, 1];H°(R)]. If A is 
real, then the problem cannot be well posed in Besov or Lizorkin-Triebel spaces, 
because of pole type singularities of the symbols of solution operators. 


3. Problem 2.2.0.3: This is the Cauchy problem 
Ou(t,x) 


ot 
u(0,x) = f(x), xeR", 


= KAu(t,x)+hA(t,x), t>0,xER’, 


We apply the Duhamel principle. The symbol of the solution operator of this 
problem when A(t,x) = 0 is s(t,€) = exp(—rK|é|*) and belongs to C*S,(R") for 
t > 0. The conditions of Theorems 4.5 and 4.6 are verified if « > 0 (forward heat 
equation). The function V(t, t,x), which solves the Cauchy problem 


OV(t,T,x) 


ot 
V(t,7,x) =A(t,x), xER". 


= KAV(t,T,x), t>T,xER’, 


has the form 
V(t,t,x) = e8'-4 h(x). 


Hence, in the case k > 0 for any functions 9 € By, ,(IR") andh € Cit > 0; BY, ,(R")], 
1 < p,q<, s ER, there is a unique solution 

u(t,x) € C°[(0, 1), Bp g(R")]NC[[0, 1], By, ¢(R")). 
In fact, it is known from the classical theory that u(t,x) is infinite differentiable in 
R'*! = {(t,x):t >0,x€ R"}. If « <0 (backward heat equation), then evidently 
the conditions of Theorems 4.5 and 4.6 are not verified. Due to Theorem 4.1, in 
this case a solution exists for @ € YG _p)(IR”), but the solution operator cannot be 
closed up to Besov and Lizorkin-Triebel spaces. 


4. Problem 2.2.0.4: We consider this problem in a particular case, namely the 
Cauchy problem 


outs) =Deu(t,x)+A(t,x), t>0,xeR", (4.63) 
u(0,x)= (x), xER’, (4.64) 


Equation (4.63) is a fractional order differential equation. Fractional order dif- 
ferential equations are studied in detail in the next chapter. Here, we consider the 
case @& = |. The symbol of the solution operator of the Cauchy problem (4.63)— 
(4.64) when A(t,x) = 0 is s(t,€ ) = exp(—t|€|). This symbol is not differentiable 
at the origin. Thus, we have s(t,€) € CS,(R”) for every fixed t > 0. We note that 
the integrand V(t, t,x) in Duhamel’s principle has the form 


V(t,T,x) = ef OV-A ae, x), 
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Like the previous example the symbol of the solution operator also satisfies 
the conditions of Theorems 4.5 and 4.6, and hence, is well posed in the Besov 
and Lizorkin-Triebel spaces. However, there is a crucial difference between so- 
lutions of these two problems. The inverse Fourier transform of the symbol 
s(t,€) =exp(—t|€|) due to formula (1.12) is Cr(t? + |x|?)~!. Thanks to this fact 
the fundamental solution & (t,x) has a power law decay when |x| — o, while the 
fundamental solution of the previous problem has an exponential decay at infin- 
ity. This is true in the general case of 0 < @ < 2, as well. 

5. Consider the following boundary value problem with a nonlocal integral bound- 
ary condition: 


Cue) =Au(t,x)+h(t,x), O<1t<1, xR’, (4.65) 
1 
| u(t,x)dt = f(x), xR". (4.66) 


The Duhamel principle is not applicable for this problem. It is not hard to verify 
that the symbol of the solution operator of this problem in the homogeneous case 
(A(t, x) = 0) is 

|E2eAl52? 
Je IEP’ 


and the Green function for the operator 


s(t,6 


ULe=S416P, f vear=o, 


has the form 
etl? _p-U-t+)|EP 


ae ift <T, 
Git, 16) _ eo HlEP? _e-t-O1E? : 
ea ift > T. 


From the forms of s(t,€) and G(t, T, € ) it follows that the problem in (4.65), (4.66) 
is well posed in the sense of Hadamard in the Besov and Lizorkin-Triebel spaces. 


4.6.2 The Cauchy problem for the Schrodinger equation 
of a relativistically free particle 


This is Problem 2.2.0.5 in Section 2.2. The state function of a relativistically free 
particle, as is shown in [BD64], satisfies the following Cauchy problem for a 
Schrédinger equation 
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t 
jo) = oI w7A u(t,x), t>0,xER", 


u(0,x)= (x), xER’, 


where J is the identity operator; @ = ~], c is the speed of light, m is the mass of 
the particle, 7i is the Planck’s constant. It is easy to see that in this case the symbol 
of the solution operator is s(t,&) = exp(—i@th',/1+ @|E|?) and the solution 
u(t,x) belongs to C[R;;By,(R”)| nc! [R1;B5," (R”)], provided @ € BY,,(IR”). The 
well posedness of this problem in H**(-EG) was studied in [Sam83], in the Sobolev 
spaces H*(IR”) in [Uma98]. 


4.6.3 On uniqueness of a solution of the polyharmonic equation 


Edenhofer [Ede75] proved the uniqueness theorem for the m-polyharmonic equation 
with zero levels on m given concentric hyperspheres with the center at the origin. 
Applying Theorems 4.1 and 4.2, one can prove similar result in the case of half- 
space R"*! = {(t,x) :t > 0,x € R"} with zero levels on m given hyperplanes parallel 
to t = 0. Namely, consider 


a? m " 
( + Ay) u(t,x)=0, t>0,xER’, (4.67) 
u(t;,x) = 9;(x), xER", j=1,...,m, (4.68) 
ju(t,x)| =O(1), to, (4.69) 


2 Oi 
where A, = s +...4+ s is the Laplace operator, and 0 <t) <... < ty, <. The 
Ay n 


characteristic equation corresponding to (4.67) is 


Its m linearly independent solutions, due to constraint (4.69), are tke #61 k= 
0,...,m— 1. Therefore, in order to find the symbols s;(t,€), j = 1,...,m, of so- 
lution operators one needs to solve the system of linear algebraic equations 


OF es TT] | co(é) 0 


Ge et) eae) 0 
1 ty 12..." | cE) | > peti 


I Ga de woof"! etl) 0 
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One can write this system in the form VC(E) = Bje’i!5!, where V is the Vander- 
monde matrix, and B; € IR” is the vector, whose the only nonzero component is 
b; = 1. Since, Det(V) = Th <r<j<m(te — tj) #0, this system has a unique solution 


Ci(E)=vfeisl, k=0,...,m—1, 


where Va k=0,...,m—1, j =1,...,m, are entries of the inverse matrix V~!. It 
follows from this fact that the symbols (t,x), j= 1,...,m, have representations 


m—1 
= (x ygitt) ee, jJ=1,...,m. 
k=0 


Obviously, the symbol s;(t,x) has a singularity at infinity if 0 <r < o and has 
no singularities if t > t;. Hence, Eomesponding operators S;(t,D), j =1,...,m, are 
DOSS defined on ¥%_(IR”) and ae pr (R") for any GC R" and 1 < p<. 
Now it follows from Theorem 4.1 Chee 4.2) that for gj € %_)(R") (9 € 
as (IR")) there exists a unique solution u(t,x) € C7[R+4;%_p(R")] (u(t,x) € 


CRY Gp! (IR”)]) of boundary value problem (4.67)-(4.69). In particular, if 


(x) = 0 (zero levels), then u(t,x) = 0 in R“*!. We note that the solution oper- 
ator S;(t,D) is closable up to the class of functions @ € Y’ , such that 


IFo,(E)|<Ce“Ut8l5l, fj =1,...,m. 


where C > 0, € > 0 are some constants. 


4.6.4 On derivatives of harmonic functions 
with a given trace (hyperfunction) 


The space of hyperfunctions, introduced by Mikio Sato [Sat59, Sat60] in 1959, con- 
tains distributions, ultra-distributions, and analytic functionals as subclasses. A hy- 
perfunction on an open set (2 C R" is defined as a boundary values of a pair of holo- 
morphic functions (F., F_) defined on “upper” and “lower” tubular neighborhoods 
D+ C C" of Q. In the theory of hyperfunctions it is well known [Sat59, SKK73] 
that hyperfunctions can be represented as boundary values of harmonic functions. 
In particular, for any hyperfunction h(x) there exists a defining harmonic function 
u(t,x) defined on (0,7) x R”, such that u(t,x) > A(x), as t > 0+, in a suitable 
inductive topology. 

Here we consider the problem of existence of a function u(t,x), harmonic in 
R"*!, whose derivative of order a € No tends to a given trace @ € ee g(R") ina 
certain topology. We note that in two cases, namely if 0 ¢ G or = 0, it follows from 
Theorem 4.4 (in the case of p = q = 2) that for any p € ¥ G(R") there exists a 
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harmonic function u(t,x), such that D?u(t,x) > @(x) as t > 0+ in Yes (R"). 
Below we assume that 0 € G and a €N, the cases which are not covered by 
Theorem 4.4. The case of arbitrary real @& > 0 will be discussed in Chapter 5. 


Definition 4.3. Denote by Hg (G), B > —5 + @, the class of functions @ € ‘%,c(R"), 
such that for any € € (0,€), 0 < € < 1, the estimate 


EI PIFIG(E)| <c<e, lél<e, 


holds in the €-neighborhood of the origin. Evidently, if 8; > By > a —n/2, then 
Ap, (G) C Hg, (G). We introduce the space Z7 (G) as an inductive limit of Hg (G) as 
B > (a@—n/2) from the right, ie. 


Zi(G)=ind lim  4Hg(G). 
a(@) B\(—n/2-+01) (G) 


Let Hg(—G) be the space, conjugate to Hg(G). Then, it follows from Proposi- 
tion 1.23 that the topological dual to Z¢ (G) is the projective limit 


Za(-G)=pr lim Aa (—-G). 
a(-G)=pr, lim, | Hj(—6) 


Since Zi (G) @ ¥%,p(R"), then the topological inclusion Y' >(R") + Zy(—G) is 
valid. 


Lemma 4.1. The pseudo-differential operator P(a;t,D) with the symbol 
p(oe;t,5) = (exp(—t|§| — imer))/6|* (4.70) 
for any fixed t > 0, is continuous as the mapping 
P(a;t,D) :Z,(G) > %2(R"). 


Proof. Let p € Zz (G), i.e., there is the By > —4 +a such that |E|~o|F[@](E)| <C 
for || < €, where € > 0. It follows that the Fourier transform F[P(a;t, D)@(x)|(€) 
has the asymptotic behavior O(|& |Po~%) as |E | + 0. Since a — By < 4, then we have 
F[P(a;t,D)@] € Ly (Rz). Hence, due to Parseval’s equality, P(a;t,D)@ € Ly(R%). 
Moreover, it is obvious that 


supp F [P(a;t,D)@] C supp F [9] € G. (4.71) 


Thus, P(a;t,D)o € Y%2(R"). Further, let the sequence gy € Zi (G), = 1,2,..., 
converge to zero in the topology of Z{(G). This means that there are a general 
compact Ko C G, anumber Bp > n/2— a, and a number & € (0,1), such that 


1. supp @ C Ko for all = 1,2,..., 
2. |E|-Po|F@(E)| < C provided |E| < € < g, and 
3. ||@e||L, +0 as 2 &, 
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It follows from (4.71) that supp F [P(a;t,D)@~] C Ko for all ¢ > 1. Further, since 
2(o — Bo) <n, one has the estimate 


1 e(-tl6|-ima) 
|P(ast,D) gelLall’ = Gall Ee Fl@¢|Lol| 
dé 
<C fumes t Kelle? (4.72) 


where C > 0, Ke > 0 are positive constants. Now suppose that 6 is an arbitrary 
preassigned positive number. Choosing € small enough so that the first term on the 
right-hand side of (4.72) is less than 6/2, and @ large enough so that the second 
term is less than 6/2, we obtain that P(a@;t,D)@, — 0 as @ — , in the topology of 
YG 2(R”). 


By duality we immediately obtain the following statement. 


Lemma 4.2. A pseudo-differential operator P(a;t,D) with the symbol in (4.70) is 
continuous for every fixed t as the mapping 


P(a;t,D) : ¥ g(R") > Zg (-G). 


Lemma 4.3. Let p(x) € Z(G). Then there exists a harmonic function u(t,x) such 
that 
Jim Deu(t.x) = 9) 


in the topology of ¥G2(R"). 


Proof. Suppose that the harmonic function u(t,x) solves the boundary value 
problem 


(D? + A)u(t,x) =0,t € (0,T),x ER", 
Du(0,x) = p(x), |u(T,x)| <2, xe R", 


where D, = 0/dt and A is the Laplace’s operator. One can then easily verify 
(see also the proof of Theorem 4.7) that u(t,x) = P(a;t,D)@. Due to Lemma 4.1 
u(t,x) € %G2(R”) for every fixed t € (0,7). Moreover, its derivative D?u(t,x) = 
P(0;t,D)@(x) represents the Poisson’s integral for @(x). It follows from this fact 
that lim,_,+9 D?u(t,x) = @(x) in the topology of ¥%2(R"). 


Theorem 4.9. Let h(x) € es (R"). Then there exists a harmonic function u(t,x) 
such that lim,_,49 Dfu(t,x) = h(x) in the topology of Zz (—G). 


Proof. By duality, u(t,x) = P(o;t,—D)h(x) is harmonic in the weak sense in 
(0,7) x R”. In accordance with the Weyl’s lemma [Shu78] it is an ordinary har- 
monic function. Moreover, it follows from Lemma 4.2 that it is as an element of the 
space Z, (—G) for any fixed r. Let v be an arbitrary function in Zi (G). One has 
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< DP u(t,x) — h(x), v(x) >=< h(x), [DP P(a;t,D) —I]v(x) >. 


Now Lemma 4.3 implies that D@u(t,x) + h(x) as t > +0. 


4.6.5 Boundary values of harmonic functions 


We have seen above that y-distributions Me oe (R”) are boundary values of harmonic 
functions in a special topology. Continuing the discussion on boundary values of 
harmonic functions, we note that Gorbachuk [G84] found the necessary and suffi- 
cient conditions for boundary values of harmonic functions to belong to the Sobolev 
spaces W;(IR”) for arbitrary s € R. Below we will study boundary values of har- 
monic functions in spaces B},(IR") (or F3,(IR")) for arbitrary s € R and 1 <q <~, 
generalizing the results of [G84]. 


Theorem 4.10. A harmonic on (0,T) x R" function, u(t,x) has boundary values as 
t — +0 belonging to the space Bs ,(R"), s > 0, if and only if the estimate 


sup |lu(t,x)|Byy|| <C <= (4.73) 
O<t<e 
holds for some € > 0. 


Proof. The necessity of condition (4.73) is the particular case of Theorem 4.7, 
corresponding to the case of a& = 0 and p = 2. Suppose condition (4.73) is fulfilled. 
The sufficiency of this condition follows from the following estimate 


°° 


C > llu(e,x)1B5gll? = Y 21 F-' [pe **1F (0,x)]] [Lall? 


j=o 


> CY 2(1F | oF [u(0,)]] Lal" 
j=0 
= C\lu(0,x)|B3,I|" (4.74) 


Here we used the inequality e~’ IS! < 1 on the support of each @ and the Parseval’s 
equality. 


Theorem 4.11. A harmonic in (0,T) x R" function u(t,x) has boundary values as 
t —+ +0 belonging to By;(R"), s > 0, ifand only if the estimate 


E 
[et nte.2) Ry lMdt <0 << (4.75) 


holds for some € > 0. 
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Proof. Necessity. Suppose for the harmonic function u(t,x) its limit u(0,x) as t > 
0+ in the norm of B,7(IR") exists and belongs to B;7(R"). Then, as we have seen 


above, 
u(t,x) = P(0;t,D)u(0,2), 


where the operator P(0;t,D) has the symbol P(0;1,€) = e~‘!5!. Let a collection 
{9;(§)}o define the norm of the Besov space By, 7 (R") in accordance with (1.88). 


Recall that supp g; C {2/~! < || < 2/*1}. Further, for € € supp 9; the inequality 
ett < etl < e12" (4.76) 


holds for the symbol P(0;t,6). Therefore, using the right inequality in (4.76) and 
the Parseval’s equality, one has 


- s—1 ) sf s—1 — 22] —t|é| q 
[ee Miue,x)\Bgltae = [eS LF [oe Flw(0.2)]] |] 
j=0 
Sp. od 
<cy (fer te 2 ar) IF oyFlu(0,x)))lEal". 4.77 
j=0 


Now consider the function 


ae 1 
u(A) = | le Mg, > 5. (4.78) 
0 
The substitution At = T in this integral yields the estimate 
u(a)=a-® i: tl etdt <P (qs)a-®, (4.79) 
0 


where I"(-) is the Euler’s gamma function. Using the latter estimate with A = q2/*! 
in inequality (4.77), one obtains 


€ ia : 
| 1°" ||u(t,x)|Boq||fdt < CY 2-4 F! [oF [u(0,x)]] [Lal 
0 4 
j=0 


= Cllu(0,x)|By7 It <-, 
proving (4.75). 
Sufficiency. Assume that (4.75) holds for some € > 0. We need to show that 


u(0,x) € B57 (R"). Using the left inequality in (4.76) and the Parseval’s equality, we 
have 


E & 5 — 
[er ete ayiBdalitae = fo [F* [ get (w(0,2)]] Ia 
0 . j-0 


— (fF j-l, o 
2ey(/ le ae ‘ddt) ||F '[ojF [u(0,x)]] |Le||*- (4.80) 
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Further, replacing J by its lowest value 1/2 in the upper integration endpoint in the 
integral in (4.79), we have (A) > C-A~#. Now using this estimate with A = g2/~! 
in inequality (4.80), we obtain 


€ it : 
co > | 14" |u(t,x)|BS,||4dt >C; :3 2-8/4 Fo [9)F [u(0,x)]] |La||" 
0 j=0 
= C¢||u(0,x)|Ba4 I", 


which shows that u(0,x) € By7(R"). 


4.7 Duhamel principle for differential-operator equations 


Recall that in Section 2.8 of Chapter 2 we introduced the space of exponential ele- 
ments Expy, G(X) and its dual Exp ys Ge (X*), where X is a reflexive Banach space 
and A is a closed operator with a dense domain Y(A) C X, and defined operators 
of the form f(A) with symbols f analytic in a domain G. Using this construction 
one can study abstract boundary value problems for differential operator equations 
of the form 


d m—1 
L(t, Ault) =u (1) + Y felt AO) =hG), 1€(T.%), 481) 
k=0 
m—1 ; 
By(A)[u] = S) ba (A)u (tej) = ye, R= 1. (4.82) 
j=0 
where h(t) and y,,k = 1,...,m, are given elements. Boundary value problem 


(4.81)-(4.82) generalizes problem (4.3)-(4.4) for ’DOSSs considered above to 
the case of abstract differential-operator equations. The next section (Section 4.8) 
presents generalizations of the results obtained for ’DOSSs to the abstract case of 
boundary value problem (4.81)-(4.82). In this section we will discuss the Duhamel 
principle for abstract Cauchy problem for differential-operator equations. 

Consider the Cauchy problem 


m—1 
w™ (t+ SY fe(Au(t) =A(t), 1 >0, (4.83) 
k=0 
u)(0) = Q, k=0,...,m—1. (4.84) 


The Duhamel principle establishes a connection between the solutions of the Cauchy 
problem for nonhomogeneous equation (4.83) with the homogeneous initial 
conditions 

u)(0)=0, k=0,...,m—1, (4.85) 
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and the Cauchy problem for the corresponding homogeneous equation 


o"U m—1 Nal 

Bm b+ DAA GEG =0 t>4, (4.86) 
atu 

Spr (i h=arto =0, k=0,...,m—2, (4.87) 
a” lU 

Fpmat (fT) l=e40 = A(t). (4.88) 


Note that if h(t) is a continuous Exp, ¢(X)-valued (Exp4+¢: (X*)-valued) func- 
tion then the solution of (4.86)-(4.88) is an m times differentiable Expy, g(X)- 


valued (Expy CG (X*)-valued) function (see [Uma98]). Taking this fact into account, 
in the following theorem we assume that the vector-functions h(t) and U(t,t) are 
Expy, g(X)-, or Exh ye cs (X*)-valued, h(t) is continuous, U(t,T) is m times differ- 
z aruies) ,O<j<k—1,are 


jointly continuous in the topology of Exp, (X), or of ee aes (X*), respectively. 


entiable with respect to the variable r, and the derivatives 


Lemma 4.4. Suppose v(t,t) is a X-valued function defined for all t => t = 0, 
d/v(t,T) 
ot! 


the derivatives 


ak O*v(t,T) ely (0, t: ;X) for allt > 0. Let u(t ) = is v(t, T)dT. Then 


otk 
dk k-1 di gk-l- J 
Teele) = > al l5qers7” F v(t, T) = l+fs ae (t, t)d (4.89) 


,0< j < k—1, are jointly continuous in the X-norm, and 


Proof. For a fixed t > 0 and small h one can easily verify that 


u(t+h)—u(t) 1, sith _ . 
( 7: v(t-th,t)dt : (t,1)dt) 


h h 
1 sith 'y(t+h,t)—v(t,T 
= _ | veth,cac+ | v( pm dan. (4.90) 
h t 0 h 
Due to the continuity and differentiability conditions of the lemma, in the X-norm 
we have 


1 t+h 1 t+h 
i;/ (eh, ride—v(t,NIlx =z f [v(t-+h, t)d — v(t,1)]d tl 
t t 
< sup |lv(t+A,t)—v(t,t)||x =o(h), h- 0, (4.91) 
t<T<t+h 
t h a t t 
yf NE) ye [eatin = o1m), h-+0. (4.92) 
0 h 0 Ot 


Now, letting h — 0, estimates (4.91), (4.92) and equation (4.90) imply the formula 

d to 

fae i Sv(t,t)dt. (4.93) 
0 


Formula (4.89) follows from (4.93) by repeated differentiation. 
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In the general case of abstract differential-operator equations the Duhamel 
principle is formulated as follows. 


Theorem 4.12. Let U(t,t) bea solution of the Cauchy problem (4.86)-(4.88). Then 
a solution of the Cauchy problem (4.83), (4.85) is represented via Duhamel’s inte- 
gral 


= [ U(t, t)dt. (4.94) 


Proof. Let u(t) be as defined by (4.94). Obviously u(0) = 0. Further, for the first 
order derivative of u(t), using (4.89) in the case k = 1, one has 


iat n+ fo (t,T)d 
a Ot 


By virtue of (4.87) (k = 0) the latter implies that ie (0) = 0. Further, differentiating 
k times, 
d‘u it lame 6) oe or 
dtk\*— gtk-1 &” 0 ork 
which due to condition (4.87) implies that du (0) =0, k=2,...,m—1. Therefore, 


the function u(t) in (4.94) satisfies initial conditions (4.85). Moreover, substitut- 
ing (4.94) to (4.83), and taking into account (4.88), we have 


u(t) + Y felAu (0) 
k=0 
m—1 
= im f, Utes SHA X fownar 
alu ta™u m—1 t aku 
~ “ogi (4,) + orm (t,t)dt + 2 f(A) aye ee 


m-1 


om ro + S fla) Teo] aH, 


oe LS 


Hence, u(t) in (4.94) satisfies equation (4.83) as well. 


Remark 4.7. In Chapters 5 and 6 we will discuss fractional generalizations of the 
Duhamel principle for a wide class of fractional and distributed order differential 
equations. 


200 4 Boundary value problems for pseudo-differential equations with singular symbols 


4.8 Well posedness of general boundary value problems 
for differential-operator equations 


In this section we prove an abstract analog of Theorems 4.3 and 4.5. On the base of 

these results we consider broad class of boundary value problems (see § 6). 
Consider the following nonlocal boundary value problem for differential operator 

equations 


m—1 

u™ (t)+ YS ag(t,Alu(t) =0, te (,D), (4.95) 
k=0 

py byj(A)u (tej) =e, K=1,...,m, (4.96) 


where the a;(t,A), k=0,...,m—1, and the bgj(A), k,j7+1=1,...,m, are oper- 
ators defined in the sense of (2.95), Section 2.8, by functions a;(t,A) and b;;(A), 
analytic in G; tej € ae , T,]. Assume that the operator A commutes with £ 

Let {Uo(t,A),...,Um—1(t,2)} be a fundamental system of solutions io ‘the char- 
acteristic equation 


corresponding to equation (4.95), and satisfying the Cauchy conditions 
k : 
u(0) = 5), j,k=0,...,m—L. 
Further, introduce the set 
M={A€EC:detM(A) =0} CC, (4.97) 


where M(A) is the m x m matrix with entries 
My = Yu Naan), k,l=0,...,m—1. 


We also introduce a vector-function U*(t,A) = (ug(t,2),...,uz,_,(t,4)) defined as 


“m—1 
U*(t,A) = (M*(A))'U(t,x), (4.98) 
where M* is the Hermitian adjoint of the matrix M(A), and U(t,/) is the vector- 


function with components ug(t,A),...,Um—1(t,A). 


Theorem 4.13. Let yx € Exps.g(X) and M(\G = 9, where M is defined in (4.97). 
Then there exists a unique solution u(t) of the problem (4.95)-(4.96) in the space 
Cc") |(T,, Ts); Exp, g(X)], and for the solution the representation 
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u(t) = DY uetA)ye, (4.99) 
k=1 


holds. Here uj(t,A), k =0,...,m— 1, are operators with the corresponding symbols 
ux(t,A), k-th component of the vector-function U*(t,A) in (4.98). 


Proof. We set 


w(t) = uj(t,A)yj = Yuva Gavin Fethanth, 
AEG 


where y, ; € Expay,(X), vV<R(A). By substituting w;(r) to (4.95) and taking into 
account the equality 


wi) ( =i Un t A) WA js 
AEG 
we have 
m—1 
wl (1) + Y a(t, Aw =S{y <i [us “4 A) 
k=0 AEG n= 
m—1 
4 Dy a(t, Aus (1, A)| (A—AD)"}y,; =0, (4.100) 


because the expression in the square brackets in (4.100) vanishes. Similarly, one can 
verify that the solution u(t) defined in (4.99) satisfies boundary conditions (4.96), 
as well. 


Remark 4.8. If one changes the operators a;,(t,A) and b;;(A) in (4.95)-(4.96) to 
their weak extensions, then the similar assertion is valid in the dual space. Namely, 
for any yz € Exp ys Ge (X*), k=1,...,m, under the condition MN G = @, there 


exists a unique weak solution in the space C”) [(7), Ty); Exp'y« G«(X*)]. In this case 
in representation (4.99) the operators uj; (t,A) also change to their weak extensions. 


In the next theorem we assume that for A the space Exp,(X) is dense in X and 
&, >0,k=0,...,m,s;>0,7=1,...,m 


Theorem 4.14. Let the set M does not contain unremovable singularities of the 
vector-function U*(t,A). Moreover, let for |A| > L, A € o(A), L > 0, the estimate 


ok 
sei A) SCI, f= l,...m, k=0,....mte [hh], C>0, 


holds. Then for any yj € D(A*%/), j =1,...,m, there exists a unique solution 
u(t) € C™ (TM, T);D(A)], u(t) € C9 [(T, , Ta); D(A%)], k = 1,...,m, of the 
problem (4.95)-(4.96), for which the estimate 
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ly 
m 


max (> > A%u® (t)|X|])] <c¥ ¥ At IX, C>0, (4.101) 


te[T Tr) j=lq=0 


holds. 


Proof. We sketch the proof, since it is similar to the proof of Theorem 4.5. We first 
assume that yj € Exp4.c(X). Then, due to Theorem 4.13 there exists a unique solu- 
tion u(t) in the form (4.99) through the solution operators uj(t,A), kK =0,...,m—1. 
Further, if uw; (t,4) satisfies the condition of the theorem, then due to denseness of 
Expa,c(X) in X, there exists a unique closure f#; to the space D(A**) of the operator 
u;(t,A), and consequently, estimate (4.101) holds. In conclusion we note that the 
construction of the closure U*(t,A) is standard. 


Remark 4.9. 1. If €< 0 and s; < 0 for certain j € {1,...,m}, then one can show 
that the estimate 


SAHA | yy V8 | 
A) SgegllAtelX| 240.52) ACRIXT| 


holds. Here i#.(t,A) is the closed restriction of u;"(t,A) which is the weak 
extension of ui a(t, A). Taking this into account we can conclude that Theo- 
rem 4.14 remains valid in this case also, however with appropriate understanding 
of estimate (4.101). 

. If A is defined in a Hilbert space and self-adjoint, then one can show that the con- 
dition of the theorem is also necessary for well posedness of the problem (4.95)— 
(4.96). This statement extends for arbitrary spectral operators of the scalar type, 
in particular, for normal operators. 


N 


As an application of Theorems 4.13 and 4.14 let us consider two examples: the 
general boundary value problem in the space of periodic functions and a differential- 
operator equation with a self-adjoint elliptic operator. 


Example 4.1. 1. The first application is to the theory of periodic boundary value 
problems. In other words, x set X = L2(T”), where T” is the n-dimensional 
torus, and A = (Go wag we ). Consider the following general boundary value 


problem for a fiemoceticous pseudo- -differential equation on T” : 


Ou m—1 ku 


al x A,(t,D)— aa =O; 2(%,G),xeT" (4.102) 
mal Osu(ty;,x 

B(u)= > by(D) ee) =@,(x), k=0,...,m—1, (4.103) 
j=0 


where t;; € [T,,T2),m > 1;D=(D,...,Dn),Dj = ig, ; the operators A;(t, D) 


and b,;(D) are defined in Section 2.6, and @(x) are given periodic functions 
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in certain spaces indicated below. Recall that the spaces W..,° of periodic test 
functions and functionals, as well as Sobolev spaces W*(T”) were introduced in 
Section 2.6. 


Theorem 4.15. a. Let Qj, € Won, k = 1,...,m. Then there exists a unique func- 
tion u(t,x) € C"|[T, , To; Wen] that satisfies problem (4.102)(4.103) pointwise. 
Moreover, for the solution u(t,x) the following representation holds: 


m—1 


= > Sk(t,D) P(X), 


k=0 


where S,(t,D) is a pseudo-differential operator with the symbol sx(t,m),m € 
Z" , defined in (4.30). 

b. Suppose there exist a unique weak solution u(t,x) € C"|(T),To);Wan | of 
problem (4.102)-(4.103), such that for all w € Wen and allt € (1,7): 


my m—1 oku 
< FV > +L < Gps z(t, -D)w >= 0, 
m—1 oi (t, 
<Bwv>=% < MO (—D)y) >=< ola), la) >- 


c. Let = (£o,...,£m—1), 5 = (S0,51,-++;5m_1) € R™. Let symbols s;(t,A), k = 
0,...,m—1, satisfy the conditions 


|s4(t,m)| <C(1 + |m|2)"2*, me Z", 


Then problem (4.102)(4.103) is (@,5)-well posed in the scale of Sobolev 
spaces W;(T”). 


. As the second application consider the following example. Let Q C R” be a 
bounded domain with a smooth boundary S = dQ. Let A = A(x,D) be an el- 
liptic self-adjoint operator of order 2m of the form 


> dg (x)D"%, 
|a|<2m 


— om 
where d(x) are smooth functions on Q. The domain D(A) = W3""(Q)NW3 (Q). 
Consider the boundary value problem 


k 
ruts) +A(x,D)u(t,x) =0, t€ (0,7), x€Q, (4.104) 
O/u(t,x) 

ons oo J = 0,. mM — 1, rE ), (4.105) 
u(0, Jontisi= ee. «EO; (4.106) 
OS) =i), xEQ, (4.107) 


ot 
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where T is a positive number, T > 1; n is the normal to S , w is a complex 
parameter, k = | or k = 2. If k= 1, then the condition (4.107) has to be removed. 
We introduce the space 


S __ yy72sm (2s—1)m . oF k | = 
We =W; (Q)n{ue wy (2): 55 oAlu| = 0, 


b= 60,8—'1, j=0,....m—1}, 


with the norm induced from wm (Q). In order to apply Theorem 4.14 to this 


problem one should reduce it to the differential-operator form. We assume that 
A=A(x,D) and X = {g € D(A): oot) = 0, j=0,...,m—1}. Then one can 
easily calculate symbols of solution operators. Namely, 


(i) if k = 1, then 


s(t,a) =e (1—pe*)!, A € o(A) C [0,0); 


(ii) if k = 2, then 
s(t,A) =costVA(1—cosVA)7}, 
sintVA + usin V/A(1—t) 
52(t,A) = ; 
uvA(1—pcosVA) 
Let k = 1. It is obvious that if yu € [1,0°), then there exists the A, € R1. (since 
o(A) CR}, it is sufficient to consider only A € R}.), namely the A. = Inu, 


which is an unremovable singular point of s(t,A). Thus, we have the following 
assertion. 


Proposition 4.2. (The case k = 1) Let u € C! \[1,-). Then for any Qo € W* there 
exists a unique solution u(t,x) of (4.104)-(4.106) belonging to C[[0,-°);W’*]. 
Moreover, the estimate 


sup lake) iW2.(6)| <C|lGo|W3(2)|], C>0, 
ta 


holds. 


For k = 2, if uw € (—ee,-1] U[1,°e), then s;(t,A), j = 1,2, have no unremovable 
singularities. Moreover, it is easy to verify that the symbols satisfy the following 
estimates: |s1|<C, |s1|<C(1+A)!/7, |so] <C(1+4)~!/?, |s2| < C. Therefore, 
it follows from Theorem (4.14) the following statement. 


Proposition 4.3. (The case k = 2) Let u € C! \ [(—092, —1] U[1,°9)]. Then for any 
Qo € W® and g, € W*"! there exists a unique solution u(t,x) € C[(0,T);W*]N 
C'[(0,T);W*—!] of (4.104)-(4.107) and the estimate 
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sup (lu(¢,x)|W3(2)]| + ljur(e,x)|Wy"(Q)||) 
tE(0,T) 


<C(|0|3(2)|| + llo|ws-?"(Q)|1) 


holds. 


4.9 Additional notes 


1. General well-posedness conditions. The well-posedness condition for general boundary value 
problems for differential and pseudo-differential equations was a focus of many researchers. 
There is a rich literature on this topic; see, e.g., [Pet96, Hor83, ADN69, Tre80, Gar98]. From 
the general results we mention Petrovsky’s “A-condition” (1945-48) [Pet96] for the well posed- 
ness of the Cauchy problem for higher order hyperbolic equations and for 2b-parabolic equa- 
tions. The Shapiro-Lopatinskii condition (1953) [Sha53, Lop53] provides the well-posedness 
condition of general boundary value problems for elliptic equations. Assuming the equations 
and boundary conditions have coefficients not depending on x, these conditions are given in 
terms of roots of characteristic equations and, in essence, eliminate strong singularities aris- 
ing in solution formulas. The boundary value problems in (4.3)-(4.4), in general, represent 
multi-point nonlocal boundary value problems for general pseudo-differential equations (with 
DOSS coefficients), the type of which is not specified. Therefore, Theorem 4.5 generalizes 
both cases. 


Indeed, if by j(€) = 5jx, where 5j, is the Kronecker symbol, and t; = to, then conditions (4.4) 
become the Cauchy conditions. In this case the condition of the well-posedness theorem (The- 
orem 4.5) essentially represents Petrovsky’s “A-condition.” Indeed, the latter declares the equa- 
tion is hyperbolic, if R(A;(€)) <C, where ;(€) are roots of the characteristic equation. For 
instance, for the Laplace equation R(A;(€)) = +|€|, j = 1,2, which does not satisfy the 
“A-condition,” and hence is not hyperbolic. Similarly, for the heat equation R(A(E)) = |E/*. 
However, for the wave equation K(A;(€)) = 0, j = 1,2, and hence it is hyperbolic. Now if 
one applies Theorem 4.5 to the Cauchy problem for an equation hyperbolic in the sense of 
Petrovsky, then 


1) the set M consist of only 0, so Go = R” \ M is dense in IR”, thereby getting well posedness 
in YG,» (R”); and 

2) the symbols of solution operators have the form s;(t,€) =h;(€)e’ 4i(5) with functions h (6) 
of polynomial growth, and hence the conditions in (4.50) are verified with some ¢ and s;, 
thereby obtaining boundedness of solution operators in Sobolev spaces. 


These imply the well posedness of the Cauchy problem for hyperbolic equations in appropriate 
Sobolev spaces. Schwartz [Sch51] showed that the “A-condition” is necessary and sufficient 
for the well posedness of the Cauchy problem for equations with coefficients depending on ft 
smoothly in the space of tempered distributions. 

What concerns elliptic (local) boundary value problems the condition of Theorem (4.5) es- 
sentially represents the Shapiro-Lopatinskii condition. We note that any elliptic equation nec- 
essarily is of even order, that is m = 2p. Moreover, the characteristic equation of an elliptic 
equation has p roots with positive imaginary parts, and p roots with negative imaginary parts. 
This implies that the number of boundary conditions is p. Under these assumptions, if one 
applies Theorem 4.5, then 


a) M=®, so Go = R", thereby getting well posedness in gn ,(IR"); and 
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b) the symbols of solution operators have exponential decay at infinity, and hence the conditions 
in (4.50) are verified with some ¢; and s;, thereby obtaining boundedness of solution oper- 
ators in Sobolev spaces. 


These imply the well posedness of boundary value problems for elliptic equations, satisfying 
the Shapiro-Lopatinskii condition, in appropriate Sobolev spaces. 

2. General nonlocal boundary value problems. As is was noted above, the boundary value prob- 
lems in (4.3)-(4.4) are general nonlocal boundary value problems for “DOSS equations of 
any type, and therefore, in general, are not well posed in the sense of Hadamard. Singulari- 
ties arising in solution formulas, also called a “small denominators problem,” can be treated 
with the help of Diophantine equations/approximations [Pta84]. The construction and estima- 
tion of Green’s function for Vallee-Poussin boundary value problem, that is with multi-point 
conditions u(t;) = aj, t; € [a,b], for ordinary, or partial differential equations, are studied in 
the papers [Pok68, Tsk94] and for convolution type operators in [Nap82, N12]. Uniqueness 
classes for multi-point nonlocal boundary value problems for differential equations are stud- 
ied in [Bor69, Bor71]. In works [Pta84, FJGO8, Pul99, Zh14] various nonlocal boundary value 
problems, including multi-point and integral ones, and their applications, are studied. Theo- 
rem 4.5 is not valid if p = cc. The main barrier here is non-denseness of %_)(IR") in Besov 
and Lizorkin-Triebel type spaces, if p = co. Saydamatov [Say06, Say07] modified the method 
developed in this chapter to the case p = © and obtained existence results. Nazarova [Naz97] 
studied multi-point boundary value problems generated by a singular Bessel type operators. 

3. Uniqueness of polyharmonic function with given zero levels. The question of uniqueness of 
polyharmonic function of order m, vanishing at m pairwise distinct hypersurfaces $;,j = 
1,...,m, is an important question in many applications, including polyharmonic interpola- 
tion [HK07], wavelet analysis [BRVO5], etc. It is known [HK93] that the uniqueness does not 
hold for the set of arbitrary smooth hypersurfaces Sj. For instance, in the paper [Ata02] in the 
2-D case, the author constructed two curves yj and ~, with y; inside ~, such that there ex- 
ists a nonzero biharmonic inside y~ function u(x,y), which vanishes on both curves j,, 2. In 
the paper [Ede75] of Edenhofer the uniqueness of a polyharmonic function of order m vanish- 
ing at m concentric hyperspheres is proved. As is shown in the paper [HK93], the uniqueness 
holds for m arbitrary (not necessary concentric) hyperspheres as well. Moreover, one of these 
hyperspheres can be replaced by a smooth hypersurface. The more general result is proved in 
[Ren08]: Let yy,..., yw, be nonhyperbolic, sign-changing irreducible polynomials in n variables 
of degree 2. If the polynomial f vanishes on the pairwise different sets {x € R” : y;(x) = 0} 
for j =1,...,k, and A‘ f = 0, then f is identically zero. The result obtained in Section 4.6.3 
represents an analog of the Edenhofer’s result. From this point of view the question, whether 
hyperplanes {t = 4} C R"*! can be replaced by other hyperplanes/hypersurfaces, is a chal- 
lenging open question. 

4. Duhamel principle. The role of the classical “Duhamel principle,” introduced by Jean-Marie- 
Constant Duhamel [Du33] in 1833, is well known. The main idea of this famous principle is 
to reduce the Cauchy problem for a given linear inhomogeneous partial differential equation to 
the Cauchy problem for the corresponding homogeneous equation, which is more simpler to 
handle. The classical Duhamel principle is not directly applicable in the case of fractional dif- 
ferential equations. In Chapters 5 and 6 we establish fractional generalizations of the Duhamel 
principle for wide classes of fractional differential equations and DODEs. 


Chapter 5 


Initial and boundary value problems 
for fractional order differential equations 


5.1 Introduction 


In this chapter we will discuss boundary value problems for fractional order dif- 
ferential and pseudo-differential equations. For methodological clarity we first 
consider in detail the Cauchy problem for pseudo-differential equations of time- 
fractional order B, m—1< B <m, (meEN) 


DB u(t,x) =A(D)u(t,x) +h(t,x), t>0,xER", (5.1) 

k 

uO) — a(x), x€R", k=0,...,m—1, (5.2) 
where A(t,x) and g;, k =0,...,m—1, are given functions in certain spaces de- 


scribed later, D = (D1,...,Dn), Dj = -ie, j=1,...,n, A(D) is a '¥DOSS with a 
J 


symbol A(€) € XS,(G) defined in an open domain G C R", and DP is the fractional 
derivative of order B > 0 in the sense of Caputo-Djrbashian (see Section 3.5) 


Bey __! t FO (a)de 
DEF) = Faw f Garp tO (5.3) 


Then we will focus on general boundary value problems for distributed order differ- 
ential equations 


[a A(B,t,D)DPu(t,x)u(dB) =h(t,x), t>0,xeR", (5.4) 
ie u (th; ; x) 7 
YHylP =e = Q(x), k=0,...,.m—1,xER", (5.5) 


where a € (m—1,m], A(B,t,D) is a family of YDOSSs with symbols A(B,t,€) € 
XS,(G), and pu is a finite measure with supp = [a,b] C (0,a], b > m—1, and 
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I,j(D), k,j =0,...,m— 1, are YDOSSs whose symbols Ij.;(§) € XSp(G), k, j = 
0,...,m—1, %; € [0,T], O< T <, and h(t,x) and Q, k =0,...,m—1, are 
given functions/functionals. Equation (5.4) contains, as a particular case, pseudo- 
differential equations of fractional order 


m—1 
D2 u(t,x) + ¥ Ae(D)DP*u(t,x) +Ao(D)u(t,x) =h(t,x), te (0,7),xER", 
k=l 
(5.6) 
with the highest order %, € (m— 1,m]. In turn, the Cauchy problem (5.1), (5.2) is a 
particular case of boundary value problem (5.6), (5.5). 

For the study of the Cauchy and multi-point boundary value problems we use 
the properties of pseudo-differential operators with singular symbols developed in 
Chapter 2 and the properties of fractional derivatives developed in Chapter 3. In the 
case of Cauchy problem we establish the fractional generalization of the Duhamel 
principle. The fractional Duhamel principle differs from the classic Duhamel prin- 
ciple. As we have seen in Section 4.7, in the case of integer order differential equa- 
tions the Duhamel principle moves the source term /A(t,x) to the initial condition 
for the (m— 1)-th derivative, changing it to ye (t,x) = hA(t,x). In the fractional 
case the updated boundary condition contains a fractional derivative of the source 
function. Namely, the updated initial condition appears in the form ver) (t,x) = 
D"~“h(t,x). This fact will be rigorously proved in Sections 5.5 and 6.4. 

We recall that the Duhamel principle is not valid for multi-point problems. Sec- 
tions 6.2—6.3 discuss general boundary value problems for distributed fractional or- 
der differential equations of the form (5.4)-(5.5). Here we derive a representation 
formula for a solution and study their continuity properties as mappings in appro- 
priate function and distributions spaces. 

Boundary value problems for elliptic operators with boundary conditions involv- 
ing fractional order pseudo-differential operators is a subject of Section 5.7. The 
results obtained there generalize theorems proved in Section 4.5 of the previous 
chapter. These results also allow to study limits of fractional derivatives of harmonic 
functions in certain topologies, leading to a new representations of hyperfunctions 
as boundary values of fractional derivatives of harmonic functions (cf. with Sec- 
tion 4.6.5). Section 6.7 discusses the Cauchy problem for variable order differential 
equations with a piecewise constant order function and some of their applications to 
sub-diffusion processes. 


5.2 Some examples of fractional order differential equations 


To illustrate the Cauchy problem (5.1), (5.2) consider three examples. 


1. Time-fractional differential equation. The first example is the time-fractional 
differential equation 


De u(t,x) = Au(t,x), t>0,xER", a>0, 
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where A is the Laplace operator. The Cauchy problem for this equation represents 
a fractional model of sub-diffusion processes in the case 0 < a < 1, and processes 
intermediate between diffusion and wave propagation in the case 1 < @ < 2. 
In Section 5.4 we prove the relaxation property of the solution in the case 0 < 
a < 1, and the oscillation-relaxation property in the case 1 < @ < 2. 


2. Space-fractional differential equations. The second example is the space- 
fractional equation 


Ou(t,x) 
Ot 
where pe is the operator introduced in Section 3.8 and whose symbol is —|& |B F 


This equation models jump processes (cf. with Example 2.2.0.4 in Chapter 2) 
arising in various applied sciences. We recall that the pseudo-differential operator 


= DP u(t,x), t>0,xER", B>0, 


4 can be represented as the inverse operator to the fractional Riesz potential and 
can be written in the form 


dh 


Dos (x) = n |A|n+B , 


1 (A;,f) (2) 
dni (B) i, 


where A ; is the centered finite difference of an even order / > B with the vector- 
step h € R” and d,,;(B) is the normalizing constant. In the one-dimensional case 
and under the condition 0 < B < 2 this equation describes symmetric Lévy-Feller 
diffusion processes [Fel52]. Approximating random walk models for Lévy-Feller 
diffusion processes were presented by Gorenflo and Mainardi in a series of works 
[GM98-1, GM98-2, GM99]. 


3. Space-time fractional differential equations. The third example is the time- 
and space-fractional differential equation 


Do u(t,x) = Bu(t,x), t>0,xeER”, a,p >0. 


This equation generalizes the equations in the first two examples and models 
sub-diffusive processes accompanying with jumps. With B = 2 we obtain the 
first, with a& = | the second equation. In Section 5.4 we prove the smoothness 
theorem for a solution of the Cauchy problem for this equation in the Sobolev 
spaces H*(IR"), s € R, for all values a € (0,2). 


5.3 The Cauchy problem for fractional order pseudo-differential 
equations 


In this section we will discuss the existence and uniqueness of a solution of Cauchy 
problem (5.1)-(5.2) in the spaces ‘Y, G(R") and Y g F (IR"), and derive a repre- 
sentation of a solution through the solution operators with symbols through the 
Mittag-Leffler function. Since the fractional Duhamel principle is valid for Cauchy 
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problem (5.1)-(5.2) (see Section 5.5), it suffices to consider a homogeneous equa- 
tion, so we will assume that h(¢,x) = 0 in equation (5.1). Thus, consider the Cauchy 
problem 


Db u(t,x) =A(D)u(t,x), t>0,xeR", (5.7) 
a*u(0 
we) = (x), x€R",k=0,...,m—1, (5.8) 


where m—1 < B <m, and pb is the Caputo-Djrbashian fractional derivative, and 
A(D) isa '¥DOSS with the symbol A(€) € XS,(G). The class XS,,(G) in this section 
is either C°S,(G), the class of symbols smooth in G, or class CS,(G) of symbols 
continuous in G. Recall that symbols may have arbitrary type of singularities on the 
boundary of G. Recall also that if A(€) € C”(G), then the corresponding operator 
A(D) is continuous in ¥%_,(IR") (see Section 2.3), and if A(€) € C(G), then A(D) is 
continuous in ¥%(R”) (Section 2.4). 

It should be noted that, for the dual theory, we always assume that the operator 
A(D) on the right-hand side of equation (5.7) is replaced with its weak extension 
A” (D) = A(—D). Namely, 


DP u(t,x) =A(—D)u(t,x), t>0, xe R’, (5.9) 
k 
PH) — oul), x€R", k=0,...,m—1, (5.10) 


First, performing formal manipulations, we get a representation for the solu- 
tion of Cauchy problem (5.7)-(5.8). We note that the solution operators are again 
pseudo-differential operators with symbols from the same class XS,(G). Then we 
study the properties of their symbols and use them to prove existence and unique- 
ness theorems. Applying formally the Fourier transform to equations (5.7) and(5.8), 
we get 


Dea(t,é) =A(E)a,€), t>0, € €G, (5.11) 
ka 
FOS) — (8), E€G,k=0,...,m—1. (5.12) 


This is an initial value problem for an ordinary differential equation of fractional 
order B, that depends on the parameter € € G. This problem is a particular case of 
Example 3.10 (in Section 3.5 of Chapter 3) with A = —A(€) and ag = (&),k = 
0,...,m— 1. Due to formula (3.56), one obtains the representation 


a(t, &) = ¥ "Bg (t@A(E)) bea (E) 
k=1 


for the solution of (5.11)-(5.12). In this formula J*~! is the (k — 1)-st order integra- 
tion operator with the lower limit 0, and Eg(z) is the Mittag-Leffler function; see 
Section 3.4. Introducing the notation 


Bie) aI" BAe"), kala (5.13) 
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and applying the inverse Fourier transform, one obtains the solution of the Cauchy 
problem (5.7)—(5.8) in the form 


m 


u(t,x) = ), Be(B3t,D) x1 (x). (5.14) 
k=l 

Here the pseudo-differential operator B,(B;t,D), k = 1,...,m, has the symbol 

B,(B;t,&) given by (5.13). We call it the k-th solution operator of the Cauchy prob- 

lem (5.7)-(5.8). 


Example 5.1. Let 0 < B <1. Then the symbol of the solution operator B(B;t,D) = 
B,(B;t,D) is B(B;t,¢) = Eg(—A(é )t8). It follows, in the particular case of a fun- 
damental solution, corresponding to the initial condition u(0,x) = @(x) = do(x), 


1 : 
ult) =Ep(-ADYP)B) = I | Ep(-AE We Hag. 5.19) 
Definition 5.1. Let m—1<B<m, mé€N.A function 
u(t,x) € C™ (t > 0;%_ p(R")) NC" Y(t > 0; %_)(R")) 


is called a strong solution of the problem (5.7)—-(5.8), if it satisfies the equation (5.7) 
and the initial conditions (5.8) pointwise. 


Definition 5.2. Let m—1< B <m,mé€N.A function 
u(t,x) €C™ (t > 0;% 6 (R")) NC" Ye >0;¥%¢,(R")) 


is called a weak solution of the problem (5.9)-(5.10), if it satisfies the equation (5.9) 
and the conditions (5.10) in the following sense: for arbitrary v € ‘PG p)(IR") the 
equalities 


< DB u(t,x), v(x) > =<u(t,x),A(D)v(x) >, 1t>0, 
limys4.9 <u (t,x), v(x) > =< @(x),v(x) >, k=0,...,m—1, 


hold. 


To prove existence and uniqueness theorems we need some auxiliary assertions. 
First we introduce some notations. Denote by C‘{t > 0;C(G)] the space of functions 
f(t,6) continuous with respect to € at any fixed ¢ € (0,00), and having continuous 
derivatives up to order £ with respect to t on ¢ > 0 for each fixed &. The similar 
meaning has the space C“[t > 0;C(G)]. Analogously, we denote by C*|t > 0;C(G)| 
the space of functions infinitely differentiable with respect to the variable ¢ in the 
interval t € (0,c). 


212 5 Initial and boundary value problems for fractional order differential equations 


Lemma 5.1. For k = 1,...,m the following assertions are valid: 


(i) B,(B3t,§) € C"* [t > 0;C(G)]; 
(ii) By(B3t,€) € C*[t > 0;C(G)]. 


Proof. The symbol B)(B;t,¢6) = Eg(—A(& )t®) is a composition of the Mittag- 
Leffler function Eg(z), which is an entire function, and of the function y(é,t) = 
—A(E)t8. The continuity of A(é) implies that for every fixed ¢ > 0 the function 
B,(B;t,€) is also continuous in the domain G. Moreover, the function @(t) = 1? 
is infinitely often differentiable at any point t > 0. Hence, By(B;1,6) € C*[t > 
0;C(G)]. For m—1 < B < mit is easy to check that @(t) =? has all derivatives 
up to order m— 1, which are continuous up to t = +0. This implies B)(B;t,6) € 
C”—lt > 0;C(G)]. Further, we have (J‘~! acting with respect to the variable r) 


By(B5t,§) = J*'Ep(A(E)e") = 1B, (B51, 8). 


This function is m+ k— 2 times differentiable with respect to t for a fixed € due to 
the fact that the integration operator J‘! increases the order of differentiability of 
B,(B;t,€) by k—1. Hence, B,(B;t,E) € C"***|[t > 0;C(G)]. 


Lemma 5.2. Let m—1 < B <_m. Then the following relations hold: 


(i) 2 PBS) 5 1 at + 0 forall k=1,...,m:; 


or 


(ii) PPuBiA®) _5 0 ast + O for all €=0,...,m—1, k=1,...,m, LA k-L, 


Proof. In accordance with the definition of the solution operators, one has 


a 1B, (B3t, 6) 


ate = Eq(A(E)t®), k=1,...,m. 


This relation and the fact that Eg (0) = 1 obviously implies (i). Now suppose that 


l a 
k—1<£€<m-—1.Itis not difficult to verify that the derivative a Blt) is a linear 
combination of expressions of the type 


Pie (aE), j<e. (5.16) 


Since m— 1 < B <™m, then all the functions in (5.16) tend to zero if t + +0. In the 
case 0 < €< k—1, one has 


tp (p- 
ao i = JEG (A(E)t*) 
. = mf ¢ t)k-© 7B (A(E)tP dt +0 as t > +0. 


Theorem 5.1. Let m—1< B <m,meé Nand 9; €'¥)(R"), j=0,...,m—1. Then 
the Cauchy problem (5.7)-(5.8) has a unique strong solution. This solution is given 
by the representation (5.14). 


5.3 The Cauchy problem for fractional order pseudo-differential equations 213 


Proof. Let 9; € ‘%p(R"), j = 0,...,m—1. By construction each term on the 
right-hand side of (5.14) satisfies (at least formally) the equation (5.7) and, due 
to Lemma 5.2, conditions (5.8). It follows from Lemma 5.1 that for the symbol of 
the k-th solution operator, we have the inclusion 


B,(B3t,€) € C™t* [t > 0;C(G)] NC*[t > 0;C(G)]. 
Theorem 2.1 (or Lemma 2.1 in the case of continuous symbols) yields 
B,(B3t,D) @x_-1(x) € ‘Pep(IR") for every fixed ¢ > 0, 


By(B3t,D)Qy_1(x) € C™*? (t > 0) NC™(t > 0) for every fixed x € R”. 


Hence, 
u(t,x) € C™|t > 0;%_p(R")| NC” |[t > 0;%%.,(R"), 


and u(t,x) is a strong solution of the Cauchy problem (5.7)-(5.8). Its uniqueness fol- 
lows from the representation formula (5.14) and the ¥% ,(IR")-continuity of pseudo- 
differential operators with symbols in CS,,(G). 


Theorem 5.2. Let m—1 <8 <mand 9; € ¥¢,(R"), j =0,...,m—1. Then the 
Cauchy problem (5.9)-(5.10) has a unique weak solution. This solution is given by 


u(t,x) = ¥. By(B;t,—D) x1 (x), (5.17) 
k=1 


where B;,(B;t,—D), k =1,...,m, is the k-th solution operator with the symbol 
By (B if, g ). 

Proof. Let @j € F Gq(R")s j=0,...,m—1. Theorem 2.5 implies that each term on 
the right-hand side of (5.17), namely, u;(t,x) = B,(B;t, —D) @,_1(x),k=1,...,m, is 
a functional in the space ye G, q(R"). Further, to prove the theorem we have to show 
that u, (t,x), K=1,...,m, satisfies the equation (5.9) and initial conditions (5.10) in 
the weak sense. Let v € YG _»(IR”) be an arbitrary function. We have 


< DP uj(t,x) —A(—D)uz(t,x), v(x) > 
=< (D? B,(B:t,—D) —A(—D)B;(B;t, —D)| Q,_1 (x), v(x) > 
= < 9-1(+);[DEBy(B:t,D) —A(D)B,(B:t,D))v(a) >. 
In accordance with the definition of B,(B;t,D), one has DP B,(B:t,D) = A(D)By 


(B;t,D). Hence, u,(x,t) satisfies the equation (5.9) in the weak sense. Moreover, 
Lemma 5.2 implies 


okl 


Byer Bel 050,D) = Oi,0-F, k=1,...,m, £= 1,...,m, 


where I is the identity operator and 6; ¢ is Kronecker’s symbol. This, in turn, yields 
initial conditions (5.10) in the weak sense. 
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Definition 5.3. Denote by BC(t > 0,'%(R”)) the set of functions f (t,x), such that 


1. f(t,x) as a function of x is in the space ‘%(IR”) for every fixed t > 0; 

2. f(t,x) € C[t > 0; %G(R")]; 

3. || f (t,x) |l2 <C for all t € [0,7], where T is an arbitrary (but fixed) positive number 
and C is a constant not depending on f (C may depend on T). 


Similarly, let BC(¢ > 0, Y ¢(R" )) be the set of functions f(t,x) such that 
(a) f (t,x) is in Y (R") for every fixed t > 0; 
(b) f(t,x) € Clr > 0;¥_,(R")]; 
(c) for a fixed T < © the estimate | < f(t,x),v(x) >| <C holds for all t € [0,7] 


and for all v € ¥¢(IR") with a constant C not depending on f (C may depend on 
vand 7). 


Lemma 5.3. Let m—1< B <m. Forallk =1,...,m,and & € K € G there exists a 
positive constant Cg x such that the inequality 


DEB(B3t,€)|<Cpx, t>0, (5.18) 


holds. 
Proof. Using the definition bP f= po Bp J, we have 


DEB (Bit,5) = J" PD"Bi(Bit,§) 
= sr P pny 1B 5 (A(E)tP) =" PD” 1B, (A(E)tP) 


= ry ft ODE Ep (A), 


where D; is differentiation with respect to the variable tT, and Eg(z) is the Mittag- 
Leffler function. It is easy to see that the most irregular case in the latter integral is 
k=1,1.., 

1 
(m—B 
Due to Proposition 3.8, for any fixed € € K € G, we get the asymptotic behavior 
(for A(E) £0) 


DEB (Bit.8) = rom ft" eES AE). 19) 


1 
pm-B 


|yrz_(A(E)e®)| = Of i Fae, 


Therefore, the integral on the right-hand side of (5.19) is absolute integrable and it 
does not exceed the expression 


t (+ 7\m—1-B 
Ip = Cax f en de. 


where Cg x is a positive constant dependent on B and the compact K. Using the 
substitution T = ts in this integral, one has 
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1 
= Cp B(B + 1—m,m—B) = Cp x0 (m—B)I(B +1—m), 


where B(-,-) is Euler’s beta function. Hence, 
[DP Bi (Bst,£)] < Cp xP(B+1—m) <=, 
proving (5.18). 


Theorem 5.3. Let m— 1 < B < mand the conditions of Theorem 5.1 be fulfilled. 
Then the strong solution of the Cauchy problem (5.7)-(5.8) given by (5.14) possesses 
the following properties: 


(a) u(t,x) € C*[t > 0; %(R")]; 
(b) DP u(t,x) € BC|t > 0,%(R")]. 


Proof. Part (a) is an implication of properties of symbols B,(B;t,€),k=1,...,m, of 
the solution operators B,(B;t,D), k = 1,...,m, indicated in Part (ii) of Lemma 5.1. 
Let us prove Part (b) of the theorem. We need only to show condition 3) of Defini- 
tion 5.3. Suppose supp @ C Ky, € G,k =0,...,m— 1. Using the Parseval equality 
and Lemma 5.3, we have 


|Dbu(t.x)ital? < ¥ [ Dea ast.D)ge-(x) Pax 
k=l pn 
=c¥ [ wha(B:.8)P Foal) Pat 
Oe 


m 


<CY Ch x, | Qx-11Lall? <&. 
k=1 


Theorem 5.4. Let m—1 < B < mand the conditions of Theorem 5.2 be fulfilled. 
Then the weak solution of the problem (5.9)-(5.10) given by (5.17) possesses the 
following properties: 


(i) u(t,x) € C(t > 0; (R")]; 
(ii) DP u(t,x) € BC{t > 0,¥,(R")]. 


Proof. Let @ € ‘¥G(R"), k=0,...,m— 1. Again Part (a) is an implication of proper- 
ties of symbols B,(B;t,€), k= 1,...,m, of the solution operators B,(B;t,-—D), k = 
1,...,m, indicated in Part (ii) of Lemma 5.1. We prove Part (ii). Let @ be an arbitrary 
element of Y%(IR”), whose Fourier transform has the support suppF'[o] C K €G. 
We have seen in Section 2.4 that F[@] € H.,),(G) for some s > n/2. We recall that 


for g€ y' ((R") the equality (see equation (1.96)) 


< (x), O(%) > = (20) " < F[gl(S),FI@l(S) > (5.20) 
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holds. This equality shows that F[g] € Hj,.(G) C Lo joc(G), that is F[g] is locally 


square-integrable in G. Moreover, one has the following estimate 


|< 8.g >|= (20) "| < F[g}(S),FI@l(S) > |S CIF [gH (A)INFIO]|A*(K)| 
SC||Flsl|Lo(K)INF [GA °(K)II- (5.21) 


Taking into account relation (5.20) and estimates (5.21) and (5.18), we have 


|< DPu(t,x),0(x) > |< ¥,| <DPB(Bit,—D)x-1(%),0(2) > | 


k=1 


<CY, | < F[DPB(B;t, —D) ox-1], Fo] > | 
k=1 


< C1 5 DP B(Bst,€)F [e-1I|L2(K)|I||F 6] |-*(K)| 
k=1 


= ay sup [Dr Bx(Bit. 6) IF [Ox—1]|Lo(K) || FIG] *(®)| 
=1¢¢€ 


< Cp. ¥, |lF [ox-1]|E2(K)I| IFO) || < &. 
k=1 


5.4 Well posedness of the Cauchy problem in Sobolev spaces 


In this section we extend the results on the existence and uniqueness obtained in the 
previous section to Sobolev spaces. We start with establishing a general result. 

Consider the symbol e( ) = Eg (A(E )t®), where t > 0, E,(-) is the Mittag-Leffler 
function, and A(&) is a continuous symbol defined on a domain G C R". Recall (see 
Remark 3.2 in Section 3.4), that for 0 < B < 2 the Mittag-Leffler function Eg (z) 
has asymptotic behavior ~ exp(z!/8), |z| + ©, if |arg(z)| < Bm/2, and Eg(z) ~ 
1/|z\, |z] + °°, if Ba/2 < |arg(z)| < 2m— Bx/2. Therefore, if the symbol A(€) is 
complex-valued, then e(€) may have an exponential growth when |&| — o», even 
though A(&) has a polynomial growth at infinity. 


Theorem 5.5. Let o, € H*«(R"), k=0,...,m—1, s, € R. Suppose that the estimate 
|Ep(A(E)")| < C(1+ |g)’, O<¢<7, EER" 


holds for any T > 0 and some £ € R. Then there exists a unique solution of the 
Cauchy problem (5.7)-(5.8) in the space 


C"(0<t <T;H(R")|NC™ 10 <t < T;H(R"), 
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where €y = min{so — £,...,5m—1 — €}. This solution is given by the formula 
m _ 
= ¥ Be(Bst,D) -1(x), (5.22) 
k=1 


where B;(B;t,D) is the closure in the Sobolev space H**(R") of the k-th solution 
operator B,(B;t,D),k =0,...,m—1, with the symbol B;,(B;t,&) defined in (5.13). 


Proof. Let @, € H**(IR"), k =0,...,m— 1. We can choose any domain G whose 
complement R” \ G has zero measure. In particular, one can take G = R”. Then due 
to Theorem 1.21 the denseness %(R") = H*«(IR”) holds for each k = 0,...,m—1. 
Hence, for each @, we have an approximating sequence of functions @; vy € YG(R"), 
N =0,1,2,..., such that @y — @, in the topology of Y%(IR”). For fixed N, due 
to Theorem 5.1, there exists a unique solution of the Cauchy problem (5.7)-(5.8) 
(where the initial data g;,, k =0,1...,m—1, are replaced by Qy, kK=0,1...,m—1) 
represented by the formula 


x)= y By(B3t,D) P-1,.n (x). 


k=1 


We recall that By (B;t,6) = Eg(A(é )t), Since this symbol satisfies the estimate 
|B, (B;t,é)| < C(L+|E|)5, 0<t<T, E ER’, it follows from Theorem 2.7 (the 
case q = 2) that there exists a unique continuous closure B}(B;t,D) of the operator 
B,(B;tD), such that B,(B;t,D) : H*°(IR") — H°—*(R") is continuous. Further, it is 
not difficult to verify that if Eg(A(é )t?) satisfies the condition of the theorem then 
its k-th integral with respect to ¢ also satisfies the same condition, namely 


IBe(Bst,6)| < CUL+IE|), OStST, EER". 


Indeed, for k = 2 we have 


1Bo(B:,E)1=| f Bp(ACE)eP) dr] < CE ACE) 
SC(1+|6l)", O<t<T,E ER". 


Therefore, there exists a unique continuous closure B3(B;t,D) : H®! (R”) > H®!~“(R") 
of the operator B2(B;tD). By induction, for each k = 3,...,m—1, there is a 
unique continuous closure B;,(B;t,D) : H°'-!(IR") + H*’*-!—“(IR") of the operator 
B,(B;tD). Thus for the solution u(t,x) we have representation (5.22). The k-th term 
in this representation is an element of H**-!—‘(IR”) for each fixed t € [0,7]. There- 
fore, u(t,x) € H!(R”), where 9 = min{sg — £,...,5—1 — £}. 


Now we apply Theorem 5.5 to the particular case A(D) = Df, where 0 < a <2 
and the operator D§ is defined in Section 3.8. For @ = 2 we assume that A(D) is 
the Laplace operator, that is Df = A. With this convention one can assume that 
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0 <a < 2. We also assume 0 < B < 2. In other words we consider the Cauchy 
problem 


DP u(t,x) =Du(t,x), t>0,xER", (5.23) 
k 
Pu) oy(s), x€R", k=0,...,m—1, (5.24) 


where m = 1| or m = 2. We recall that the operator Df has the symbol —|& F (see 
Theorem 3.4) and acts continuously from H*(R”) to H*~%(R”) (Example 2.2). 

The Cauchy problem (5.23)—(5.24) model sub-diffusion (0 < B < 1) and super- 
diffusion (1 < B < 2) processes with jumps. Therefore, it is convenient to proceed 
these two cases separately, as well as integer values B = 1 and B = 2. 


1. The case 0 < B < 1. Consider the Cauchy problem for the space-time fractional 
equation 


DP u(t,x) =Dfu(t,x), t>0,xER’, (5.25) 
u(0,x) = @(x), xER”. (5.26) 


Then we have only one solution operator, namely, B,({;t,D) whose symbol is 
Bi (B;t,§) = Eg ( —|é (18 ) . The Mittag-Leffler function Eq(—t), t > 0, has the 


asymptotic behavior Eg,(—t) = O(1/t) when t > (see Sections 3.4 and 3.13). 
Using this fact, we obtain 


|Bi(Bst,5)|<CU+|6|)% OSt<T,o ER". (5.27) 


Applying Theorem 5.5 and estimate (5.27) we get the following result: 


Theorem 5.6. Let 0 < B < 1 and @ € H*(R"). Then the Cauchy problem (5.25)- 
(5.26) has a unique solution in the space C*(t > 0;H®+@(R")) OC(t > 0;H°(R")). 
This solution is given by the formula 


u(t,x) = B,(B;t,D)@(x). (5.28) 
Moreover, there exists a positive constant C, such that for the solution the estimate 
u(t, x)|H**|| < CT? || |? | (5.29) 

holds for allt > T. 


Proof. We only need to prove estimate (5.29). Due to Proposition 3.9 in the case 
0<B<landdA =|€|* > 0, we have for the symbol B,(B;t,§) = Eg(—|¢ \“t8) the 
representation (see Proposition 3.9) 


B,(B;t,€) = @ e762? Ke (rd, (5.30) 
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where 
i r8—! sin(Br) 
~ rb +2r8 cos(Br) +1° 


For t > T the representation (5.30) can be rewritten in the form 


Kg(r) 


ro 20 20 
Bi (B3t,6) = eT oort—-TIEIP Ke (rd, 


which gives the estimate! 


2a. 
B 


iBi(Bit,6)< fev Kg(r)dr, t>T. (5.31) 


Notice that the right-hand side of (5.31) represents the Laplace transform of Kg (r) 
evaluated at T|E|2@/P : 


\B1(B:1,8)| < LIKpl(7IEP*/*), 1 >7. 


Moreover, Kp(r) ~ rB-! as r + 0. Therefore, due to Watson’s lemma (Proposi- 


tion 1.10), we obtain for large values of T|& | the following asymptotic relation for 
large T : 


LUKg] (TIEP**) = o( are) rsd. 


This implies 


Bi(Bst.B)< BUTE), 1> 7B eR", 


Using the latter, we obtain 


l]e(t,x) P|? =f. Bi (Bst,E)P71@P + EP) dé 
C2. 
B 5/2 
Boe 
< sFloiwir, +27, 
proving (5.29). 


Corollary 5.1. Under the conditions of Theorem 5.6 for the solution of the Cauchy 
problem (5.25)-(5.26) the following asymptotic relation holds: 


lim |lu(t,x)H°*|| = 0. (5.32) 
t-yoo 


Remark 5.1. If the initial function @(x) > 0 and Jin @(x)dx = 1, then the solution 
u(t,x) > 0 for all t > 0. This fact follows from (5.28) and Bochner’s theorem, since 


' Kg(r) > 0 for all r > 0if0< B <1. 
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F[@](&) is positive definite and Kg(r) > 0, r > 0. Therefore, property (5.32) of the 
solution of the Cauchy problem (5.25)-(5.26) expresses its relaxation property. We 
note also that if s > 5 — a, then it follows from the Sobolev embedding theorem that 
the convergence to zero is uniform for all x € R”. 


2. The case | < B < 2. Consider the Cauchy problem for the space-time fractional 
differential equation 


Dfu(t,x) =Dgu(t,x), t>0,xER", (5.33) 
u(0,x) = p(x), u:(0,x) = wir), «ER. (5.34) 


In this case we have two solution operators, B)(B;t,D) and B2(B;t,D) with 
the symbols By (B;t,§) = Eg(—|¢ \“8) and By(B;t,&) = JEg(—|§ \“t8), respec- 
tively. The symbol B2(f;r,€) has the same asymptotics (5.27) for |G| — °° as 
B,(B;t,¢). 


Theorem 5.7. Let 1 < B < 2, 9 € H*(R"), and y € H*(R"). Then the Cauchy prob- 
lem (5.33)-(5.34) has a unique solution 


u(t,x) € C*[t > 0;A°*@(R")| NC! [t > 0; A(R"). 
This solution is given by the formula 
u(t,x) = Bi (B;t,D) (x) + Bo(B;t, D) w(x). (5.35) 
Moreover, there exists a positive constant C, such that for the solution the estimate 


say < €_ (lott 
S+O ze 
nteanyrtay < oe (1 


+ a) | (5.36) 


holds for allt > T. 


Proof. Again we need only to prove estimate (5.36). Other conclusions of the the- 
orem follow from Theorem 5.5 and estimate (5.27). Due to Proposition 3.9 for the 
symbol B;(B;t,6) = Eg(—|6|%t8) with 1 << B <2 anda = |&|% > 0, the represen- 
tation 


20 20 
sal B 2 cos % 20 
Bi (B3t,€) =| es! : Kg(r)dr+ ze : B cos @: B sin | (5.37) 


holds. One can verify by integration of (5.37) that for the symbol B2(B;1,6) = 
JEg(—|§ \“t8) the following representation 


ess 2a 
Br(Bit,6) =|E[ 2/8 fe M6 Ky (rar 


20/8 2 kt a 
+2E Zl POO aie ig # sin (F)-3| , (5.38) 
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holds, where Kg ,(r) = —r~'Kg(r). Obviously cos(z/B) < 0 for 1 < B < 2, so 
the second terms in representations (5.37) and (5.38) have exponential decay when 
|E| + 0. Therefore, asymptotic behaviors of symbols B)(f;t,€) and B2(B;t,&) are 
determined by the first terms of these representations. Thus, similar to the previous 
case, we use Watson’s lemma to obtain the asymptotics (t > T) 


LRpI(TIEP*®) = O( opeae |. T >> 


and i 
2a/B\ _ 
UKpil(TIé| ) = 0(aeaemps) PD? 
which imply 
Ci 2)\-a n 
BBs os ae+lel)™, t>T7,g eR". 
and 
C2 2\-a n 
IB2(Bst,6)| Sapa til)", 1> 7. CER". 


Taking these estimates into account we have 


Cy ; 
salvia 


Ss: Cc Ss Ss: 
|B: (Bst,D)@|H*** || < pple,  [1B2(B31,D) yl TIS 7 


for all t > T, which imply the estimate (5.36). 


Corollary 5.2. Let the conditions of Theorem 5.7 be verified. Then for the solution 
of the Cauchy problem (5.33)—(5.34) the following asymptotic relation holds: 


llu(t,x)|HT"|| =o(1), ta. (5.39) 


Remark 5.2. The property (5.39) of the solution of the Cauchy problem (5.33)— 
(5.34) expresses its oscillation-relaxation property. Oscillation of the solution is due 
to second terms in presentations (5.37) and (5.38) of the symbols of solution oper- 
ators. We note also that if s > 5 — a, then the convergence to zero holds uniformly 
for all x € R”. 


Apart from non-integer B , for B = 1 and B = 2 we have a pure relaxation and pure 
oscillation, respectively. We formulate the corresponding results without proofs, 
which can easily be obtained analogously to the classical cases. 


3. The case B = 2. First we consider the Cauchy problem for the space-fractional 
equation with the time derivative of second order: 


07 u(t, x) 


ot? 
u(0,x) = @(x), u:(0,x) = w(x), xe R". (5.41) 


=Dfu(t,x), t>0,xER", B>O0, (5.40) 
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It is easy to see that the solution operators have the symbols 


sin(t|& | 
Bu(t.§) = cos(té|"), Bal,g) = “EI 
satisfying the estimates 
1 
By (t,§)| <1, |Bo(t,¢)| < ——, € R” 
Bll BIS ree § 


Theorem 5.8. Let a > 0, 9 € H*(R"), w © H* “(R"). Then the problem (5.40), 
(5.41) has a unique solution in the space 


C{t > 0;H°(R")] NC! [t > 0;A*-%(R")]. 
This solution is given by the formula 
u(t,x) = By (t,D) p(x) + Ba(t,D) y(x). 


4. The case B = 1. The solution operator of the Cauchy problem for the space- 
fractional equation with the time derivative of the first order 


outs) =Dfu(t,x), t>0,xER",a>0, (5.42) 
u(0,x)=@(x), xER’, (5.43) 


has the symbol 
B(jéy=e el, 


and for every / > 0 there exists a positive constant C; such that the estimate 
Bit E<S GU+/6), €¢,R" 
holds. Correspondingly, we arrive at the result: 


Theorem 5.9. Let B > 0 and @ € H*(R"). Then the problem (5.42), (5.43) has a 
unique solution in the space 


C™[t > 0;NserH*(R")|NC|t > 0;H°(R")). 
This solution is given by the formula 
u(t,x) = B,(t,D)@(x). 


Remark 5.3. The technique used above for the Sobolev spaces H*(IR”) remains ap- 
plicable for the general Sobolev spaces H;,(IR”), Besov spaces By,,(IR"), and Triebel- 
Lizorkin spaces F7,(IR") as well, provided 1 < p,q < =. 
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5.5 Fractional Duhamel principle 


In this section we establish a fractional analog of the Duhamel principle, which al- 
lows to extend the results obtained in previous sections to inhomogeneous equation. 
Thus, consider the Cauchy problem for inhomogeneous time-fractional pseudo- 
differential equations 


DP u(t,x) =A(Dy)u(t,x) $h(t,x), t>0,xeR", (5.44) 
Ou i 
Bee (O04) = PEC), xER",k=0,...,m—1, (5.45) 


where B € (m—1,m], m > 1 is an integer; h(t,x) and @,(x), k =0,...,m—1 
are given functions in certain spaces defined later; D, = (Dj,.. Dn) Dj; = 
A 


) 


-i ae j=l,...,n; A(D,) is a pseudo-differential operator with a symbol 
defined in an open domain G C R”. 

In this section we also prove the Duhamel principle for fractional order differen- 
tial equations with the Riemann-Liouville derivative (Subsection 5.5.3). More gen- 
eral case of the Duhamel principle for inhomogeneous distributed order abstract 
differential-operator equations will be discussed in Section 6.4. 

Note that the classical Duhamel principle is not valid for fractional order in- 
homogeneous differential equations. The fractional generalization of the Duhamel 
principle established below can be applied directly to inhomogeneous fractional or- 
der differential equations reducing them to corresponding homogeneous equations. 

Recall the following relationship between the Riemann-Liouville and Caputo- 
Djrbashian fractional derivatives (cf. (3.53) with a = 0): 


m—1 fet 0) 


DP f(t) = DE F(t) +3 ne wey. (5.46) 


Recall also that for the Cauchy problem (5.44), (5.45) in the homogeneous case (i.e., 
for f (t,x) = 0 in equation (5.44)) the following representation formula for a solution 
was obtained in (5.14): 


x) = ¥J1 Bg (08 A(Dz)) 1 (2), (5.47) 
k=1 


where J* is the k-th order integral operator, Ep (t8A(D,)) is a pseudo-differential 


operator with the symbol Eg (t8A(E)) and Eg(z) is the Mittag-Leffler function (see 
Section 3.4). 


Lemma 5.4. For all B € (m—1,m] and y > 0 the relation 
FB gp) = rtp £(4) (5.48) 
holds. 
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Proof. Obviously, the relationship (5.48) is fulfilled, if B =m. Letm—1< B <m. 
Then 0 < m— B < 1. It follows from (5.46) that 


fo) 
r(l—m+B)’ 
Taking into account (5.49) and the definition of the Caputo-Djrbashian fractional 
derivative pe = jB+l-mp (see (3.48)), we have 


7 oe 0) - 

pimp B t)—Jt m pm B f( pit m 

' 0) 
= Bz ¢(¢) 4 —f$O__ By, 
PO+T By yey 
Further, using (3.2) with n = 1, we obtain 
: 0) 

srtmprB ey = sh+7 t)—f(0 +— JO) pry 
The last equation immediately implies (5.48), if we take into account the well- 
known formula J°1 = roan 6>0. 


Corollary 5.10 Assume f(0) =0. Then for all B € (m—1,m] and y> 0 the relation 
PO T= De PFO (5.50) 
holds. 


Proof. We notice that m—B < 1. Now the relation (5.50) immediately follows 
from (5.48) and (5.46). 


5.5.1 Fractional Duhamel principle: the case 0 < B <1 


The following heuristic observation is useful in understanding of the fractional 
Duhamel principle. Assume 0 < f < 1. Consider the Cauchy problem for the non- 
homogeneous fractional heat equation 


DP u(t,x) = kpAu(t,x) +A(t,x), (5.51) 


with the initial condition u(0,x) = 0. Using the notations introduced in Section 4.7, 
the solution is represented as the Duhamel integral 


t 
u(t.x) = [ V(t, T,x)dT, 
0 


where V(t, T,x) is a solution of the Cauchy problem for the corresponding homoge- 
neous equation 
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DEV (t,1,x) =kgAV(t,1,x) =0, t>t, xER’, (5.52) 


with the initial condition V(t, t,x) = H(t,x). Here DP is the Caputo-Djrbashian 
fractional derivative of order B with the initial point t, and H(t,x) is a function re- 
lated to A(t,x) in a certain way. In order to see this relationship between H (t,x) 
and h(t,x), suppose that ¢ is small and the initial temperature is zero. Then ig- 
noring the heat flow during the time interval (0,t), that is kAu ~ O, the tempera- 
ture change is DE u(t,x) ~ hA(t,x), or taking into account pf = J'-BD, we have 
Du(t,x) ~ D',PA(t,x). For small t this implies V(0,0,x) ~ Du(0) ~ Dy PA(0,x). 
Repeating these heuristic calculations for small time interval (t, 7+ €) we obtain the 


relationship H(t,x) ~ pb? h(t,x). Hence, one can expect that the initial condition 
for V(t, T,x) in equation (5.52) has the form 


V(t,t,x),_, =D\ Pa(t,x), 


lr=t 


where (t,x) is the function on the right-hand side of equation (5.51). Below we 
will prove this fact rigorously. 

First we formulate a formal fractional generalization of the Duhamel principle 
and then we discuss applications of this principle in various situations. 


Theorem 5.11. Suppose that V(t,t,x),0<7<t, x €R", is a solution of the Cauchy 
problem for homogeneous equation 


DPV (t,t,x) —A(D,)V(t,t,x) =0, 1>7, x ER", (5.53) 
V(t,7,x) =Dt Pa(t,x), x eR", (5.54) 


where h(t,x) € C'{t > 0;Y(A(Dx))], and satisfies the condition f(0,x) = 0. Then 


v(t,x) = [ V(t,t,x)dt (5.55) 

is a solution of the inhomogeneous Cauchy problem 
DP v(t,x) — A(Dy)v(t,x) = (t,x), (5.56) 
v(0,x) =0. (5.57) 


Proof. Notice that in accordance with (5.47) a solution of the Cauchy problem 
(5.53)-(5.54) is represented in the form 


V(t, t,x) = Eg ((t— t)8A(Dx)) Dt Ph( t,x). (5.58) 


Further, we apply the operator JP to both sides of equation (5.56) and use the relation 
JB DP v(t,x) = v(t,x) — v(0,x), to obtain an integral equation 


v(t,x) — JPA(D,)v(t,x) = JP(t, x). 
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It follows from the general theory of operator equations that a solution of the last 
equation can be represented in the form 


= > pPeBan(p )A(t,x). (5.59) 
n=0 


Further, (5.50) implies that if y= Bn and m = 1, then for arbitrary function g(t) 
satisfying the condition g(0) = 0, the equality J2”+8 g(t) = pBn+ ipl B oy) holds. 
Taking this into account we have 


v8) = YsPmian(D D,)D! PF a(t,x) 


=f $= OPADD pip 
=) 2 . Fea ea 


= i. i eeaticae (5.60) 


Due to equation (5.58) the integrand in (5.60) coincides with V(t, t,x), and we ob- 
tain (5.55). 


Remark 5.4. 1. The series in (5.59) converges, for instance, if h € C'[t > 0; %_»)(R”)]. 
In this case there exist positive numbers C and a, not depending on x and fr, such 
that py(A"(Dx)h) < Ca" pm(h). It follows from (5.59) that 


ene F wei 7)Br+B-1 5. (A"(Dy)h) 
oo (al/Bp)nB+B aca 


where Eg g(z) is the generalized Mittag-Leffler function (see, Section “Addi- 
tional notes” to Chapter 3). This estimate means that the series on the right 
of (5.59) converges in the topology of ¥%_p)(R”). 

. The condition h € C![t > 0;%_p»(R")] for A(t,x) is too strong. In Sections 6.4 
and 6.5 we will prove two fractional generalizations of the Duhamel principle 
for distributed order differential equations, using a different method, weakening 
conditions for h(t,x). We recall (see Proposition 3.10) that the fractional deriva- 
tive Di Pair), 0<8 < lexists ae., if h(t) E AC[O <t < T], where T is a positive 
finite number and AC(0, 7] is the class of absolutely continuous functions. 

. The condition 4(0,x) = 0 in Theorem 3.1 is not essential. If h(t,x) does not 
satisfy this condition, then in the formulation of the theorem the Cauchy condi- 
tion (5.54) has to be replaced by 


N 


1S’) 


V(T,T,x) = D'Fa(t,x), xeER’, 
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where p\6 is the operator of fractional differentiation of order 1 — B in the 
Riemann-Liouville sense. The case B = 1 recovers the classic Duhamel principle. 
Theorem 3.1 coincides with the classic Duhamel principle in the set of functions 
h(t,x) with h(0,x) = 0. 


Theorem 5.12. Let Q(x) € Y%2(R"), h(t,x) € C'[t > 0; %2(R")|, and f(0,x) = 
0. Then the Cauchy problem (5.44)-(5.45) (with 0 < B <1) has a unique solution 


u(t,x) € C'[t > 0; %e2(R")] NC[t > 0; %2(R”)]. 


This solution has the representation 
t 
u(t,x) = Eq(t?A(Dx)) @o(x) + [ Eg((t—t)PA(Dx))Dx Ph(t,x)dt. (5.61) 
0 


Proof. The representation (5.61) is a simple implication of (5.47) and Theorem 5.11. 
The first term in (5.61) was studied in Section 5.3 in detail. Denote by v(t,x) the sec- 
ond term in (5.61). For a fixed t > 0 making use of the semi-norm of ‘Yy we have 


2 -1 2 2 
Py (V(t) = Fy Fv lley = Naw vl, 


= flav P-1f Bplay FDEP ate, B)acPas 


R® 


For 7, (€) there exists a compact set K,, C G such that supp x, (€) C K,. Using the 
Holder inequality we get the estimate 


wee + i a) [ \ep!-6 
Plott) fi awl)? ff Weer 2)Pats Par f [rot Pate, §) Pads 


The function {j |Ep((t — t)BA(E))|?dt is bounded on K,. Consequently, there 
exists a constant C,, > 0, such that 


2 2. : 1-B 2 
POD) SC fi law B)P- ff OE Pa 5) Paeas 
<cy ff lav(@)P RD! Pate, é) Pagar 
=Cy flay )FDI Pate.) I,a7 = Cy fp (DYPn(z.x))de. 


It follows from the condition D!~* h(t,x) € C[t > 0; %2(IR")] that the function 


Py (DF n(z,x)) is continuous with respect to t € (0;r) and fora fixed t >0 and 
some N, the estimate 


PR(v(t,x)) <Cy-t+ sup p2(DtPh(t,x)) <Cy, -t- sup p2, (h(t,x)) 


O0<t<t 0<tT<t 


holds. Hence, for every fixed t € (0;+c°) the function v(t,x) in (5.55) belongs to 
the space ¥@2(R"). The analogous estimate is valid for Zy(t,x). Thus v(t,x) € 
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C'[t > 0; %2(R")] N Ct > 0; %2(R")]. Hence, u(t,x) € Clr > 0; %2(R")] N 


C[t > 0; %2(R”)], as well. The uniqueness of a solution follows from the represen- 
tation formula for a solution of the homogeneous Cauchy problem. 


5.5.2 Fractional Duhamel principle: the case of arbitrary B > 0 


Now we consider the Cauchy problem (5.44)-(5.45) for arbitrary order B satisfying 
m—1<B<m,me€EN. Obviously, in this case 0 <<m—B <1. 


Theorem 5.13. Assume m > 1,m—1< B <™m, and V(t,T,x) is a solution of the 
Cauchy problem for the homogeneous equation 


DPV (t,t,x) —A(D;)V(t,t,x) =0, t>T, xER", (5.62) 


with the Cauchy conditions 


atv 

pe Dhar = 0, k=0,...,m—2, (5.63) 
om-ly 7 
pact (TA) |r = DE ON(T,x), (5.64) 


where h(t,x),t >0,x € R", is a given function as in Theorem 5.11. Then 


v(t,x) = 7 V(t,t,x)dt (5.65) 
is a solution of the Cauchy problem for the inhomogeneous equation 
DP v(t,x) —A(D,)v(t,x) = h(t,x), (5.66) 
with the homogeneous Cauchy conditions 


aky 
otk 


Proof. It follows from the representation formula (5.47) that 


(0,x) =0, k=0,...,m—1. (5.67) 


V(t,t,x) =J""'Eg((t— 1) A(D,)) De? f(t,x) (5.68) 


solves the Cauchy problem for equation (5.62) with the initial conditions (5.63), 
(5.64). Further, apply the operator J! B to both sides of the equation (5.66) and obtain 


m—1 4j,,j 
aH t/vJ (0,x) 


A — JP A(D,)v(t,x) = JPA(t,x). (5.69) 
jo 
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Taking into account the conditions (5.67), we rewrite equation (5.69) in the form 
v(t,x) — JPA(D,)v(t,x) = JPh(t,x). 
A solution of this equation is represented as” 
v(t,x) = ¥ JP" Ba"(D, )h(t,x). 
n=0 


It follows from (5.50) (with y = Bn) that for arbitrary function g(t) satisfying the 
conditions g(0) = 0, one has JP"+B 9(t) = pBn+m(p"-P e(t)). Taking this into ac- 
count, we have 


v(t,x) = ¥ ot yl4"(D,)D” PF a(t,x) 


n=0 
m— GT )Pra"(D x) D" B 
= fy On Mealy 
= [ J” Eg((t—1)8A(Dx))D? PA(t,x)dt. (5.70) 


Comparing (5.68) and (5.70) we obtain (5.65), and hence, the proof of the theorem. 


The condition 4(0,x) = 0 in the theorem is not essential. If this condition is not 
verified, then the formulation of the fractional Duhamel principle takes the following 
form. 


Theorem 5.14. Assume m > 1,m—1< B <™m, and V(t,T,x) is a solution of the 
Cauchy problem for the homogeneous equation (5.62) with the Cauchy conditions 


akv 

SE (Cte =—0,. =U. —2, 
g”—ly i 
ppt 1 T3))iar = DE PA(t,2), 


where h(t,x),t > 0,x € R", is a given function. Then v(t,x) defined in (5.65) is a 
solution of the following Cauchy problem for the inhomogeneous equation 


Remark 5.5. Note that if B =m, then Theorems 5.11 and 5.13 recover the classic 
Duhamel principle discussed in Section 4.7. 


? Regarding the convergence of this series see Remark 5.4. 
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The theorem below generalizes Theorem 5.12 for higher orders B. 


Theorem 5.15. Let m—1 < B < m and ,(x) € Ye2(R"), k = 0,..., m—1, 
h(t,x) € AC[t > 0; ¥(R")], D” 8 n(t,x) € Cit > 0; ¥e2(R")] and f(0,x) = 0. 
Then the Cauchy problem (5.44)-(5.45) has a unique solution. This solution is given 
by the representation 


m 


u(t,x) = YJ 18g (tPA (Dz) Pet (x) 
k=1 
+ [reg (e- t)PA(D,)) Dm Ph(t,x)dt. (5.71) 


Proof. Splitting the Cauchy problem (5.44)-(5.45) into the Cauchy problem for the 
equation (5.44) with the homogeneous initial conditions and the Cauchy problem for 
the homogeneous equation corresponding to (5.44) with the initial conditions (5.45), 
and applying Theorem 5.13 and representation formula (5.47), we obtain (5.71). The 
fact that 


¥ IE (tPA(Dy)) Qe-1 (x) € C™ [t > 05% 2(R")]NC™ Yt > 0; 4% 2(R")] 
k=1 


is proved in Section 5.3. Further, since the m— 1-th derivative with respect to t of 
the last term in (5.71) belongs to AC[[0, 7]; %.2(R”)]°, then the estimation obtained 
in the proof of Theorem 5.12 holds in this case as well. 


Remark 5.6. If h(t,x) does not vanish at tf = 0, then in accordance with Theo- 
rem 5.14, the representation formula (5.71) takes the form 


m 


u(t.x) = ¥ J 1B (tPA (Dx) Oe—1 (%) 
k=1 


+ [ J” 1Ep((t— 1)BA(D,))D™ 8 f(t,x)dt. 


Example 5.2. 1. Let 0 < B < 1 and A(t,x) be a given suitable function satisfying 
f(0,x) = 0. Consider the Cauchy problem for the fractional order heat equation 
with nonzero external force 


DB u(t,x) =Au(t,x) +h(t,x), t>0,xeER", (5.72) 
u(0,x) = @o(x), (5.73) 
where A is the Laplace operator. In accordance with the fractional Duhamel prin- 


ciple the influence of the external force (t,x) to the output can be counted from 
the Cauchy problem 


3 T is an arbitrary positive finite number. 
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DEV (t,t,x) =AV(t,T,x), t>T,xER’, 
V(t,T,x) = D!F h(t,x). 


The function V(t, t,x) = Eg ((t— 1)Ba)D! Pni(z,x) solves this problem. Hence, 
the solution of the Cauchy problem (5.72)-(5.73) is given by 


t 
ult,x) = Ep(®A)oo(x) + ff Ep((t—2)8ayDt P f(a,x)ar. 
0 
2. Let 1 < B <2, and F(t,x) is a given function. Consider the Cauchy problem 


DP u(t,x) =Au(t,x)+F (t,x), t>0,xER", 
u(0,x) = @o(x), u;(0,x) = (x). 


Again in accordance with the fractional Duhamel principle the influence of the 
external force F (t,x) appears in the form 


-DPV(t,t,x) =AV(t,T,x), t>T,xER’, 
OV 2 
V(t,7,x) =0, 34 (tT) = D, Br(t,x). 
The unique solution of the latter is V(t,t,x) = JEg((t — 1)BA)D* PF (t,x). 
Hence, 


u(t,x) = g(t? A) @o(x) + JEg (tA) @1 (x) 
if [ 'JEg((t— 1)2A)D™? F(a,x)dt. 


5.5.3 Fractional Duhamel principle: the case of Riemann-Liouville 
derivative 


A fractional generalization of Duhamel’s principle is also possible when the frac- 
tional order differential equation is given through the Riemann-Liouville fractional 
derivative. In this section we briefly discuss this important case proving the corre- 
sponding theorem in the abstract differential-operator case 


D8 u(t) = Bu(t,x) +A(t), 


where 0 < B < 1, and B is a closed operator, independent of r, and with a domain 
Q(B) dense in a Banach space X. The initial value problem, called the Cauchy type 
problem, in this case has the form 
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7L[u\(t) =h(t), t>0, (5.74) 
J “u(t+) =QeEX. (5.75) 


where -L|-] =; DP —B. The initial condition (5.75) can be rewritten as the weighted 
Cauchy type initial condition lim, 4 (t — t)!~“u(t) = @ (see, e.g., [KST06]). 


Theorem 5.16. Suppose that V(t,t), t > T > 0, is a solution of the Cauchy type 
problem for the homogeneous equation 


7D°V(t,tT)+BV(t,tT) =0, t>T, (5.76) 


a OVE iz, he), (5.77) 


where 0 < a@ < landh(t), t>0, is a continuous vector-function. Then Duhamel’s 
integral 


u(t) = [ve T)dt (5.78) 
solves the Cauchy type problem for the inhomogeneous equation 
D° u(t) + Bu(t) = h(t), t > 0, (5.79) 
with the homogeneous initial condition J'~“u(0+) = 0. 


Proof. Let V(t,T) satisfy the conditions of the theorem. Then for the Duhamel in- 
tegral (5.78), by virtue of Lemma 4.4, we have 


1d ft fev(s,t)d 1 
D*u(t) + Bult) = ea “| woe “as+ [ BV(t,t)dt 
_d ace t 
=F, J V(t.t\de+ f BV(t,r)dt 
= JV (2), + [ | D°V (t,t) + BV(t,r)]dt = A(t). (5.80) 


On the other hand, changing the order of integration and using the mean value the- 
orem, we obtain 


t 
lV %u(e)|| = if J V(t,t)dt|| < tl] 5° *V (t,t), (5.81) 
0 


where T,. € (0,t), and the operator ;,/!~% on the rightmost term of (5.81) acts in the 
variable t. Condition (5.77) implies that lim, 9, -J'~%V(t,t) = (0) in the norm 
of X. It follows from (5.81) that lim,_,9, J'~%u(t) = 0 in the norm of X. 


Remark 5.7. Theorem 5.16 can be generalized to differential-operator equations of 
higher order @ > 1, as well. In Section 6.5 we will generalize the Duhamel principle 
for higher fractional order distributed order differential-operator equations defined 
through the Riemann-Liouville fractional derivatives. 
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5.6 Multi-point value problems for fractional order 
pseudo-differential equations 


Equation (5.1) contains only a single fractional derivative. However, in modeling 
of real processes equations with several fractional derivatives emerge frequently. In 
this section we discuss general multi-point value problems for partial differential 
equation of fractional order of the form 


m—1 
De u(t, x) + by A;(D)DY*u(t,x) +Ao(D)u(t,x) 
k=1 
=h(t,x), té€(0,T),xER’, (5.82) 
m—1 e (t, 
2 Fil? ) St) case xeER", (5.83) 


where A;(D),k =0,...,m, and I.;(D), k, 7 =0,...,m— 1, are pseudo-differential 
operators whose symbols A;(&),k = 0,...,m, and Ix;(€), k, 7 =0,...,m—1, are 
in the class of symbols S,(G); tj; € [0,T], 0 < T <0; and q&, k=0,...,m—1, 
are given functions. We assume that the orders of fractional derivatives satisfy the 
ordering 


O<a<1, 1<@<2 ,..., m—-2<Q-1<m-1, m-1<Qn<m. 


Boundary value problem (5.82)—(5.83) is a particular case of boundary value prob- 
lems for distributed order differential equations, studied in Chapter 6. 
Denote by A(s,é) the “characteristic function” of equation (5.82), namely, 


m1 


A(s,é) =s% + ¥ Ap(E)s% +Ag(E), EEG\M. 
k=1 


Introduce the function 


where 0 < 6 < Qp, and L~! means the inverse Laplace transform. This function 
will be used in the construction of symbols of solution operators to the considering 
problem. Since 


for each fixed € € G\M, we have cs(t,&) € C(™-9°)(R,). 
We first consider the Cauchy problem for the equation (5.82) with the initial 
conditions 
u)(0,x) = Wielx), k=0,...,m—1. (5.84) 
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Applying the Fourier transform with respect to the variable x in equation (5.82) and 
Cauchy conditions (5.84), we have 


m—1 
Dem a(t,E) + Y Ax(E)DM a(t, §) + Ao(§)a(t,§) =0, (5.85) 
k=1 
te (0,7), 6 €G, 
°800,8) _ (6), k=0,...,.m—1,€ €G, (5.86) 


where fi(t,€) = F[uj(t,€), the Fourier transform of u(t,x). Further, the Laplace 
transform, due to formula (3.55), reduces equation (5.85) to 


m—1| 
Liss | Dom a(t,E) + DY An(E DM a(t, §) + AoE ae 8) (s) 
k=1 
m—1 
= sLIal(s,£)— 5, a'(0,2)s%- 
£=0 
jal ; 
+ Dale | “Lfal(s.)— By a(0.8)s"] + Ao(S)LIal(s.8) =0 
It follows from the latter that 
m—1 
sre YS Age se Ags ] Liil(s,6) 
k=1 
= 5 a (0,E)s%m——! 2 DA Ea” Oe sr o, 
l=0 =0 
or . eS gO%m—k—1 px eA WE ja tk) 
Hal(s.8) = ers a (0,8). 


Now, inverting first the Laplace transform and then the Fourier transform, and taking 
initial conditions (5.86) into account, we have the representation 


m—1 


= > Bi(t,D) ye(x), 
k=0 


for the solution of the Cauchy problem (5.82)—(5.84), where 


m—1 


BG,e)=cy,-40,6) + ¥, Age \ern-4@,G). (5.87) 


j=k+1 
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We notice that formula (5.87) for the symbols B;,(t,€),k = 0,...,m—1, of 
the solution operators of boundary value problem (5.82)—(5.84), generalizes for- 
mula (5.13) for the symbols obtained in the case of one single fractional derivative 
(see equation (5.7)), that is Om = B,Aj(€) =0, j =1,...,m—1. Indeed, if o, = B, 
where m—1 < B <™m, and Aj(€) = 0, j =1,...,m—1, and Ao(§) = —A(&), 
then (5.87) implies 


sB-k-1 
By(t,§) =cg(t,é) = Gap 


= J*Eg(-A(E)t®), k=0,....m—1, 


recovering (5.13). 

Now we construct the system of solution operators of the general problem (5.82)— 
(5.83). Applying the Fourier transform to boundary conditions (5.83), 
we have 


m—1 oxn . 
5 16) OOS) = (), k= 0,..m-1, eG. 5.88) 
j=0 


We look for a solution of multi-point value problem (5.85)-(5.88), in the form 


m—1 
a(t,é)= > fe(E)Be(t,6) (5.89) 
k=0 


with B,(t,€), k =0,...,m—1, given by (5.87), and unknown coefficients f,(&), 
k=0,...,m—1. It is clear that “i(t,€) satisfies (5.85). Substituting it into (5.88) we 
obtain a system of linear algebraic equations 


M(6)F() = ®(6), (5.90) 
where F(E) = (fo(E),.--,fm-1(E)), ®(E) = (Go(E),---, @m—1(E)), and M(E) is a 


square matrix of the order m with entries 


m—1 


my = ¥ Tij(E)BY(tj,€), kl =0,...,m—1. 
j=0 


Denote by M the set of all points € € G such that Det M(€) = 0. If € ¢ M, then the 
equation (5.90) has a unique solution 


F(E) =M '(&)@(E). (5.91) 


We note that Mo is the singular set for the symbols of the solution operators. Sub- 
stituting (5.91) of the vector F(€) = (fo(&),.--,fin-1(€)) into (5.89) and apply- 
ing the inverse Fourier transform we get the solution of general multi-point value 
problem (5.82)-(5.83) as 


236 5 Initial and boundary value problems for fractional order differential equations 


m—1 
u(t,x) = ¥) Ux(t,D) g(x), (6.92) 
k=0 
where the U;(t,D), k= 0,...,m-— 1 are solution pseudo-differential operators with 


the symbols 


U(t,8) = ((M*Y(E)BU.E)) , k=0,-..,m—1. (5.93) 
Here (M*)~!(&) is the matrix inverse to the Hermitian adjoint of M(&), and B(t, €) 
is the transpose of the vector row (Bo(t,€),...,Bm—1(t,6)) with the components 
given by (5.87). 

A behavior of the vector-function U(t,€) with components Uo(t,&),...,Um—1 
(t,6) near singular points and at infinity depends on operators A,(D), k=0,...,m— 
1, and Ij,;(D), k=0,...,m—1, 7 =0,...,m— 1, in problem (5.82)}(5.83). The well 
posedness of the multi-point value problem (5.82)—(5.83) in the classical Sobolev, 
Besov, and other function spaces depends on the behavior of the vector function 
U(t,é). In particular, we have the following result: 


Theorem 5.17. Let @ € Y%p,p(R"), k = 0,...,m—1, Go = G\M. Then multi- 
point value problem (5.82)-(5.83) has a unique solution in the space C’|(0,T); 
G,,p(IR")]. This solution is represented by formula (5.92). 


Similar theorem is valid for the dual problem too. Under the dual problem we 
mean a problem obtained by replacing the operators A;(D), k = 0,...,m—1, 
and Ij,;(D), k =0,...,m—1, 7 =0,...,m—1, by their dual operators (see for- 
mula (2.45)). 


Theorem 5.18. Let py € Fg. j(R*); k=0,...,m—1, Go =G\ Mp. Then the dual 
multi-point value problem has a unique solution in the space C"|(0,T); : ie (R")). 
This solution is given by the formula 


m—1 


u(t,x) = ¥ U;(t, —D) @x(x). 
k=0 


For the Sobolev spaces H* we get the following result: 


Theorem 5.19. Let the n-dimensional measure of M is zero and for all t € (T,T) 
and for the symbols U;(t,&) defined in (5.93), the estimates 


oruilt,§) 
ork 
hold for allk =0,...,m—1 with some s; ER, €; CR, j =0,...,m—1. Then for any 


0; € H*i(R"), j =0,...,m—1, there exists a unique solution u(t,x) of boundary 
value problem (5.82)—(5.83) such that 


|<C(L+|E|)-*, C>0, EER", j=0,...,m—1 
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Oku(t,x) 
ark 


and satisfying the estimate 


€ c”-!“*(1),T));H®(R")], k=0,...,.m—1, 


m—1 Oru r m—1 
sup Ar [Bere lH ‘|| eo, || 9j|H’ ||. 
te(T, Th) k 


5.7 Boundary value problems for elliptic operators 
with a boundary operator of fractional order 


In Section 4.5 we briefly studied existence and uniqueness conditions for boundary 
value problems for elliptic differential equations on the half-space with boundary 
operators of integer order. However, the exact existence conditions can be obtained 
only if one extends the class of boundary operators to fractional order boundary op- 
erators. In this section we present a detailed analysis of such problems. Important 
questions arising in this context are “What type of fractional derivatives can be used 
as a boundary operator?” and “What values of the order of the boundary operator are 
critical, in terms of changing of orthogonality conditions?” As a boundary operator 
one can consider fractional derivatives in the sense of Marchaud, Liouville-Weyl, 
Griinwald-Letnikov, or operators in the form of a hypersingular integral. The ex- 
act number of orthogonality conditions for the existence of a solution depends on 
solution spaces. 
Consider the boundary value problem 


07u A 

Zp tA@x)ub,2) =0, y>0,xeER’, (5.94) 
“u(+0,x) = (x), xER’, (5.95) 
\u(y,x)| 30 asy— oe, uniformly for x € R”, (5.96) 


where D, = -i(Z, sg x), A(D,) is an elliptic pseudo-differential operator of 
order 2m, m € N, acting on u(y,x) with respect to the variable x. Its symbol A(&) is 
a smooth function satisfying the condition 


GlEP" =< Ale) <GleP™, Cj > 0, Ce = 0, (5.97) 


and B® is a boundary operator depending on a positive real parameter @ acting on 
u(y,x) with respect to the variable y. As the model operator B% we consider the one- 
sided Marchaud fractional derivative D® defined in (3.116) (see Section “Additional 
notes” of Chapter 3), defined for y > 0 as 


a—k "fo fvth) dh 


D¢ f(y) = 
=f) rt+k—a me ee 
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ifk<a<k+1,k=0,1,.... We recall that in Lp-spaces, 1 < p < o, the Marchaud 
derivative coincides with the one-sided Griinwald-Letnikov fractional derivative J 
(see Section 3.10). Moreover, in the class of well-behaved functions both the Mar- 
chaud and Griinwald-Letnikov derivatives coincide with the one-sided Liouville- 
Wey] fractional derivative _..D® (see Section 3.6). 

We also recall that if Bg, = D®, then one has (see Example 3. 13)" 


Bye © = (-a)%e™, Va>0. (5.98) 


This formula plays an essential role in our constructions in this section. 

We denote the problem (5.94)-(5.96) by Pg. As particular cases of the problem 
Pq we obtain the Dirichlet problem, Py, if @ = 0 and the Neumann problem, P,, 
if @ = 1. When @ is non-integer and a € (0,1) the problem P,, interpolates these 
two problems, which are used in description of stationary states. It is well known 
that the Dirichlet problem is unconditionally solvable, while for solvability of the 
Neumann problem an additional condition on orthogonality is necessary. We will 
show that for @ in the Sobolev space H*(R) (one-dimensional case) the problem Py 
preserves unconditional solvability for all w € [0, 5): At the same time, if a € (5, 1], 
the corresponding problem Pe, is solvable only if @ is orthogonal to 1. We will also 
show that if @ increases, then the number of orthogonality conditions increases as 
well. A new orthogonality condition appears exactly when @ passes through the 
critical values 


af =j+5, j=0,1,2,.... (5.99) 

Let N(a@) be the number of conditions necessary for solvability of Py and let 
I(a) = [ma — 5+ 1],, where [s] stands for the integer part of s, and [s], = [s], if 
[s] > 0 and [s], = 0, if [s] < 0. Then the formula 


(I(o) +n—1)! 


CITT 


holds. It is easy to see that, if 7 = 1 (one-dimensional case) and m = 1, then 


N(ot) =1(61)1/(U(ct) — 1)! = (a) = [a+ 5], 
justifying the critical values (5.99) in the one-dimensional case. Indeed, if 0 < a < 
1/2, then N(a) = 0, if 1/2 < a < 3/2, then N(q) = 1, and so forth. 

Critical values depend on solution spaces. We consider three different types of 
function spaces. The first one is a subspace of the Sobolev space H*(R") satisfying 
some orthogonality conditions. The number of these conditions depends on the or- 
der a of the operator Bo, in (5.95) and on the order 2m of the pseudo-differential 
operator A(D) in (5.94). This space is the most suitable one in terms of the exact 
number of conditions necessary for solvability of the problem Py. 

The second type spaces are Lizorkin type spaces. On one hand, these spaces are 
natural from the point of view of describing the solvability of Py for any a > 0. 


4 With the sign correction effected by the definition of D®. 
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On the other hand, unfortunately, it is not possible to provide the exact number of 
solvability conditions of Py in these spaces for a given @. 


The third type spaces are some modifications of the spaces (Y%_)(R”), 4 7 


(R")) introduced in Section 1.10. As a simple corollary we obtain in Section 5.9 
that such distributions may be treated as boundary limits of fractional derivatives of 
harmonic functions in the sense of Marchaud (or Griinwald-Letnikov or Liouville- 
Weyl). 


/ 


5.8 Existence theorems for the problem P,, 


In this section we will study the existence and uniqueness of a solution of the bound- 
ary value problem Py. A solution of Pq will be understood in the following sense. 
Let @ be an element of a topological space X. A function u(y,x) € L°(y > 0;X) 
is said to be a solution of the problem Py if it satisfies the equation (5.94) in the 
distributional sense and the boundary conditions (5.95), (5.96) in the sense of the 
topology of X. Let C’[y > 0;X] be the space of X-valued functions u(y,x), hav- 
ing derivatives up to the order @ with respect to y continuous up to the boundary 
y = 0. The corresponding meaning is given to C‘ [y > 0;X]. Analogously, we write 
C”[y > 0;X] for the space of functions infinitely often differentiable with respect 
to y. As the space X we will use the spaces considered in Section 2. We recall 
(a) = [am—$+1],. 


Theorem 5.20. Leta >0, 9 € H* 


comp,l 
u(y,x) and for this solution the following inclusions hold: 


(i) uly,x) € Cly > O,AETen(R")]; 
(ii) B“u(y,x) € Cly > 0;H*(R"); 
(iii) u(y,x) é Cy > 0; Aten (RR), 


(a) (R"), s> 0. Then Py has a unique solution 


Proof. LetO< @ < 35, 9 © Hégmpy(R") and supp @ C Qv. By using (5.98) it can be 
straightforward verified that the solution of the problem Pg, has a representation in 
the form 


u(y, x) = T]e(y,D)@ (x), 
where ITq(y,D) is the pseudo-differential operator with the symbol 
Ta(y,5) = [-A(S)] “exp(—ian — yy —A(S)), (5.100) 


Further, since | exp(—iaa — y,/—A(&))| < 1, then taking into account (5.97), we 
have 
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[]au(y,x) AF" ||? = || Tory, D)uu(y, x) EE |? 


2 
<cf (1+]€| ote oe dé 


= cf, tM + ee =Nh+h, (5.101) 


where /;, Jy are integrals over {|§| < 1} and {|&| > 1}, respectively. Since 2am <n, 
Theorem 1.24 (see Remark 1.10) implies 


ns culloli? f. < CyllolH|?. (5.102) 


dé 
1 Eom = 


For the second term in the right-hand side of (5.101) we have the estimate 
sc] U+EPYIFI@EdE scien? 6.103) 


Further, let @ > 3- be an arbitrary number, @ € H* Compl )(R") and supp@ C Qw. 


Then, according to Theorem 1.23, there exists a function v € H®+!(% “) such that 
@(E) = El H(E) and ||v|Ae+"|| < Cy||@|H*||. We note that in this case the 
solution of P,, is represented in the form u(y,x) = IT, (y,D)v(x), where IT, (y,D) is 
the pseudo-differential operator with the symbol 


Tay, §) = |§-9"*"™ exp(—iam — y/—A(6)) 


and am —I(a) < 5. So, one can use the same technique used above in the case 
0O<a< om" Hence, we have the estimate 


l(a 
lex)" |] < Cully || < Cy Ill, 


which, together with (5.102) and (5.103), gives the inclusion (i) in the theorem. 
Now we show that the boundary conditions are verified. Indeed, 


|| B°u(y,x)— (x) H*||=||(exp(—ian—yv/A )PA+IE 7)" |Zall + 0 


as y — +0 according to Lebesgue’s dominated convergence theorem. 
Further, let Y > 0 and y > Y. Using again the representation 


Flo\(6) =|/OFP(E), ven" (R"), 


we obtain 
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|u(y,*)| 


[VD exp(—ifa — x8) — (r=) /=AB) Ne ae 


s+l(a) aa, 
<C|lv|H | fer 2eq oe 


< C\|o|H"|| “yn ea) y>Y,xe R". 


Since 2ma — 21(a) <n, letting Y — ©, one can see that boundary condition (5.96) 
is also verified. 

Moreover, it is easy to see that B°u(y,x) = To(y,D)o(x), where To(y,€) = 
exp(—y,/—A(&)). Hence, B“u(y,x) can be represented as a Poisson type integral, 
that is B“u(y,x) = P(y,x) * @(x), where A(y,x) = F~|[To(y, €)](x). So, the con- 
tinuity property of B®u(y,x) in the variable y is an implication of the continuity 
property of this integral. Further, since , |exp(—y,/—A(&))| < 1, one has 


||B%u(y,x) ||| = llexp(—yV/—A(E)) FIG] (6). +16?) [Lal < Col, 


proving (ii). 
Finally, if y > 0, then 


k k-a@ 
Sala 8) = (-1)(A(E)]'2" exp(—ian —yVAC®), k= 1,2)... 


Taking into account (5.97) we have 


oe oer), rss 
dyk a J; —_ e | 


with some € > 0. This yields the assertion (111). 


The next two assertions follow immediately from Theorem 5.20 and from the 
fact that the total number of n-dimensional monomials up to order K is 


(K+n-—1)! 
(K—D!n! 


Corollary 5.3. For the dimensions of the kernel and co-kernel of the operator 
Pa, & = 0, corresponding to the problem Pg, the formulas 


(I(a) +n—1)! 


dimKer Py, = 0, dimCo Ker Py, = N(a) = “(i(a) —1In! 


hold. 
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Corollary 5.4. Let @ € C>(R"). Then there exists a unique solution u(y,x) of Po 
and for this solution the following inclusions hold true: 


(a) u(y,x) € Cly > 0;C*(R")]; 
(b) B°u(y,x) € Cly = 0;C*(R")]; 
(c) u(y,x) € C*[y > 0;C*(R")]. 


Now we consider the problem Pz in the Lizorkin space ®(R”). First we prove 
the following auxiliary lemma. 
Lemma 5.5. For every fixed y > 0 the pseudo-differential operator TIg(y,D) acts 
continuously from ®(R") into B(R"). 


Proof. Let @ € ®(R”). We will first show that IT,(y,D)@(x) € B(R") as well. In- 
deed, using the well-known Leibnitz formula, we have 


D?|[F(Ha(y,D)(x))] = Di (Hay, § )F[9](€)) 


=> ("pt ry, £)D8 FI g\(E), 
5 (5)% ta 


where F stands for the Fourier transform operator, DE for the derivative with respect 
to € of the “order” B = (B,..., By), and 


(5) i FC p=T [bt 


The function D2 Ta (y,€) has a singularity of the order «m+ |@| only at the origin. 


Since @ € ®(R"), in accordance with he definition of ®(R”) (see Section 1.12), we 
have 


D} (Ta(y.D) (2))(0) =0 


for all multi-indices y. Furthermore, for arbitrary real number / and multi-index y, 
there exists a real number /; such that 


(1+|6?)'|DEF (Ha(y,D)9(x))| < CL +|&P)"|DEO(E)I. 
This implies the continuity of Ty(y,D). 


Theorem 5.21. Let @ € ®(R"). Then for arbitrary a > 0 there exists a unique so- 
lution u(y,x) of Po, and for this solution the following inclusions hold true: 


(i) u(y,x) € Cly > 0; ®(R")]; 
(ii) B*u(y,x) € Cly > 0; ®(R")]; 
(iii) u(y,x) € C*ly > 0; B(R")). 


Proof. (i) is a simple consequence of Lemma 5.5. (ii) and (iii) can be proved analo- 
gously to Theorem 5.21. 
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Theorem 5.22. Let @ € ®'(R"). Then the problem Py has a solution u(y,x) unique 
to within an arbitrary additive polynomial, and for this solution the following inclu- 
sions hold true: 


(a) u(y,x) € Cly > 0; ® (R")]; 
(b) B“u(y,x) € Cly > 0; 8'(R")]; 
(c) u(y,x) € C*[y > 0; 8’(R")]. 


The proof of Theorem 5.22 is based on the following lemma. 


Lemma 5.6. For every fixed y > 0 the pseudo-differential operator Tg,(y,—D) with 
the symbol defined by (5.100) acts continuously from ® (R") into ©’ (R”). 


roof. Let @ € : . Then for arbitrary v € ”) the equalit 
P. Let g € ® (R”). Then f b y @(R”) the equality 
< Ta(y,—D)9,v >=< @,a(y,D)v > 


holds. In accordance with Lemma 5.5, Tg(y,D)v € ®(R”). The continuity of 
Tq(y, —D) in ®'(IR”) follows from the continuity of ITg(y,D) in ®(R"). 


Finally, we solve the problem Po, in the spaces Zy (1G), which was introduced 
in Section 4.6.4 (see Definition 4.3). Recall that p € Z{(G), if 9 € Y%2(R") = 
Y%(R") and |E|-F|F[@](E)| < C < @ in the neighborhood of the origin for some 
B>a—n/2. 


Theorem 5.23. Let g € Z;{,,(G). Then there exists a unique solution u(y,x) of Pa 
and this solution has the properties: 


(i) u(y,x) € Cly > 0; Pe(R")]; 
(ii) B*u(y,x) € Cly > 0; ¥(R")]; 
(iii) u(y,x) € C*ly > 0;'¥(R")). 


The proof of the theorem is based on the following auxiliary result: 


Lemma 5.7. For every fixed y > 0 and a > 0 the pseudo-differential operator 


TIna(y,D) vas 


ma 


(G) > ¥¢(R") (5.104) 
is continuous. 


Proof. Let 9 € Z(G). We show that IIg(y,D)@ belongs to ¥(R"). Indeed, by 
definition, for @ € Z;7,,(G) there exists a number B > mo — 5 and a constant C > 0 
such that 


El PIFI@l(é)| s<C<@ 


in some neighborhood of the origin. Hence, 


|Ha(y.§)F[g](6)|= O16 P-%™), [S| > &. 
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Since ma —B < 5, then ITq(y,§)@(€) € L2(IR”). In accordance with the Plancherel 
theorem ITq(y,D)@(x) € L2(R”). Moreover, supp F [ITg(y,D)@] C suppF[@] C G. 
Thus we have ITqa(y,D)@ € ¥(R"). 

Now we show the continuity of the mapping (5.104). Let a sequence of functions 
x € Z,o,(G) tend to zero in the topology of Z,*,,(G). This means that there exists a 
compact set K C G and numbers 8 > ma — 5 and C > 0 such that: 


(i) supp F[@] C K, k= 1,2,...; 
Gi) |E|-P|F [gu](6)| SC <0, k= 1,2,...5 
(iii) || P|lo — 9, k > ©, 


Obviously, supp F [o,(y,D)@,] C K for all k = 1,2,.... Moreover, 
|| Tee(y,D) x (x)|l0 = (2n)" [ Hats, 8)PFl@lE) Pas 


dé , 
Cc ca F 24 
= ess |E |2ma—B) + |. [@x]| E 


with some positive real numbers € and Cz. Let 6 > 0 be an arbitrarily small number. 
Then we can choose € small enough to ensure that 


dé 5 
Cc ek 
he JEPma-By <3 


Further, we can take k large enough to ensure that 


6 
GC. if IF [pJ2dé <<. 
Re 2 


These inequalities imply ||ITa(y,D)@||o > 0, k + °. 
Theorem 5.24. Let o € v' -(R"). Then there exists a unique solution u(t,x) of Pa, 


and this solution has the properties: 


(a) uly,x) € Cly > 0; Zina (—G)]; 

(b) Bou(y,x) € Cly 2 052g (—G)]; 

(c) u(y,x) € C*ly > 0;Z7q(—G)].- 

The proof of this theorem is based on the following lemma: 


Lemma 5.8. For every fixed y > 0 and a > 0 the pseudo-differential operator 
Ta(y, —D) : Pg(R") > Zno(—G) 


is continuous. 
Lemma 5.8 follows from Lemma 5.7. Its proof is analogous to that of Lemma 5.6. 


Remark 5.8. The obtained results can be easily extended to the more general Sobolev 
spaces H7, with arbitrary 1 < p < ©, Besov or Lizorkin-Triebel type spaces. In the 
paper [Uma98] the case m = 1 was considered in these spaces. 
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5.9 On fractional derivatives of harmonic functions 
with given traces 


In Section 4.6.4 we discussed the problem of the existence of a function u(t,x), 
harmonic in R’" | whose derivative of integer order a € No converges to a given 
hyperfunction @ € e : G(R”) in a certain topology. We can extend these results to 
arbitrary & € R, using the theorems established in the previous section. 

Assuming m = | and A(D,) = A, the Laplace operator, in the problem Py we 
have 


A solution u(y,x) of this problem is a harmonic function in R"*! whose fractional 
derivative of order @ has a given trace @. The following proposition directly follows 
from Theorem 5.23. 


Proposition 5.1. Let @ € Z(G). Then there exists a function u(y,x), harmonic on 
the upper half-space y > 0, x € R", such that limy_, +0 B“u(y,x) = @(x) in the topol- 
ogy of the space ‘¥G(R"). 


Using this proposition we prove the following theorem on a harmonic function 
. . : : : J 
whose fractional derivative of order @ has a given trace in the space ¥_,(IR”) (a 
subclass of hyperfunctions). 


Proposition 5.2. Let @ € y' -(R”). Then there exists a function u(y,x), harmonic 
on the upper half-space y > 0, x € R", such that lim,_,+9B°u(y,x) = @(x) in the 
topology of the space Zo, (—G). 


Proof. Let @ € W' <(R"). Then the functional u(y,x) = Tqg(y,-—D)@(x) is a har- 
monic function in the distributional sense. Here Iq,(y, —D) is the pseudo-differential 
operator with the symbol IT,(y,&) = |€|~% exp(—am — y|€|). According to Weyl’s 
lemma?, u(y,x) is an ordinary harmonic function. Moreover, due to Lemma 5.8 
u(y,x) is an element of Z7(—G) for any fixed y. Let v be an arbitrary function in 
Z(G). We have 


< Bu(y,x) — 9(x), v(x) >=< o(x), [B°P(a;y,D) —I]v(x) >. 


Due to Proposition 5.1 the right-hand side of the latter tends to 0 as y + 0, implying 
Bu(y,x) > @(x) as y > +0. 


> Weyl’s lemma [Hor83] states that a distribution f(x), satisfying the equation Af = 0 on an open 
set 2 C R” in the weak sense, is an ordinary harmonic function. 
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5.10 Additional notes 


1. Perhaps the first application of fractional integro-differential operators was the Abel’s integral 
equation of first kind (with @ = 1/2) connected with the famous tautochrone problem (see de- 
tails, for instance, in [OS74], pp. 183-186). Abel published his paper in 1826. In this paper 
the solution is obtained essentially in the form of the Riemann-Liouville fractional derivative 
of order 1/2. We note that Abel also solved the problem in the general case, i.e., for arbitrary 
a € (0,1) [A26]. A historical perspective on the fractional calculus in linear viscoelasticity is 
given in Mainardi’s book [Mail0]. Recent review paper [RSh10] by Rossikhin and Shitikova 
contains the novel trends and recent results in applications of the fractional calculus to solid 
mechanics (containing over 300 citations). Seems Gerasimov [Ger48] was first who modeled 
movement of a viscous fluid between two moving surfaces using partial differential equations 
of fractional order in 1948, though earlier Gemant (1936) and Scott-Blair (1944) used frac- 
tional order ODEs (of order 1/2) to analyze experimental results obtained from elasto-viscous 
bodies. Oldham and Spanier, in their book [OS74] published in 1974, discussed fractional gen- 
eralizations of transport and diffusion equations. Note that in the same year (June, 1974), the 
University of New Haven hosted the first international conference on fractional calculus and 
its applications. Proceedings of this conference edited by Ross [Ros75] was published in 1975. 
Starting from the 1980th applications of fractional calculus to various fields profoundly in- 
creased. In particular, Nigmatullin [Nig86] studied anomalous diffusion in a porous media, 
Wyss [Wis86] and Schneider and Wyss [SW89] fractional diffusion processes, Fujita [Fuj90] 
investigated fractional diffusion-wave processes, Schneider [Sch90] used fractional differen- 
tial equations to describe the “grey”-noise. Moreover, applications to cell signaling and protein 
movement in cell biology [Sax01, SJ97], bioengineering [Mag06], zoology [ScS01], and to 
many other fields have appeared [MK00, MK04, Lim06, LH02, McC96, RSh10]. These in- 
vestigations revealed many important intrinsic properties of processes, modeling by fractional 
equations, including hereditary properties and memory effects, oscillation-relaxation proper- 
ties, connection with Lévy processes and subordinating processes, and many other proper- 
ties, which cannot be captured by integer order models. The theoretical background of frac- 
tional calculus, its historical development, and various applications can be found in books 
[SKM87, OS74, MR93, Pod99, Hil00, Mag06, KST06, Mail0]. In Chapter 7 of this book 
we will discuss further applications of fractional models establishing a triple relationship be- 
tween fractional Fokker-Planck-Kolmogorov type equations, stochastic differential equations, 
and their time-changed driving processes. 

2. Diffusion. Diffusive processes can be classified according to the behavior of their mean square 
displacement (MSD), MSD(t) = (X?) — (X,), as a function of time t. If the MSD is linear, 
then the process is classified as normal, otherwise anomalous. For many processes, the MSD 
satisfies the power-law behavior, MSD(t) ~ Ket? , {+ c, where Kg is a constant. If B = 1 
the diffusion is normal, if B > 1 the process is super-diffusive, while if B < 1 the process is 
sub-diffusive (see, for instance, [MKO00, Zas02]). There are many interesting processes, arising 
in physics, cell biology, signaling, etc., which do not have the above-mentioned power-law 
behavior. For example, the ultra-slow diffusion processes studied in [CKS03, MSO1, Koc08] 
have MSD with logarithmic behavior for large t. The MSD of a more complex process with 
retardation [CGSG03, CGKS8] behaves like tP2 for t small, and 1: for t large, where Bi < Bo. 
We will consider models of such processes in Chapter 6. 

3. The Cauchy and multi-point problems for fractional differential equations. There is a vast liter- 
ature on the Cauchy problem for integer order abstract differential-operator equations. The first 
order evolution equations ul (t) = Au(t) in the spaces of abstract exponential vector-functions of 
a finite type, Exp, (X) (and in more general bornological spaces) were studied in [Rad82]. What 
regards to fractional order differential-operator equations, Kochubei [Koc89] studied existence 
and uniqueness of a solution to the abstract Cauchy problem D®u(t) = Au(t), u(0) = uo, with 
Caputo-Djrbashian fractional derivative for 0 < @ < 1 and aclosed operator A with a dense do- 
main Y(A) in a Banach space. El-Sayed [ES95] and Bazhlekova [Baz01] investigated Cauchy 
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problem for 0 < @ < 2. In the papers [Koc89] and [Baz98] the necessary and sufficient con- 
ditions for solvability of the abstract Cauchy problem in the case 0 < @ < 1 were given, by 
extending the conditions of the Hille-Yosida theorem from a@ = | to a € (0, 1]. Kostin [Kos93] 
proved that the abstract initial value problem (Cauchy type problem) 


D%u(t) = Au(t), D**u(O) = gy, k=1,...,m, 


where a € (m— 1, m], D® is the Riemann-Liouville derivative of order a, and A is a linear 
closed operator with a dense domain in a Banach space, is well posed. For more information 
about recent results on the Cauchy problem for abstract fractional differential-operator equa- 
tions, we refer the reader to [Baz01, EK04, KJ11, KMSL13]. 

4. Fundamental solutions of fractional differential equations. The fundamental solution of the 
Cauchy problem for a fractional diffusion-wave equation can be interpreted in terms of Lévy’s 
stable probability distribution [SW89, MPG99]. This fact leads to a range of applications of 
fractional diffusion-wave equations connected with the description of various stochastic pro- 
cesses arising in science and engineering. The explicit formula for the Green function for the 
relevant Cauchy problem was given by Mainardi et al. [MPG99]. In the paper [MLPO1] the 
convergent and asymptotic power series forms of fundamental solutions for space-time frac- 
tional differential equations were given. The spatial derivative used in this paper is the Riesz- 
Feller fractional derivative with a skewness parameter. In particular, for the density function 
f(t), T > 0, of Lévy’s stable subordinator the following asymptotic behavior at zero and infin- 
ity is obtained (see also [UZ99]): 


2-B B 
(Byam —(1-B)(f) FB 

fe) eat =B) a 

f(t)~ B T— 00, 


T(1-B)t!+8’ 


In the paper [MPG07] fundamental solutions of some DODEs are obtained in the integral form 
with the Fox-Wright function involved in the integrand. We note that fundamental solutions 
to fractional diffusion-wave equations are closely related to the random walk approximation 
models developed in a series of papers by Gorenflo and Mainardi and their collaborators (see, 
for example, [GM98-1, GM99, SGM00, GM01, GMM02, GV03, GAR04]). In Chapter 8 we 
will discuss random walk approximations of time-changed stochastic processes, generalizing 
some of the results obtained in these series of publications. 

5. Fractional boundary value problems. As to boundary value problems for partial differen- 
tial equations of fractional order in bounded and unbounded domains, there are a lot of 
applications including computer tomography, electrodynamics, electro-statics, and elasticity 
theory. For mathematical investigations of such problems we refer, for example, to the works 
by Paivarinta and Rempel [PR92] and Natterer [Nat86], where the equation A#*!/2y = f in 
two dimensions was studied in domains having piecewise smooth boundaries without sharp 
peaks. Boundary value problems for elliptic and fractional differential equations with boundary 
operators of fractional order is currently the focus of increasing number of researchers. For in- 
stance, in the papers [Nak75, Uma94, TU94, Naz97, Uma98, GLU00a, Goo10, GK10] various 
boundary value problems with fractional order boundary operators are studied. 

6. Fractional Duhamel principle. The fractional Duhamel principle is established in the papers 
[US06, USO7] in the case of single time fractional differential equation, and extended for wider 
classes of distributed fractional order differential equations in [Uma12]. For various applica- 
tions of the fractional Duhamel principle we refer the reader to papers [ZhX11, Sto13, Ibr14, 
MN14, KO14, Tatl4, WZh14]. 


Chapter 6 


Distributed and variable order 
differential-operator equations 


6.1 Introduction 


In Section 5.6 we studied the existence of a solution to the multi-point value problem 
for a fractional order pseudo-differential equation with m fractional derivatives of 
the unknown function. This is an example of fractional distributed order differential 
equations. Our main purpose in this chapter is the mathematical treatment of bound- 
ary value problems for general distributed and variable order fractional differential- 
operator equations. We will study the existence and uniqueness of a solution to 
initial and multi-point value problems in different function spaces. 

In the general setting the distributed time fractional order differential-operator 
equation has the form 


[A@piutyatar) — Bu(t) +h(t), 1 >0, (6.1) 


where Ll € (m—1,m],m€N; A is a finite Borel measure with suppA C [0,1]; 
A(r) (for a fixed r € (0, 1]) and B are linear closed operators defined in a certain lo- 
cally convex topological vector space X, h(t) € C(R,;X); the vector-function u(r) 
is unknown and belongs to the space C (m) (0,7;X) with some T > 0 and D* is the 
operator of fractional differentiation of order r in the sense of Caputo-Djrbashian 
(see, Section 3.5). An essential distinctive feature of that model is that integration 
in (6.1) is performed by the variable r, the order of differentiation. Such models 
arise naturally in the kinetic theory [CGSG03] when the exact scaling is lacking 
or in the theory of elasticity [LH02] for description of rheological properties of 
composite materials. The list of practical applications where distributed order dif- 
ferential equations arise can be continued (see [Cap01, BTOO, Lim06, CSK11] and 
references therein). Mathematical theory of the Cauchy problem for distributed or- 
der differential equations was developed in works [BT00, UG05-2, MS06, Koc08]. 

The equation (6.1) is a generalization of fractional/non-fractional differential 
equations. To illustrate this consider a few examples. 
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Example 6.1. 1. Let A(dr) = 6(r — B)dr, where 6 is the Dirac delta-function 


N 


WwW 


Nn 


(distribution), A(r) = J, the identity operator, and B = A(D) is a YDOSS. Let 


X = G(R") or its dual X = - (IR”). In this case we have the following 


/ 
P 
fractional differential equation 


DP u(t,x) =A(D)u(t,x), t>0,xER", B>0, 


discussed in Chapter 5. 


. Let A(dr) = 6(r—8B)dr, B € (0,2], A =I, and B(D) = Df, 0 < a <2. Then we 


have the space-time fractional differential equation 
DP u(t,x) =Dgu(t,x), t>0,xER’, 


studied in Section 5.4. As we will see in the next chapter, this equation models 
non-Gaussian non-Markovian stochastic processes. 


. The next example relates to sub-diffusion equation with retardation, studied in 


[CGSG03]. Let A(dr) = [b,6(r — B,) + b2d(r — Bo)|dr, with 0 < B, < Bo < 
1,b, > 0,b2 > 0,b; + bp = 1, A(r) =J and B(D) = KZ (n= 1). Then we have 


the equation 
2 


b,D* u(t,x) + boD2u(t,x) - Kult»), 
x 


which describes a subdiffusion process with retardation. In [CGSG03] the Cauchy 
problem for the equation 


1 ob 2 
B-1 Pape 
[ oD) arP ap he 


referred to as the “normal form” of the distributed order fractional diffusion is 
also studied. Note that this equation corresponds to the case A (dr) = t’~!w(r)dr 


with t > 0, w(r) > 0, A(r) =/, and B(D) = KS. 


. The authors of [LH02] derived the equations of the form 


[aorda+Fo) =f, 1>0. 


which describes properties of composite materials. Note that k(q),F(y), and f(t) 
are given functions connected with different characteristics of viscoelastic and 
viscoinertial materials with rheological properties. 


Let A(r) = A(r;D)) = Y%, 8(r — B,)Ag(D) with k—1 < By < k, Ay(D), k= 


0,...,m— 1, are pseudo-differential operators with symbols A;(&) continuous in 
G, and A (dr) = dr. In this case we obtain the equation 


m—1 
Deru(t,x) + ¥ Ag(D) DP u(t,x)+Ao(D)u(t,x) =0, 1€ (0,7), xER", (6.2) 
k=1 
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discussed Section 5.6. In the case By €E N, k = 1,...,m, the Cauchy problem 
for this equation with analytic symbols or with symbols having singularities was 
studied, for example, by Dubinskij [Dub81], Umarov [Uma86], and Tran Duc 
Van [Van89]. Antipko and Borok [AB92], Borok [Bor71], Ptashnik [Pta84], and 
Umarov [Uma97, Uma98] (see also references therein) considered multi-point 
value problems with integer o%. For fractional o% the Cauchy and multi-point 
value problems are studied in [GLUO0]. 


6.2 Distributed order fractional differential-operator equations 


In this section we find a representation formula for a solution of the Cauchy problem 
for the distributed order differential-operator equation 


" A(r)Diu(t)A(dr) = Bult), t>0, (6.3) 
0 

au(O 

He = 9h K=0,...5m— 1. (6.4) 


To do that we apply a formal operator method. Namely, we assume that A(r) and B 
complex-valued function and parameter, respectively. Whenever, a formal represen- 
tation is obtained, we give an informal meaning, depending on the problem being 
considered. 

We split the problem (6.3), (6.4) into m Cauchy problems, one for each index j € 
{0,1,...,m—1}, for the same DODE (6.3) with the following Cauchy conditions 


ai-ly(0) 
u(0) = 0, 11 aT =0, 
d/u(O) 
dJ*1u(0) a”! u(0) 
er ee 


If one denotes by u;(t) a solution to (6.3), (6.5) then the general solution to (6.3), 
(6.4) due to its linearity, has the form 


We rewrite the left-hand side of (6.3) in the form 


u m rk 
[ A(r)Diu(t)A (dr) = y A(r)Diu(t)A(dr), 
k=17k-1 
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and apply the Laplace transform to both sides. Recall that if k-—1<r<k, then the 
formula (see (3.55)) 


LDF (t)](s) = L[FI(s)s" TH vor, 


holds. Making use of this formula, we have 
k 


k 
A(r)L[D{u](s)A (dr) = L[u](s) [saa (dr) 


KI (DQ) pk 
_ > “fs A(r)A (dr), (6.6) 


k-1 


where L[u](s) is the Laplace transform of u. Now summing up over the indices 
k = 1,...,m in equation (6.6), we obtain the following equation for the Laplace 
transform of u: 


m-1 


ui) [Ae )s"A (dr) — >» A [aw s’A (dr) = BL{u\(s). (6.7) 


Further, let us introduce the functions ®o(s),..., ®n(s) by 


(5) =0; ,(3) = [ SA@acar) Fie yen: (6.8) 


Then it follows from (6.7) and the hypothesis that only the j-th Cauchy condition 
contains nonzero (see (6.5)) right-hand side, that 


(5) — ®;(s) 


Llul(s) = Sa, (s) — Be” jJ=0,...,m—1. (6.9) 


Now inverting (6.9), we obtain the j-th solution u(t) = S;(t)@;, through the opera- 
tor S;(t), in the form 


Py(s) — ®;(s) 
siti(® in (S) — B) 


Example 6.2. 1. Let0 < a < Land A (dr) = 6q(r)dr. Then @o(s) =0, Bi (s) = 5%. 
Hence 


SiS L* (t), j=0,...,m—1. (6.10) 


o-1 


S(B;t) =L"! = (t) = Ey(Bt®). 


2. Let 1 <p <2 and0< B < 1. Suppose A (dr) = [6 (7) +. a6 (r)|dr, where a > 0. 


Then the operator on the left of (6.3) simplifies to Df u(t) +a pe u(t). Moreover, 
®,(s) =a s?, ®y(s) = s! + as. Therefore 


stl 4 gsB-! gtol 


So(Bst) =L"' sl! ss ee Ee a i 
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1g stm 
ee ee eee OE 
st +asB —B »y (s#-B 4 q)n+l me 


and formula (3.118), one can easily find power series representations of S;(B;r), 
j = 0,1. Leaving the details to the reader, we give the final forms of these series. 
Namely, 


So(B3t) = S.(Bst) +at"-PS,.(B;t), S1(Bst) = JS.(B3t), (6.11) 
where 


—BtY)" y = 
- EO 5 apxi(—att?); (6.12) 


Sux (B5t) att-B). (6.13) 


->o 

— (—Btt)" in) 
= yo mE H-B, nB—B ++i 
Remark 6.1. The operators in (6.10) have informal meaning in concrete situations. 
For example, let A(r) = A(r,D) and B = B(D) be ¥DOSS with respective symbols 
A(r,€) and B(&). We assume that these operators are defined on X = %_,(R") (or 
on its dual), where G C R” is an open set. Let € € G be fixed. Denote by so(&) the 
greatest positive root of the equation ®,,(s,€) = B(&), where 


®,(s,€) = [ “SAC OMAN. 


If A(r,&) preserves its sign for every 0 < r < m, then it follows from the inequality 
si <8} for 0 < 5; < sp andr > 0 that ®,,(s,€),s > 0, is a monotone function. 
Hence, the equation ®,,(s,€) = B(€) may have no more than one positive root for 
every fixed € € G. Thus, the function 


= Pn(s,) — ®;(s,6) 
s[®n(s,¢) — B(S)] 


(6.14) 


where ; 
(5,8) = [/SA(n8)A(ar), 


is well defined for s > so(&) if the equation ®,,(s,€) = B(&) has a positive root, 
or for s > 0 if there is no such a root. Moreover, it is not difficult to verify that the 
collection of functions ®o(s,&),...,®n—1(s,€) is linearly independent. In this case 
the solution operators S;(t,D), j =0,...,m— 1, are YDOSS, whose symbols are the 
Laplace preimages of s~/¥;(s,&), that is 


S;(t,D) =J/U;(t,D), j=0,...,m—1, (6.15) 
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where U;(t,D), j =0,...,m—1, are YDOSS with symbols 
S) 


and J/ is the j-th power of the integration operator with lower limit 0. Using the 
theorem on uniqueness of the inverse Laplace transform, we can conclude that the 
collection So(t,&),-.-,Sm—i(t,§) is linearly independent as well. Thus for (t,x) 
we get the representation 


®n(s,6) — @;( 


Uo." s(©,,(s,€) — B( 


| j=0,...,m—1 (6.16) 


uj(t,x) = S;(t,D)9;(x), 


where Sj(t,D) is the pseudo-differential operator with the symbol S;(t,€). Here, for 
the solution of (6.3), (6.4) we have the representation 


u(t,x) = > S;(t,D)0;(x), (6.17) 


Now returning to the abstract case we have the representation for the solution 


m1 


~2 S;(t)Q;, (6.18) 


where S;(t) is defined in (6.10). We note that in the abstract case also we can write 
S;(t) =J/U;(t), where 


(5) — ®;(s) 


ne CHON) 


» j=O,...,m—-1 


Remark 6.2. The obtained representation formula is useful both from mathemat- 
ical and physics point of views. This representation is obtained as the action of 
the operators J/U;(t,€), j =0,...,m— 1, called j-th solution operator, to the given 
functions. These operators have the same structure. The formula (6.18) says that 
no matter how many different fractional order derivatives in the sense of Caputo- 
Djrbashian are there between two consecutive integers, only the initial data with 
integer order derivatives define the solution. Moreover from this formula it can be 
derived that if the maximal order of the derivatives in the equation is not greater 
than m— 1, then the Cauchy problem with m given data becomes ill-posed. Indeed 
if A(r) = 6(r—a),a@ <m-—1, rewriting (6.14) for j =m — 1 in the form 


Sn 1S A(r, 6 )dr 


FSG) = s[Dn(s,) — B(é)| 


we have S,_1(¢,6) = 0. 
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Further, to describe solution spaces of Cauchy problem (6.3)-(6.4) we need to 
study properties of symbols of solution operators. Below we establish necessary 
properties of symbols of solution operators. Let 


a 
Flksf) = [et fOA(d), KER, (6.19) 
0 
where a is a fixed positive real number, A (df) is a finite measure on the interval 
[0, a], and f is a distribution with supp f C [0,a]. 
Lemma 6.1. /. For a regular distribution f(t) with suppf C [0,u], d<a, 
|Fa(ks f)| = O(eM*), k + 0; 
2. For a singular generalized function f(t) with suppf = {d} 
[Folks f)| = o(e"F9%), ky 00; 
where € > 0 is arbitrarily small. 


Proof. Let first f € L..(0,a), | f(t)| <M < and suppf C [0,u]. Then 
m 
Fale. AI=| fe Fede] < MelA((0,a]) =CeM, ko 
0 


For a regular generalized function f with suppf C [0,1] there is a sequence fin € 
L..(0,a), all supported in [0, 4] and with common constant M bounding above, and 
such that fm —> f,m—> °° in the weak sense. For fin we have |Fu(k; fin)| < Ce with 
positive constant C. Letting m — we obtain the desired result. 

If f is a singular generalized function with support supp f = {a},0<a <a, 
then due to Proposition 1.14, f is a finite linear combination of 5) (t — a), where 
6 is the Dirac function. Substituting this linear combination to (6.19), one has 
\Fa(k;,f)| = O(kNe“*) for some N, and hence, |F,(k; f)| = o(e(+®*) for any € > 0 
as k — 9, 


Lemma 6.2. For ®;(s), j =0,...,m, defined in (6.8) the following assertions hold: 

1. If A(r) is a regular distribution with suppA(r) C [0,u], then ®;(s) = O(s”) 
s— co, where v = min{ UL, j}; 

2. If A(r) is a singular distribution with suppA(r) = {u}, then ®;(s) = o(s"**), 
where € is arbitrarily small, s —> °°, in the case LU < j and ®;(s) =O when pt > j. 


7 


Proof. The function ®;(s) can be reduced to F,,(k; f). In fact, 
J J 
®;(s) = i s'A(r)A (dr) = [ e"SA(r)A(dr) =: F)(Ins;A(r)), > 0(B) > 0, 
0 0 


where o(B) is a positive number depending on the operator B. Now it is an easy 
exercise to apply Lemma 6.1 and obtain the asymptotics in cases 1) and 2). 
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Corollary 6.1 Let 


Dy (s) —@; (s) 


Then ¥;(s) = O(4),s > eo, for each j =0,...,m. 


Lemma 6.3. For every j =0,...,m,andk =0,1,...,j—1, the equality 


rel) 
F; (Ins; FER TAC) 
op”) (s) = ( ) ; 


5 > 00(B) > 0, 
holds. 


Proof. Computing first, second, etc. derivatives consecutively, we have 


B() = [rs apatan =~ ['wvacrpatan = FOO), 


®' (s) = [ ’ r—Ws'2A(r)A(dr) = 5 [ eas 


T(r+l 
Fj(Ins;r(r—A(r)) Fi (ins; rear) 
5 = 


Ss 


Similarly for the k-th derivative, 


p(s) = i Penne era ovcn 


P(r+1)* 
1). F,(Ins; A(r)) 
EN) eN aay s al cae 
0 T(r—k+1) gk 


Corollary 6.2 seh, ancantdlicale 1_)s 0, k=0,...,7—1. 


gk 

Lemma 6.4. For U;(t) = L3,%4(s), J = 0,...,m—1, the following assertions hold: 
1. Uj(t) > last > +0, j =0,...,m—1; 

2, u(t) + 0.ast 4 40, Vj=0,...,m—£-1, £=1,...,m—1. 


Proof. It follows from the representation (6.20) for ‘¥;(s) and the fact that 'Yj(s) = 
O(1/s) for large s (see Corollary 6.1), that %j(s) is Laplace invertible. Thus U;(t) 


exists for all j = 0,...... ,m— 1. Further, we use the following relation [DP65], 
[Wid46] 
lim sL|f](s) = 1 21 
lim se) = fim, =f 20 


which is an implication of tauberian theorems, valid for functions bounded below, 
meaning that if one of these limits exists, then the other limit also exists and the 
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equality holds. It is easy to see that Corollary 6.1 implies s'¥(s) — 1, or the same 
sL[U;|(s) + 1, as s— ce. Hence, due to (6.21), we have U(t) is continuous near zero 
and U;(t) + 1, as t + +0. Part 1) of the lemma is proved. 


Further, the Laplace transform of U; (t) is 


L[U'](s) = s*¥j(s) —Uj(+0) = ae ois) os (s)—B’ 


s>o(B), 


which is O(1/s#~/) for large s, where UW = supsuppA(r). Note that u > m-—1. 
Otherwise the Cauchy problem is meaningless (see Remark 6.2). Hence, sL[U ](s) = 
O(1/s#-J-!), which due to relation (6.21) implies U;(+0) =O0ifu—j—1>0,or 
for all 7 = 0,...,m— 2. Thus, we have 


U,(+0)=0, j=0,...,m—2. 
Similarly, the Laplace transform of U; (t) is 


L[U"|(s) = s?¥%(s) — (+0) — sU,(-+0) = s[s¥(s) — 1] =0(— 


=e 


which implies sL[U"](s) = O(1/s!-/-2), » + ee. Hence, due to relation (6.21), we 
have U" (+0) = 0 for all j =0,...,m—3. 

Continuing this process for the Laplace transforms of derivatives U - (t), 
£=3,4,...,m—1, by induction we obtain 


L[U}P\(s) = 5!“ [s¥j(s) —Uj(+0)] =O /s#-F1), s+, (6.22) 


Consequently, we have sLu\’ N(s) = O(1/s#-J~'), s + oe. Using this and rela- 
tion (6.21) we obtain 2). The proof i is complete. 


Lemma 6.4 can be reformulated in the following more convenient form: 


Lemma 6.5. For U;(t) = Ly}, [%(s)|(t), j = 0,-..,m—1, the following assertions 
hold: 


U,(t) > last + +0, j=0,...,m—1, 
2. 2% 0. ast $40, Vj S010 1, ce fo 
Lemma 6.6. For every j =0,...,m—1 the following assertions hold: 
1. U;(t) eEcnj-l [0,-); 
2. If the upper bound of suppA(r) = L =m, then Chuan jJ=0,...,m—1, exists 
for almost allt € (0,©). 


Proof. Proving the previous lemma we have noticed that the U;(t), 7 =0,...,m—1 
exist. Now we will check their differentiability properties. It is known that if for 


o] 
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given f(t) its Laplace transform L[f](s) additionally to (6.21) satisfies the condition 
sL|f|(s) + 0, when s — o, then f is a continuous function. This fact directly follows 
from the inverse Laplace transform formula. It follows from (6.22) that 


sL[U\|(s) = O(1/s#-4), gs 0, (6.23) 


Let / = m— j—1. Then (6.23) takes the form sL[U}](s) = O(1/s#-™+!), 5 = 09, 
Hence, sL[U}](s) vanishes as s —} ©, since > m— 1. Thus, U"~/-)(t) is contin- 
uous on [0,cc). Now assume that = m and £ = m— j. Then it follows from (6.23) 
that L[U!”"~)](s) = O(1/s), as s + ©, which implies U!")(t), j =0,...,m—1, 
exists for a.e. t € (0,00). 


Remark 6.3. If m— 1 <  <™m one can show that D!/S;(t,€), j =0,...,m—1, 
exists and bounded for a.e. t. Compare with Lemma 7 in [GLUOO]. 


Lemma 6.7. For S;(t) = J/U;(t), j =0,...,m—1, the following assertions hold: 
1. SY(t) + 1ast++0, j=0,...,m—1; 


2. S(t) > Oast — +0,Vj,2=0,...,m—1, LA J; 
3. S;(t) EC"! 0,02). 


Proof. Since sy Ww) = U,(t), the first statement immediately follows from 
Lemma 6.5. Further, if 1 < ¢ < j, then obviously, Si(t) = Ji-'U;(t) +0, ast + 0+. 


If 7 <&€<m-—1, then Si(t) = UG) — 0, as t + 0+, due to Part 2 of Lemma 6.5. 


Finally, the third statement is a simple implication of Part 1 of Lemma 6.6. 


The established properties of solution operators (of course, in the formal level) 
play an important role in the description of solution spaces for boundary value prob- 
lems (6.3)-(6.4). In particular, these abstract results combined with properties of 
DOSS, studied in Chapter 2, can be applied for the Cauchy problem for distributed 
order fractional pseudo-differential equations with singular symbols. Consider the 
following distributed order time-fractional differential equation with spatial pseudo- 
differential operators 


[ "A(r:D)Dlu(t,x)dr = B(D)ult,x), t>0,xeR", (6.24) 

with the Cauchy conditions 
—~—— =, (x), x€R", k=0,...,m—1, (6.25) 
where the @;, k =0,...,m—1, are given functions in certain spaces described later, 
D= (D,...,Dn), Dj = “ifs j=1,...,n, A(r;D) (for every fixed value of the 


parameter r € [0,m]) and B(D) are pseudo-differential operators with the symbols 
A(r;&) and B(€) in CS,(G), respectively. 
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The following two corollaries, which immediately follow from Lemmas 6.7 
and 6.6, will be used in the next section. 


Corollary 6.3 For symbols S;(t,é) = J/U;(t,€),j = 0,...,m—1, of operators 
S;(t,D) defined in (6.15), for any fixed € € G, the following assertions hold: 


I. S;(t,€) +1 fort > +0, 7 =0,...,m—1; 


bo. 
2. oS) > O fort > +0, j, €=0,...,m—1, €F j. 


Corollary 6.4 For every j =0,...,m—1 the following assertions hold: 

1. S;(t,€6)€C" [tr > 0;C(G)]; 

2. If the upper bound of suppA(r,§) = m, then OP G,8) exists for almost all 
t € (0,09). 


6.3 Solution of the Cauchy problem for distributed order 
pseudo-differential equations 


In this section we describe solution spaces using the properties of solution opera- 
tors and their symbols established in the previous section. Consider the following 
Cauchy problem for distributed order fractional differential operator 


lL 
Eu] = [ f(a,A)D%u(t)dA (ct) =B(A)u, 1>0, (6.26) 
0 
u)(0) = Qe, k=0,...,m—1, (6.27) 
where U € (m—1,m] and g, k = 0,...,m—1, are elements of a locally convex 


topological vector space Exp, g(X), defined in Section 2.8. The operator B(A) and 
the family of operators f(a,A) are defined through the symbol B(z) and the family 
of symbols f(c,z), that are continuous in the variable o € [0, 1], and analytic in the 
variable z € G C C; see definition in Section 2.8. The operator A is a closed linear 
operator in a reflexive Banach space X with a dense domain Z(A). The measure A 
is finite and defined on [0, 11]. 

The strong and weak solutions of the Cauchy problem (6.3), (6.4) are understood 
in the following sense. 


Definition 6.1. A function u(t) is called a strong solution to the Cauchy prob- 
lem (6.3), (6.4) if the following conditions are verified: 


1. u(t) € C* | [¢ > 0;X1]; 

2. u(t) € X exists for almost all t > 0; and 

3. it satisfies the equation (6.3) for almost all t € (0,c¢) and initial conditions (6.4) 
pointwise. 


Definition 6.2. A function u(t) is called a weak solution to the Cauchy prob- 
lem (6.3), (6.4) (replacing A by A*, the adjoint of A) if 
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1. u(t) €C"—||t > 0;X'] (X’ is the dual space to X); 
2. u(t) € X’ for almost all t > 0 and 
3. the following equalities hold true for arbitrary v € X 


mm 
| < D%u(t), f(a,A)v > A(da@) = <u(t),B(A)v >, 
0 
for almost all t € (0,c°) and 


limy +40 < u)(t),v > =<Q,v>, k=0,...,m—1. 


Theorem 6.5. Let G be a domain of continuity of the symbols A(r,z) (r fixed) and 
B(z). Let pj € Expy G(X), j =0,...,m— 1. Then the Cauchy problem (6.26), (6.27) 
has a unique strong solution. This solution is given by the following representation 


(cf. (6.18)) 


m1 
u(t) = 2) Si(t,)gj, (6.28) 
j=0 
where Sj(t,A) is the operator with the symbol Sj(t,z) = J/U;(t,z), Uj(t,z) = 
Lon G(s, 2](0), and ¥;(s,z), j =0,...,m—1, are defined in (6.14). 


Proof. Let GC C be a domain of continuity of the symbols A(r,z) and B(z) and 
0; €X, j = 0,...,m—1. By construction of the representation (6.28) each of its 
term satisfies the equation (6.26) and, by virtue of Corollary 6.3 (part 1), the 
conditions (6.27). Moreover, due to Corollary 6.4, for every j = 0,...,m—1, the 
inclusion J/U;(t,z) € C” !(t > 0;C(G)) holds and D4J/U;(t,z) is bounded for al- 
most every t € (0,0°). Lemma 2.3 in Section 2.8 yields J/U;(t,A)@; € Exp, g(X), 
j=0,...,m—1, for every fixed t > 0. Hence, u(t,x) € C"~'[t > 0;Exp, ¢(X)], 
and u(t,x) is a strong solution of the Cauchy problem (6.26), (6.27). Its unique- 
ness follows from the representation formula (6.28) and the Exp, ¢(X)-continuity 
of operators S;(t,A) with continuous symbols S;(t,z) = JIU; (t,z) (see Lemma 2.3). 


Theorem 6.6. Let 0; € ap as (X*), j =0,...,m—1. Then the Cauchy prob- 
lem (6.26)-(6.27) has a unique weak solution. This solution is given by 


m—1 
wis) = > SHEA) o;, (6.29) 
j=0 


where SY(t,A*), j=1,...,m, is the j-th solution operator with the symbol S ;(t,z). 


Proof. Let @j € PgR"), j=0,...,m—1. It follows from Lemma 2.3 that ev- 
ery term on the right-hand side of (6.29), namely, uj(t) = J/S'(t,A*)@x-1, j = 
0,...,m— 1, is a functional from the space Expy: Ge (X*). To prove the theorem we 
have to show that u;(t), j =0,...,m— 1, satisfies the equation (6.26) and the ini- 
tial conditions (6.27) in the weak sense. Let v € Exp, G(X) be an arbitrary element. 
Then for uj(t) = JISW(t,A*)Q; we have 
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i <D%u;(t),f(a,A)v > A(da) — <u;(t),B(A)v > 
x a7 D&S""(t,A*);,A(o,A)v > A(dar) — < S*(t,A*)9),B(A)v > 
=< py, if D&A(a,A)S;(t,A)A (da) — B(A)S,(t,A)| v >. (6.30) 


Since, by construction, S;(t,A) for each j = 0,...,m— 1, satisfies equation (6.26), 
we conclude that the expression in the square brackets on the right of equation (6.30) 
is zero for a. e. t € (0,c¢). Moreover, Corollary 6.3 yields 


(4) 


lim <ul? (t),v>=<SjeQev>, j,k=0,...,m—1. 


to+0 


Hence, u(t) defined by (6.29) satisfies Cauchy problem (6.26)-(6.27) in the weak 
sense. 


The following two theorems follow immediately from Theorems 6.5 and 6.6, 
respectively. 


Theorem 6.7. Let G be a domain of continuity of the symbols A(r,€) (r fixed) and 
B(€). Let pj € %_p)(R"), 7 =0,...,m— 1. Then the Cauchy problem (6.24)-(6.25) 
has a unique strong solution. This solution is given by the representation (6.17). 


Theorem 6.8. Let @; € e,(R"), j =0,...,m—1. Then the Cauchy problem 
(6.24)-(6.25) has a unique weak solution. This solution is given by 


m—1 


x)= » Silt —D)9;(x), 


where S;(t,—D), j =1,...,m, is the j-th solution operator with the symbol S;(t,) 
= JIU; (t, 6) defined in equations(6.15) and (6.16). 


6.4 Abstract Duhamel principle for DODE with fractional 
Caputo-Djrbashian derivative 


Let X be a reflexive Banach space and A : Y — X be aclosed linear operator with a 
domain Y C X. In Section 2.8 we introduced a Frechét type topological vector space 
Exp, G(X) and its dual, where G is an open subset of the complex plain C. We also 
introduced a functional calculus f (A), where f is an analytic function defined on G. 
The function f is called the symbol of the operator f(A). 

The goal of this section is to generalize the Duhamel principle for the Cauchy 
problem for general inhomogeneous fractional distributed order differential-operator 
equations of the form 
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= | " #(a,A)D&u(t)dA (a) = B(A)u(t) +h(¢), 1 >0 
= 0 ? * a ; ’ 


u)(0) =, k=0,...,m—1, 
where pt € (m— 1,m] and h(t) and @, k =0,...,m-— 1, are given X-valued vector- 
functions. The family of operators f(a,A) is defined through the family of symbols 
f(@,z) that are continuous in the variable a € [0,4], and analytic in the variable 
z€ GCC. The measure A is defined on [0, u], and such that the DODO L“ is well 
defined (see, Section 3.11). The integrals are understood in the sense of Bochner if 
the integrand is a vector-function with values in some topological-vector space. 

Let A = 6, +A, where p is a number such that m—1 < p< m, and A is a finite 
measure with suppA C [0,m— 1]. Consider the operator 


LA) u(t) = Dhue) + |” fla,a) DEu)Ada), 631) 


acting on m-times differentiable vector-functions u(t),t > t > 0. If tT = 0, then 
instead of o£“) [u](t) we write L447) [uj(t). 
Consider the Cauchy problem for the inhomogeneous equation 


LM“) tyl(t) =h(t), t>0, (6.32) 
with the homogeneous Cauchy conditions 
u)(0)=0, k=0,...,m—1. (6.33) 


The fractional Duhamel principle establishes a connection between the solutions of 
this problem and the Cauchy problem for the homogeneous equation 


LYM iy(.,a)()=0, t>4, (6.34) 
akv 
pe f Mle=r+0 =0, k=0,...,m—2, (6.35) 
gm-ly ee 
Te, Tlar40 = Dy h(t), (6.36) 


where f(t) is a given vector-function and D’. is the Riemann-Liouville fractional 
derivative of order y. In Theorem 6.9 we assume that the vector-functions h(t), t > 0, 
and V(t,t),¢ > Tt > 0, are Expy, g(X)-, or Expcgs (X*)-valued, A(t) is differ- 
entiable, V(t,t) is an m times differentiable with respect to the variable rt, and 


a/V (t,t) 


the derivatives —>>—, 


0< j <k-—1, are jointly continuous in the topology of 
Expy, g(X), or of EXp4+ Ge (X*), respectively. 

We start with the following lemma proved in Section 3.3, Example 3.6. 
Lemma 6.8. Let h(t) be a continuously differentiable function for all0 <t <T <. 
Then the equation J“u(t) = h(t),0<t < T, where 0 < a < 1, has a unique contin- 
uous solution given by the formula 


u(t) =D¢h(t), O<t<T. (6.37) 
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Lemma 6.8 is essentially the well-known result on a solution of Abel’s integral 
equation of first kind. Tonelli [Ton28] sowed that if h is absolutely continuous on 
[0,7], then a unique solution to J*u(t) = A(t) is given by (6.37) and u € L;(0,T). 
If his in a Hélder class CY(0,T], @ < y < 1, then u € CF [0,7] for some B < y— a. 
See [GV91, SKM87] for further details. 


Theorem 6.9. Suppose that V(t,t) is a solution of the Cauchy problem (6.34)- 
(6.36). Then Duhamel’s integral 


u(t) = [ "V(t, Bde (6.38) 


solves the Cauchy problem (6.32), (6.33). 


Proof. First notice that since m—1<u<m,or 0<m—p <1, due to Lemma 6.8, 
the equation J” “ g(t) = h(t) has a unique solution 


@Q)=D,. AG). (6.39) 


Let V(t,t) as a function of the variable t be a solution to Cauchy problem (6.34)- 
(6.36) for any fixed t. We verify that u(t) = {}V(t,t)dT satisfies equation (6.32), 
and conditions (6.33). Splitting the interval (0, — 1] into subintervals [0,1], (1,2], 
..-,(m—2,m— 1], we have 


LY Oil) = Dtu(t)+ ¥, | f(@,A)DEu(t)A(da). (6.40) 


For a € (k—1,k),k =1,...,m-—1, using Definition (3.3) of D%, we have 


: fe jrait [v% t)dtds 
T(k—a) Jo ase Ja *? , 


Lemma 4.4 and conditions (6.35) imply that 


D%u(t) = 


* 


d& fs s ok 
a. V(s,e)de= [ 5k V (sta, k=1,...,m—1. (6.41) 


Hence, 


t 1 t ok 
D@ u(t =| | i—s)" ° (Vs, Ddsat. 6.42 
ful) =f agra@ f O-9 ggV stds (6.42) 
Again due to Lemma 4.4 and condition (6.36), 


da” ° gm! S o™ 
—— /| V dt = ——_ eee 
dsm [ (s, T) T agmai V (Ss; T) pas +f a qn V (5; T)dt 
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Therefore the first term on the right-hand side of (6.40) takes the form 


Dhl) = FE ff sjn—e- = af V(s.t)atds 


=r fe a ic pis) (+f ov (s,t)dz) ds. (6.43) 


Furthermore, by virtue of (6.39), 


ot : — o\m—uU-1 py" __ ym m—|L 7 
Breath syn ED y Th(s) = J" EDS Tht) = ht). (6.44) 


Now equations (6.40), (6.42), (6.43), and (6.44) imply that 


Ss } ' ra-1 f? 
7 | MOA Ee ff (t—s) : rae s,T)dtdsA (da). 
(6.45) 


Changing the order of integration (Fubini is allowed) in (6.45) we get 


race Miu +f [ Tm (t= "FUG, t)dsdt 
m—1 3k 
oS > eS ha a 
Sf fan rio oa) 54M (5, F)dsA (dar) dt 


hie [  D&V(t,t)dt + | [ ”"" ¢(0t,A) D8V(t,2)A (dade 
= n+ [LV (,2Nat = ht) 


Finally, using the relations (6.41) it is not hard to verify that u(t) in (6.38) satisfies 
initial conditions (6.33) as well. 


If the vector-function / satisfies the additional condition (0) =0 then condi- 
tion (6.36), in accordance with the relationship (7.41), can be replaced by 


Oo” 1 V 


Sar ( Nlimt = DI*A(2), 


with the Caputo-Djrbashian derivative D” " of order m—j. As a consequence the 
formulation of the fractional Duhamel principle takes the form: 


Theorem 6.10. Suppose that for allt: 0< 7 <ta function V(t,T), is a solution to 
the Cauchy problem for the homogeneous equation 
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LEMIV(,2)) =0, t>1, 


av 

ape f Dl=r+0 = 9, k=0,...,.m—2, 
g™ly a 
Spat (fT) |=r+0 = De TAC), 


where h(t) is a given differentiable vector-function such that h(0) = 0. Then 
Duhamel’s integral u(t) = Jy V(t,t)dt solves the Cauchy problem for the inhomo- 
geneous equation (6.32), (6.33). 


Remark 6.4. In Theorems 6.9 and 6.10 we assumed that f(A) is the identity oper- 
ator (see equation (6.31)). In the general case, with appropriate selection of G, we 
can assume that the inverse operator [f(t1,A)]~! exists. Then with the condition 


anita nee 
eee =[f(u,A)} DT "n(z) 


instead of (6.36), Theorems 6.9 and 6.10 remain valid. 


6.5 Abstract Duhamel principle for DODE with fractional 
Riemann-Liouville derivative 


The operator ;L“ in Theorem 6.9 is defined via the fractional derivative in the 
sense of Caputo-Djrbashian. A fractional generalization of the Duhamel princi- 
ple is also possible when this operator is defined via the Riemann-Liouville frac- 
tional derivative. In this section we prove the fractional Duhamel principle in 
the case A(da) = [Sy (0) + D7 Su—n(@)|da, where m—1 < pu <m. Namely, 
consider the following Cauchy type problem for a nonhomogeneous differential- 
operator equation 


m—1 
L4 ul) = DM u(t) + ¥ BD" u(t) + Bou(t) =A(t), 1 > 0, (6.46) 
k=1 
DP Tug) 0, fH 1.1, (6.47) 
Ye 02 ae =0. (6.48) 
where B;, k =0,...,m-— 1, are linear closed operators independent of the variable 


t, and with domains dense in X. 
The following lemma will be used in the proof of the Duhamel principle for 
Cauchy type problem (6.46)-(6.48). 
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Lemma 6.9. Suppose V(t,T) is a X-valued function defined for all t > t > 0 and 
jointly continuous in the X-norm. Then for any B > 0 the equality 


JB (['ve.nr) = JPV(t,t)dt 


holds. 


Proof. We have 


7B (f'vo.nae) Z mm fe-9 (['vi.nae) és 


7 af [e-9P venasae 
t 1 


Theorem 6.11. Suppose that V(t,t) is a solution of the following Cauchy type 
problem: 


m-1 


7L4 (V(t, 7)] = DPV (t,t) + »y By D}*V (t,t) + BoV (t,7) =0, ¢>T, 


k=1 
(6.49) 
DE 'V(t,t),_., =h(1), (6.50) 
Ve 0. Fa el, (6.51) 
oS” "V(t,T), 0 =O. (6.52) 
Then the Duhamel integral 

t 
u(?) = - V(t,t)dt (6.53) 

0 


solves the Cauchy type problem (6.46)-(6.48). 


Proof. Let V(t,T) as a function of the variable t be a solution to Cauchy type prob- 
lem (6.49)-(6.52) for any fixed tT. We show that u(t) = {}V(t,t)dt satisfies equa- 
tion (6.46), and conditions (6.47) and (6.48). We seta =y—k,k=0,1,...,m—1. 
Then m—k—1 <a <m—k. Using the definition D* = D‘J‘—* of D®, and 
Lemma 6.9, we have 


m—k 


S d t 
Dini =pe ye ( [ V(s, “\at) =k [ lev (t,c)dt. (6.54) 
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For a solution V(t,t) of problem (6.49)-(6.52) the function mY mca d T) satisfies 
the conditions of Lemma 4.4. Using Lemma 4.4, we have 
qin-k = m—k-1 di gm-k-l- _ 
= af Jt k- “V(t, T)dtT = a. S| aoe k— °V(t,T) 
i= 


|t=t 


gm k 
+ i sew SV (1 a)ae, 


(6.55) 
Conditions (6.51) and (6.52) imply that for all k = 1 m—1 
gmk l- J er ; 
aymceataye Vit, T)iga ,=0, j=0,...,k—-1. (6.56) 


gm-k-l-j 


Indeed, since a € (m—k—1,m—k), we have 0 <m—k—a< 1. Therefore 
a en, ae ee 


lc=t 
De "v(t,t),., = Dt * FT vee,),., =0. 6.57 


The special case is k = 0. In this case, when j = 0, in equation (6.56) due to condi- 
tion (6.50) we have 


gn 1 


re ae eV: Ties = prt yn Dy TI, a 


=; D}'Vé,)),_, =A(). 


(6.58) 
Taking into account (6.57) and (6.58), it follows from (6.54) and (6.55) that 

t 

D#-ku(t) -| -Di-"vit,c)dt, &=1,...,.m—1, (6.59) 
0 
t 

D"u(t) = ji -DEV(t,t)dt-+h(t). (6.60) 

0 


Substituting (6.59) and (6.60) into equation (6.46), we have 


= n)+ [at h(t). 


Thus, the Duhamel integral u(t) in (6.53) satisfies equation (6.46). Finally, letting 
t — 0+ in (6.59) one can see that u(r) satisfies initial conditions (6.47). Evidently, 
u(t) satisfies condition (6.48), as well 
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Corollary 6.1. Suppose that V(t,t) is a solution of the following Cauchy type 
problem: 
7DPV (t,t) +BoV(t,t) =0, t>T, 
DPV (tT) ar. = A(1); 
Dj /V(t,7) 
) 


dl  ViEs 


=0, j=2,...,m—1, 
=0. 


lr=t+ 
lrat+ 


Then the Duhamel integral 


t 
u(t) = ‘ V(t, t)dt 
0 
solves the Cauchy type problem 


D¥u(t)+Bou(t)=h(t), t>0, 


DEN u(t) 9, =9 
DPN ig 6.. =0, j=2,...,m—1, 
Sagar) ae =0. 


Remark 6.5. Theorem 6.11 represents a fractional generalization of the Duhamel 
principle for integer order differential-operator equations proved in Theorem 4.12 
in Section 4.7, recovering it in the case U = m. 


6.6 Applications of the fractional Duhamel principles 


Theorems 6.9, 6.10, and 6.11 can be applied to general boundary value problems 
for distributed order differential equations, in terms of analysis of the existence 
and uniqueness of a solution. Below we demonstrate this in two different cases, 
namely in the case of an abstract Cauchy problem for DODEs determined by the 
Caputo-Djrbashian derivative, and in the case of a Cauchy type problem for DODEs 
determined by the Riemann-Liouville derivative. 


Case I. Let L* be the distributed fractional order abstract differential operator 
defined in (6.31), that is 


m—1 


LY) fyl(t) = pDeu(t) + F(A) eDeu(t)A (dar), 


with the lower endpoint of the time interval tT = 0. The characteristic function of 


this operator is 
- 


1 
A(s,z) =s* + f(a,z)s*da, 
0 


6.6 Applications of the fractional Duhamel principles 269 


where i is a fixed number in the interval (m—1,ml], A is a finite measure with 
suppA Cc [0,m— 1], and f(a@,z) is a function continuous in @ and analytic in z € 
GCC. Denote by f(s) = #[v](s), the Laplace transform of a vector-function v(t), 
namely 


Ps) = | a, See: 


where so > 0 is a real number. It is not hard to verify that if v(t) € Exp4.g(X) for 
each t > 0 and satisfies the condition ||v(+)|| < Ce”, t > 0, with some constants 
C > Oand y, then (s) exists and the inequality 


7 Cs 
\|A*(s)|| < a S>Y, 


holds, implying 0(s) € Expsg(X) for each fixed s > y. The lemma below gives a 
formal representation formula for a solution of the general abstract Cauchy problem 
TA lul(t) =n(t), t>0, (6.61) 
u (0+) = Qe, k=0,...,m—1. (6.62) 


Let 6; , denote the Kronecker delta, that is 6, = 1 if j =k, and 6), =0, if j #k. 


Lemma 6.10. Let cg(t,z) = 27! acyl), z€ GCC, where Y~! stands for the 
inverse Laplace transform, and 


m—1 


Sx(t,z) = Cy pean tz) + k f(@,Z)Ca—K-1 (t,z)A (da), k=0,...,m—1. (6.63) 
Then S;(t,A) x solves the Cauchy problem 
TA (u] =0, u)(0) = 6)49;, j=0,...,m—1. 


Proof. Applying formula (3.55) we have 


IA[ul(s) =s"ai(s)— ¥ u'(0)s¢! 
i=0 
m—1 pk k-1 
+ [ Fla.ay(s%als) — ¥ wi(0)sFa(da) =0 
ka 7 j=0 
Due to the initial conditions u/(0) = 6; 9), j =0,...,m— 1, the latter reduces to 


A(s.2)a(s) = (we +f ™ fla.2is'4(da) ) 7 


Now it is easy to see that the solution in this case is represented as uz = S;,(t,A)Qx, 
k=0,...,m—1. 
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Corollary 6.12 Let S,(t,A),k =0,...,m—1, be the collection of solution operators 
with the symbols S;(t,z) defined in Lemma 6.10. Then the solution of the Cauchy 
problem 

TA[ul] =0, u(0)=@;, j=0,...,m—1. (6.64) 


is given by the following representation formula 
u(t) = > Sx(t,A) Qk. 


Remark 6.6. 1. Corollary 6.12 can easily be extended to the operator ,Z‘ in (6.64) 
as well with the initial conditions u/(t) = @;, j = 0,...,m—1. In this case 
the symbols of solution operators depend on T and have the form S;(t,T,z) = 
S(t — T,z),k =0,...,m— 1, where S;(t,z) is defined in (6.63). 

m 


2. A particular case of Lemma 6.10 when A = 7" 9 5, »kK-1< a <k, is proved 
in [GLUOO]. 


A vector-function u(t) € C) [t > 0; Expa.g(X)] AC"-) [t > 0; Expa,g(X)] is 
called a solution of the problem (6.61), (6.62) if it satisfies the equation (6.61) and 
the initial conditions (6.62) in the topology of Exp,,c(X). 

Theorem 6.9 and Corollary 6.12 imply the following results. 


Theorem 6.13. Let @ € Expa.c(X), k=0,...,m—1, and for any T > 0 the vector- 
function h(t) € AC[O <t < T; Expa G(X)]. Then the Cauchy problem (6.61), (6.62) 
has a unique solution. This solution is given by 


m—1 


u(t) = > Si(tA)on+ [Sp alt—,A)D2 #a(a)de. (6.65) 
k=0 0 


Proof. We split the Cauchy problem (6.61),(6.62) into two Cauchy problems 


LA{u|(t)=0, t>0, (6.66) 

UH(O+)=q, k=0,...,m—1, (6.67) 
and 

IA\v\(t)=h(t), t>0, (6.68) 

vO (0+) =0, k=0,...,m—1. (6.69) 


Due to Corollary 6.12 the unique solution to (6.66),(6.67) is given by 


m—1 


U(t) = ¥ Sk(t,A)O- (6.70) 
k=0 
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Lemma 2.3 implies that U(t) € C”[t > 0;Expa.c(X)]. For the Cauchy 
problem (6.68}-(6.69), in accordance with the fractional Duhamel’s principle 
(Theorem 6.9), it suffices to solve the Cauchy problem for the homogeneous 
equation: 


HA [Vit, c(t) =0, t> 1, 
a*V (t,T) 
Ot rary 7 
a” V(t, 2) 


_ py 
orn! ea nee 


The solution of this problem, again using Corollary 6.12 (with the note in Remark 
6.6), has the representation 


V(t,T) =Sm—i(t—7,A)Dy A(t). 


Again it follows from Lemma 2.3 that V(t,7) € C"[t > 7; Expa,g(X)] for all t > 0, 
as well as its Duhamel integral. Thus, the Duhamel integral of V(t, tT) and represen- 
tation (6.70) lead to formula (6.65). The uniqueness of a solution also follows from 
the obtained representation (6.65). 


By duality we immediately obtain the following theorem. 


Theorem 6.14. Let 9; € EXD yt (X*), k=0,..., m—1, and the vector-functional 
h*(t) €ACIt <t <T; Exp gx cx (X*)]. Assume also that Expa G(X) is dense in X. 
Then the Cauchy problem (6.61), (6.62) (with A switched to A*) is meaningful and 
has a unique weak solution. This solution is given by 


m—1 t 
w()= > SK(t,A*)o¢ + [ Sm-1(t—T,A*)D" "h*(2)dt. 
k=0 9 


Assume that Exp, G(X) is densely embedded into X. Besides, let the solution 
operators S;(t,A) for each k = 0,...,m—1, satisfy the estimates 


IISA) Ql] <Cllel], Ve€ [0,7], (6.71) 


where @ € Expa g(X), and C > 0 does not depend on @. Then there exists a unique 
closure S;(t) to X of the operator S;(t,A) which satisfies the estimate ||S;,(r)u|| < 
C|lu|| for all uw € X. Using the standard technique of closure (see Section 2.3), we 
can prove the following theorem. 


Theorem 6.15. Let g € X,k=0,...,m—1, h(t) © AC(O <t < T;X] for any 
T > 0, and D'. *h(t) € ClO <t <T7;X]. Further let Exps.g(X) be densely 
embedded into X, and the estimates (6.71) hold for solution operators S;(t,A), 
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k =0,...,m—1. Then the Cauchy problem (6.61), (6.62) has a unique solution 
u(t) €C"(0 <t < T;X]. This solution is given by 
m1 


u(t) = by SOoe+ f Sat _ t)D "h(t)dt. 
k=0 0 


Case IT. Consider the following Cauchy type problem 


u(t) + u(t)+Au(t) = rlt t> : 
D°?u(t) + bD'Pu(t) +Au(t) = h(t), > 0, (6.72) 
(D'/7u)(0+) = (6.73) 
(J/2u)(O+) = gp. (6.74) 
where b € R, D® is the Riemann-Liouville derivative of order a, and A is a closed 
operator defined on a Hilbert space #, has a discrete spectrum A),A2,..., with 
corresponding eigenvectors @1,¢2,..., which form a base in .#. We assume that 


Ox € Expa.g(X), k = 1,2, and A(t) € C[t > 0; Expa.g(X)], where G C R”. 


Remark 6.7. Equation (6.72) belongs to the family of fractional differential equa- 
tions (also interpreted as a fractional diffusion-wave equation) 


aD* u(t) + bDB u(t) +Au(t) = f(t), 


where 0 < B <1 <a <2, a and b are constants, and A is a linear operator. The 
case @ =2, B = 1/2, and A = d*/dx* is studied by Agraval [Agr04], and the case 
o =2, B =3/2, and A is constant, by Bagley and Torvik in [BT00]. 


Let us first solve the Cauchy type problem for homogeneous equation (6.72) with 
nonhomogeneous conditions, namely 


D>? u(t) + bD'/7u(t) +Au(t)=0, t>0, (6.75) 
(D'?u)(0+) = 1 (6.76) 
(J'/?u)(O+) = gr. (6.77) 


Applying the Fourier transform to (6.75), we have 

M(s)Llul(s) =(st+b)W+9, s> No, 
where M(s) = 53/2 + bs!/2 +A, and no > 0 is a number such that M(s) 4 0 for all 
s > No.! Let S,(t,A) =L7![{1/M(s)] and S2(t,A) = L~!|(s+b)/M(s)]. The power 


series representations of operators S;(t,A) can be obtained similar to (6.11)-(6.13). 
Then the solution to problem (6.75)—(6.77) has the representation 


u(t) = S1(t,A)@ + S2(t,A) @2, 


! We assume that such 7M exists. 
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where 
Sx (t,A) Ox = F. Silt, An) Penn, k=1,2, 


n=1 
Here Qj.» = (k,n), Fourier coefficients of elements @,, k = 1,2. 

Now, we return to the nonhomogeneous problem (6.72)—(6.74); however, we as- 
sume now that @ =0, k= 1,2. To solve this we apply the fractional Duhamel princi- 
ple. In accordance with Theorem 6.11 the solution is given by the Duhamel integral 
JoV(t, t)dt, where V(t, 7) is a solution to the following problem: 


Di!?V(t, Tt) +b,D, i V(t,t)+Au(t)=0, ¢>T, (6.78) 
D}?V(t+,t) =h(1), (6.79) 
Stl? Vv (c+,t) =0. (6.80) 


It is not hard to verify that the solution of the Cauchy type problem (6.78)-(6.80) 
can be obtained from the solution of problem (6.75)-(6.77) by translation t > t+ 
t. Namely, V(t,t) = Si(t — T,A)h(t). Hence, the solution to the given problem 
in (6.72)-(6.74) has the representation 


u(t) = S\(t,A)Q) +52(1,A)o+ [Si(e- tT, A)h(t)dt. 


6.7 The Cauchy problem for variable order differential 
equations 


In this section we study the Cauchy problem for variable order differential equations 
with a piecewise constant order function B (t) = iar 4,,B;, where .Y, is the indica- 
tor function of [7j,T.41), and 0 < By <1,k=0,...,N. We assume that the diffusion 
mode change times T; < 7>,..., Ty are known, and set 7g = 0, Ty 41 =0o. We assume 
that the solution will stay continuous at the diffusion mode change times. Hence, the 
Cauchy problem for variable order differential equations has the form 


BEY yult,x) =A (D)ult,x), > 0,xER", (6.81) 
u(0,x) = g(a), (6.82) 
u(T, —0,x) =u(T]+0,x), k=1,...,Tv,x€ R”. (6.83) 


where aN is the Caputo-Djrbashian type (11,v)-VODO, defined as (see 


Definition 3.7) 
DBE } ) F(t) = HEO( an) a dt, 


with the kernel function 
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B _ 1 
Fev (tst) = T(1—B(ut+vt))(t—7)Bluttve)’ ae 


The parameters v and u belong to the following causality LH-parallelogram: TI = 
{(u,v) €R?:0<p<1,-1<v<41,0<p+v <1} (see Figure 3.1). 

An interesting phenomenon related to variable order fractional differential equa- 
tions is that an internal memory quantified as an inhomogeneous term in the equa- 
tion may be generated. Consider a simple example, which demonstrates how such 
an inhomogeneous term arises in a single change of diffusion mode. Assume the 
function (rt) takes only two values Bi, if 0 <<t < T and fy, if t > T. In other 
words, the diffusion mode changes at time t = T from a sub-diffusive mode B, to 
a sub-diffusive mode B5. Since the first mode is sub-diffusive, a non-Markovian 
memory arises, which effects on the actual change of diffusion mode occurring at 
time T;, > T. Here T,, depends on the parameters w and v; see Section 3.12, where 
the value of 7), is calculated. For simplicity, suppose v = 0 and pw = 1. In this case 
T. = T, and we assume the following continuity condition at the change of mode 
timet=T: 


u(T) =u(T —0). (6.84) 


For 0 <t < T, equation (6.81) is a fractional equation of order B;, so a solution to 
the Cauchy problem (6.81)—(6.82) can be found by standard methods in this interval 
(see, Section 5.3). If t > 7, then one has 


T t 
BO) Wp) = Bi, 7 GUC) 5 / Boy, 2) d(T) 
Ds u(t) = f Hig it) dt + | Hig (hat. 
Hence, equation (6.81) takes the form 
rDeu(t)= ult) +h), t>T, (6.85) 


with the initial condition (6.84). Equation (6.85) is no longer homogeneous, due to 
the nonhomogeneous term 


A(t) =— [ : HPA(t,0) OM) a, 


Therefore, the Duhamel principle developed for fractional order differential equa- 
tions play an important role in the theory of the Cauchy problem for variable order 
fractional differential equations. 


We note that, since the order B(t) depends on the variable f, the fractional inte- 
gration operator becomes 


8) ¢/) — BO ey _ © 
IFO =Tiv fo = > he); 
k=0 
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where 


If (t) = [ I(t + vt) (t — 7) Be(He+ve)—1 (7) 
_ T (By(ut + vt) 
Lemma 6.11. Suppose that mino<j<w{Bj} = Bx > 0 and |kB,| is the integer part of 


kB... Let v(t) be a function continuous in [0,°°). Then for arbitrary T > 0 and every 
k =1,2,... the estimate 


dt, k=0,...,N. 


yw l(T) 


maxg<<r|IBO*v(t)| < TikB.) maxg<+<T |v(t)| (6.86) 


holds with 


Bs. "i 
tw, if 0O<Tt<1, 
y(t) = ; 
T, if tT>1. 
Proof. Let v(t) be a function continuous in [0,cc). For k large enough, such that 
B.k > 2, we have minI (kB (ut + vt)) =I (kB,.). Taking this into account, for all 
such k and for all t € (0, 7] we obtain the estimate 


k-1 


y 


[BO y()| _ ie (t = pee pet 
0 


T(kB(ur + v7) 


and hence, the estimate in equation (6.86). 


Let ter; = T;/(U+V),j =1,...,N, be critical points corresponding to diffusion 
mode change times T;, j = 1,...,N. We accept the conventions f¢.9 = 0, tern4+1 = 
co. Let Eg(z) be the Mittag-Leffler function with parameter B € (0, 1]. Now we in- 
troduce the symbols which play an important role in the representation of a solution. 
Let 

Si(t,€) = Ep,((t— ter PA(E)), > tory, 7 =0,...,N, (6.87) 


and 


k-1 
My (t,§) = S(t — teres &) |] Sj (ter,j41 —terj,§),t > terk, K=1,...,N. (6.88) 
j=0 


Further, we define recurrently the symbols 


1 tor, 250(t,&) 
rasmh ont 
_ =BoA(E) tort Bay (TA(E) at 
=F py Sh, t!-Bo(t—)Bi ” 
P_\(t,€)=0, Po(t,€)=1, 


t 
PA(t,E)= | Sit +ter1— 1,8) e,De A(t, €)dt, 


tery 


A\(t,6) = 
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and if 
P,(t,E) = Gta, 2\egD: Fi gi(t,€)dt 


1 
cr; 


is defined for ¢ > fc; and for all j < k —1, then fort > t¢,,, 


A(t, §) 
bo KD 8 M(t, €) £85(t — tor js E)P ea (tony, €) + P(t E)] 
~ TUB) al ; =a ae 
(6.89) 
fork =2,...,N 


The case v = 0. First we solve problem (6.8 1 )—(6.83) in the particular case v = 0. 


Theorem 6.16. Assume v = 0 and @ © '%_p)(R"). Then Cauchy problem (6.81)- 
(6.83) has a unique solution u(t,x) € C((0,T],'¥%p(R")), T < °°, which is repre- 
sented in the form u(t,x) = Y(t,D)@(x), where Y(t,D) is the pseudo-differential 
operator with the symbol 


S(t,E) = ApSolt, ard nol e(t,€) 
+54(r,8) | et eae el ~~ 6 lork— ,D PB R(t, €)dt 


t 
+f Set tere 18) tg Dt Ret, “7 (6.90) 


lor,k 


Here I, = Sitesi teress)(t)) k = 0,...,N, are indicator functions of the intervals 
fenpitentit bh Opr2 NG SHBG), JS 0..2.,N, Mee) and Zee, €), k=1,...,N, 
are defined in (6.87), (6.58) and (6.89), respectively. 


Proof. It is not hard to verify that 


PO, GPO ult, => 4th bs (t,x) =u(t,x) — Yeu (terk,x) + 8(t,2), 
=0 k=0 
(6.91) 


where 
N ; pB« k-1 By 
tixy=) 4. @D U(tey. 54.1,X)- 
gl ) py ‘ra + Bx) Det *{u,0} ( sJ+1 ) 


(t) 


Multiplying both sides of equation (6.81) by Hi {1,0} 


we obtain 


and applying the formula (6.91), 


\—¥. I jPod (D)ult SF Hiei g(t,x). (6.92) 
k=0 k=0 
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Let t € (0,t¢.1). Then B(ut) = Bo and g(t,x) = 0. In this case taking into account 
the initial condition (6.82), we can rewrite equation (6.92) in the form 


u(t,x) —JP0./(D)u(t,x) = (x), O<t<ten. (6.93) 


The obtained equation can be solved by using the iteration method. Determine the 
sequence of functions {uo(t,x),...,Um(t,x)} in the following way. Let uo(t,x) = 
@(x) and by iteration 


Um (t,x) = JP. (D)um—1 (t,x) + (x), m=1,2,... (6.94) 


We show that this sequence is convergent in the topology of the space C[0,T; ¥(R”)| 
and its limit is a solution to the Cauchy problem (6.81)-(6.82). Moreover, this solu- 
tion can be represented in the form of functional series 


u(t,x) = > JPok of*(D) p(x). (6.95) 
k=0 


Indeed, it follows from the iteration process (6.94) that 
Um(t,x) = JBO” og" (D) p(x) + BOM) eg"! (Dy p(x) +...+ 9(x). (6.96) 


Now we estimate u,,(t,x) applying Lemma 6.11 term by term in the right-hand side 
of (6.96). Indeed, let N € N. Then taking into account the fact that the Fourier 
transform in x commutes with JP, we have 


; yw l(T) 
aes (4 ‘o/*(D)9(x)) < FUkBo) PN(% 9). 


Further, since A(&) is continuous on G there exists a constant Cy > 0, such that 
MAXE csuppKy|A(S)| < Cn, or, by induction maxe esupp xy |A*(€)| < Ck. Hence, for 
every N € N we have 


Cy WT) 


~ FRB) (6.97) 


pu(JPO'eP*(D)g(x)) < llellp 


It follows from (6.97) that 


m ck w*(T) 
max pr (unt) <0) rope 


< CllP(*)||pEp, (Cv W(T)), N=1,2,..., 


where Eg,(T) is the Mittag-Leffler function corresponding to Bo. Since the right- 
hand side of the latter does not depend on m, we conclude that u,,(t,x) defined 
in (6.96) is convergent. Again making use of Lemma 6.11 we have 


Be k 
pu(ult,x)—un(tx)) <lo@llp SVD wa1,.... 


TFIRFt 11)? ae) (6.98) 
k=m+1 T’(Bok + 1) 
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The function 


és nk 
un 2s T'(Bok +1) 


on the right side of equation (6.98) is the reminder of the (convergent ) power series 
representation of the Mittag-Leffler function Eg, (1), and, hence, Zn(1) — 0, when 
m — oo for any real (or even complex) 7). Consequently, u,,(t,x) — u(t,x) for every 
N =1,2,...,, that is in the inductive topology of the space C[t > 0; %,p(R")]. Thus, 
u(t,x) € C|t > 0;%_p(IR”)] is a solution. Moreover, it is readily seen that u(t,x) in 
(6.95) in the interval (0,f,;.;) can be represented through the pseudo-differential 
operator S(t,D) with the symbol So(t,§) = Eg, (to .c7(E)) in the form 


u(t,x) = uy (t,x) =So(t,D)@(x),  t € (0,ter1). (6.99) 


By construction, the solution u(t,x) is unique and continuous in f. So, the limit 


lim _wi(t,x) = Eg, (oD) (x) 


tte 1—0 


exists in Y_,(IR”). Further we extend u (f,.x) to [ter1,fer,2). We denote this extension 
by u2(t,x). Equation (6.81) in the interval (ter.1, ter.2) reads 


DP u(t,x) = A(D)u(t,x), rE (ter; ter2). 


Splitting the integration interval (0,7) on the left-hand side of the last equation into 
subintervals (0,f,,,1) and (t.,1,f), we can rewrite it in the form 


fog De u(t,x) = A (D)u(t,x) Ii), re (Fen ister®), 


where 3 
1 ter uy (T,X) 
F,(t,x) = £ dt 
)=-raay ha 


Taking into account relation (6.99), it is not hard to see that Fj (t,x) = #\(t,D) (x), 
where 


A\(t,6) 


_ =BoA(E) tort Epy (PACE) 
~ FU— pi) if t!-Bo(t — 1) Bi me 


Due to continuity condition (6.83), we have also 
U(ter1 — 0,2) = 4 (ter +0,x) = Ep, (1®, e(D)) (x). 
In the general case, assuming that solutions u;(t,x),...,u,(t,x) are found in the 


respective intervals [0,tc1),---, [terk—1;terk), we have the following inhomogeneous 
Cauchy problem for the interval (tex, terk41) : 
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feng DE u(t,.x) = A (D)u(t,x) +H, 8;2); rE Gee tee) (6.100) 


U(ter,eyX) = Ug (teres) (6.101) 
where P 
1 KL tert Suj(T,Xx) 
F,(t,x) = -———.~ / eee ie 
( rd 4 Bx) j=0 lor j (t = T) Br 


The solution of this problem we denote by uj,.; (t,x). It is not hard to verify that 
F,(t,x) can be represented in the form &,(t, D) p(x) with a pseudo-differential oper- 
ator &;(t,D), whose symbol is given in (6.89). A unique solution to (6.100),(6.101) 
can be found by applying the fractional Duhamel principle (see Section 5.5) 


t 
Ugsi (t,x) = Se(t, D) ug (teres x) + Sx(t — (T—ter,k),D) tong Dt F(T, x)aT, 
lork 


k=1 N, Fork <1 <Tork+1- 


press 


Now taking into account the equality 


Ux(ter,esX) = p(x) 


k 
Sj (ter j41 =, ter, j,D) 
j=0 
Tork t= 

+ Sk-1 (terk _ (T = cork—-1),D)s,4De Pap (t,x)dT, 


lor,k-1 


we obtain a solution u(t,x) = ./(t,D)@(x) through the solution operator .(t,D), 
whose symbol is given by equation (6.90). 


Remark 6.8. Assume in equation (6.81) B(t) = B, where B is a constant in (0, 1]. 
Then the representation formula in (6.90) is reduced to 


u(t,x) = Eg (t?.(F))@(x), 
which coincides with the result obtained in Section 5.3. 


Applying the technique used in Section 5.3 and the duality of the spaces ¥%_»(R”) 
and ee ,(R") one can prove the following theorem. 


Theorem 6.17. Assume v =O and 9 € Par (R"). Then the Cauchy problem (6.81)- 
(6.83) (with ‘-D’ instead of ‘D’) has a unique weak solution u(t,x) € C|[0.7], 


/ 


TGs (R")], T <., which is represented in the form 
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/ N / 
u(t,x) = FSo(t,—D) (x) + Y H(t) { Met, —D) (x) 
k=1 


Tork = 
+ s(t,—D) | Se tog tent — 7, —D) fegcy le Pt B.(t,—D)(x)dt 
tork-1 

t 

+f Se(t-+ tere —T,—D) tay Dt *Ae(t,—D)Q(x)dt }, 


lork 


Corollary 6.2. If v = 0, then the fundamental solution of equation (6.81) with the 
continuity conditions in (6.83) is represented in the form 


1 
(27)" Re 


N j 1 
+ FO Gaye fea { Eellt (8) nT en (tj+1 —1)) 0 (-€)) 


U(t,x) = A(t)~— | Ep, (tor (—€))aé 


_ 


sul —wRat-8) f* Bn be—AAC-8) 4 DEP ale 8) 


+ [Ep ((t—2)Al-6)) Dr Aa(t,—E)dt ber a8, 


where tj = ter,;. Moreover, U(t,x) € Y ¢,(R") for every fixed t > 0. 


The case —1 < v < 1. Now we derive asymptotic behaviors for large and small t 
of the solution of Cauchy problem (6.81)—(6.83) in the general case of v, that is 
-l<v<l. 

The solution u(t,x) = ./(t,D)@(x) obtained in Theorem 6.16 in the case v = 0 
has the structure u(t,x) = 4 (t,D) p(x) +‘4(t,D)o(x), where %(t,D) and %(t,D) 
are operators with symbols 


Fi(t,€) = IJpSolt, £4 SH) My(t,6), 
k=l 


and 
¥2(0,6) 
N ! Tork 
= d 40) [set.8) [ Siler Cli 4D Pt R(t, €)dt 


Tor,k-1 


+f Sx (t+ terk — tT 6) eae: Pt Be (a, §)dt 
Tork 


The term v(t,x) = Y(t, D)@(x) reflects the effect of diffusion modes, while the term 
w(t,x) = Y4(t,D)@(x) reflects the memory of past. We note that this structure re- 
mains valid in the general case v € (—1,1] also; however, the symbols of solution 
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operators get further restructuring, depending on the intervals of mixture of (two or 
more) modes. The theorems below concern time intervals free of mixed modes, that 
is time intervals, where a new diffusion mode is established, or not yet started to 
effect. 


Theorem 6.18. Assume p #0, uU+v 40 and @ © ¥_,(R"). Then there exists a 
number T* > 0. and pseudo-differential operators Y*(D) and &* (t, D) with contin- 
uous symbols, such that for t > T* the solution of the Cauchy problem (6.81)-(6.83) 
coincides with the solution of the Cauchy problem 


pe DP' u(t,x) = A (D)u(t,x) + f"(t,x), t>T*,x eR", (6.102) 
u(T*,x) = @*(x), xER". (6.103) 


where f* (t,x) = B* (t,D) @(x) and 9* (x) = F*(D)o(x). 


Proof. Without loss of generality one can assume that v > 0. Then as it follows 
from Theorem 3.7 that the actual mode changes occur at times Tj = Tj / and 
t; =T;j/(u+v), j=1,...,N, if diffusion modes change at times Tj, j = 1,...,N. 
Obviously, t) < ... < ty and T/ <... < Ty if T, <... < Ty. The order function 


B(ut+ vt) under the integral in pe iS a takes the value By for all t > T,; and 


t > 0. Hence, the variable order operator on the left side of (6.81) becomes pin 
if t > Ty. Analogously it follows from Theorem 3.8 that if v < 0, then B (tut + vt) 
takes the value By for all t > ty and t > 0. Thus, if v 0, then for all t > T* = 
max{Ty,ty} and 0 < tT <t we have B(ut+ vt) = By. Similar to the case v = 0, 
splitting the interval (0,1), t > T*, into subintervals, we can represent the equa- 
tion (6.81) in the form (6.102). Further, from the continuity condition (6.83) we have 
u(T*,x) = lim;_,r+_o v(t,x), where v(t,x) is a solution to the Cauchy problem for 
fractional order pseudo-differential equations in sub-intervals of the interval [0, 7;,) 
constructed by continuation. Therefore there exists an operator S*(t,D), such that 
v(t,x) = S*(t,D)@(x). Denote Y*(D) = S*(T*,D). Then u(T*,x) = A*(D)e(x). 
This means that for t > T* solutions of problems (6.81)-(6.83) and (6.102),(6.103) 
coincide. If v = 0, then the statement follows from Theorem 6.16. 


Theorem 6.19. Assume @ € YG _)(IR"). Then there exists a number t* > 0, such that 
for 0 <t<f* the solution of the Cauchy problem (6.81)-(6.83) coincides with the 
solution of the Cauchy problem 


DP u(t,x) =A (D)u(t,x), t>0, xeER", (6.104) 
u(0,x)=@(x), xe R”. (6.105) 


Proof. It follows from Theorems 3.7 and 3.8 that the order function B (ut + vt) 


an y} takes the value Bo for all t < t* = min{t;,T/} and 


0 < t<t. Hence, the variable order operator in (6.81) becomes po if0<t<t*. 
The order B; (or diffusion mode {f,,u,Vv}) has no influence in this interval. For 
t > t* two diffusion modes {Bp, u,v} and {B1, u,v} are present. If t < min{t},T;}, 


under the integral in D 
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then for all tT > 0 we have ut+ vt < 74. That is, there is no influence of the mode 
{ Po, u,v} if t < min{t;,T;}. In the same manner the other values of B have no 
influence in the interval 0 < t < t*. This means that for 0 < t < ¢* solutions of 
problems (6.81)—(6.83) and (6.104)—(6.105) coincide. 


6.8 Additional notes 


1. Models with DODEs. A distributed fractional order differential operator was first considered in 
the paper [Cap67] by Michele Caputo in 1967 in connection with modeling of linear dissipation. 
In Equation (3) of this paper, generalizing a stress—strain relation used earlier by Knopoff, he 
writes the following relation: 


Trs = oe (7, a5 


wlelsnendc+2 f" falc) £en)de (*) 
Jay dt® 
where 4 a in this expression is understood in the sense of Caputo-Djrbashian derivative D<, the 
definition of which is given in Equation (5) on the same page. Both integrals on the right of 
equation (*) are distributed order differential operators in the sense of Definition 3.5. Namely, 
the first term corresponds to (da) = f(r, @)da, and the second term to (da) = 2 fo(r, a)da. 
In the sense of Definition 3.5 differential equations with a finite number of fractional derivatives 
in the sum are also qualified as DODEs. In this case pl is defined as (da) = Di | Cjbq;(@)da 
An example is the Bagley-Torvik equation [Pod99 ] 


du 3/2, 
ap oe 


ut+cu=h(t), (6.106) 


arising in the sae of viscoelastic materials and corresponding to the case (da) = [6)(a@) + 
a03/2(0) + c6p(a)]da. The solution to equation (6.106) satisfying the homogeneous initial 
conditions can ao represented in the form u(t) = (G*/)(t), where the function G is defined as 


© (—1)k2e+! yy 
ae » k! E 1/2, 2434/2(—4v2), 
with the generalized Mittag-Leffler function Ey, ,(z). Agraval [Agr04] used the model 


a 
a + aD? 4 +Au=h(t), 


which corresponds to the measure j1(do-) = [62(0r) + a6} /2(a) + cd0(a)|da, to describe frac- 
tionally damped beam. Podlubny [Pod99] investigated general m-term equations of the form 


m 
> C.D%u= h(t), 
k=0 


and found the corresponding Green function assuming Q, > OQn—1 > -:: > &. DODEs are 
broadly used by many researchers to model various processes arising in modern science and 
engineering, see, e.g., [Pod99, Cap01, LH02, CSK11, JCP12, AUSO6, KAN10, HKU10]. Nu- 
merical methods of solution of DODEs are discussed in [DF09, DFO1, Kat12]. See also papers 
[BT00, UGO5-2, MS06, Koc08], where abstract properties of DODEs, not tied to any physical 
model, are presented. DODEs also arise in the theory of factional Fokker-Planck-Kolmogorov 
equations discussed in Chapter 7. 
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2. Models with VODEs. The theory of variable order differential equations is a relatively new 

branch of fractional differential equations. In the last few decades a number of publications ap- 
peared where VODEs were used to model processes with changing in time diffusion exponents. 
We recall the classification of diffusion processes through their mean square displacement 
(MSD), which is a function of time: MSD(t) ~ Kg t8 t +,c0, where the exponent fB indicates 
the actual diffusion mode. For instance, if a diffusion process has the normal mode, then B = 1, 
if it has a sub-diffusive (slower) mode, then B < 1, and if the process has a super-diffusive 
mode, then B > 1. In many applications the exponent B turns out to depend on time, that is 
B = B(t), or some other parameters of the model. In the paper by Lorenzo et al. [LH02] a num- 
ber of examples of such a dependence arising naturally in applied sciences are given. Chechkin 
et al. [CGS05] modeled the evolution of a composite system with different sub-diffusion ex- 
ponents using a space-variable fractional differential equation. Papers [SCKO5, RC10] used 
VODE for analysis of viscoelastic oscillators. 
The mathematical theory of initial and boundary value problems for VODESs is not yet satisfac- 
torily developed. The Cauchy problem studied in Section 6.7 partially shows difficulties arising 
in such an analysis. Even for piecewise order functions at every mode change time an inhomo- 
geneous term emerges, making analysis complicated. It is not clear into what form turns this 
phenomenon in the case of more general, for instance, continuous order functions. 

3. Fractional Duhamel principle for DODEs and VODEs. the fractional Duhamel principle for 
general DODEs formed with the help of a bounded measure A is discussed in the paper 
[Umal12]. In this paper the basic fractional derivative is the Caputo-Djrbashian derivative. In 
this case A can be rather general measure. However, in the case of DODEs defined with the 
Riemann-Liouville derivative, the problem on the fractional Duhamel principle is more chal- 
lenging. In Section 6.5 we proved the fractional Duhamel principle only in the case of measures 
of the form 


m—1 
A(da) = au +¥ adyx(0) da. 


k=1 


Note that there is another way to prove Theorem 6.11. Namely, applying the operator JE~”"*! 


to both sides, one can reduce it to an integer order integro-differential equation (differential 
equation if Bo = 0) for which the classic Duhamel principle is applicable. Is the Duhamel 
principle valid for more general measures of the form 


A(da) = a.(0)+ Bada (a da, 
k=1 


with arbitrary a, € [k—1,k)? If the answer is “Yes,” then in what form? This is a challeng- 
ing open question, as well as the Duhamel principle in the case of variable order differential 
equations. 


Chapter 7 
Fractional order Fokker-Planck-Kolmogorov 
equations and associated stochastic processes 


7.1 Introduction 


This chapter discusses the connection between pseudo-differential and fractional 
order differential equations considered in Chapters 2—6 with some random (stochas- 
tic) processes defined by stochastic differential equations. We assume that the reader 
is familiar with basic notions of probability theory and stochastic processes, such 
as a random variable, its density function, mathematical expectation, characteris- 
tic function, etc. Since we are interested only in applications of fractional order 
YDOSS, we do not discuss in detail facts on random processes that are already 
established and presented in other sources. For details of such notations and related 
facts we refer the reader to the book by Applebaum [App09] (or [[W81, Sat99]). We 
only mention some basic notations directly related to our discussions on fractional 
Fokker-Planck-Kolmogorov equations. 

Fokker-Planck-Kolmogorov (FPK) equations are partial differential equations in- 
troduced first by Fokker (1913) and Planck (1917) for time evolution of the density 
function of the velocity of a minute substance diffusing in a white noise environ- 
ment. Later Kolmogorov (1931) developed a mathematical theory [of a broad class 
of such equations] obtaining forward and backward Kolmogorov equations. FPK 
equations are closely related to stochastic differential equations. Historically, first 
stochastic differential equation was introduced and studied by Langevin (1908), 
three years after a theoretical explanation of Brownian motion by Einstein (1905). 
Wiener (1927) showed that Brownian motion is nowhere differentiable and its path 
has infinite total variation over an arbitrary time interval. Due to these facts, mathe- 
matically, both differential and integral versions of stochastic differential equations 
were not justified. In the second half of the 1940s It6 developed a strict mathemati- 
cal theory of stochastic differentials and integrals, which now is referred to as an It6 
stochastic calculus. Section 7.4 discusses briefly Brownian motion, It6’s stochastic 
differential equations driven by Brownian motion, and associated FPK equations. 
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Fractional FPK equations model sub- and super-diffusion and other complex 
stochastic processes revealing subtle intrinsic properties of such processes. For ins- 
tance, in the last few decades, fractional FPK equations have appeared as an essen- 
tial tool for the study of dynamics of various complex stochastic processes arising 
in anomalous diffusion in physics, finance, hydrology, cell biology, etc. Complexity 
includes phenomena such as the presence of weak or strong correlations, simul- 
taneous presence of different sub- or super-diffusive modes, and various types of 
jump effects, which occur in various real world processes. Consider one exam- 
ple from cell biology. Experimental studies of the motion of proteins and other 
macromolecules in the cell membrane show apparent subdiffusive motion (see det- 
ails in [Sax01]). Moreover, these experiments show that several diffusive modes 
simultaneously affect the motion. An experiment describing such a phenomenon 
is provided in [GW94], which recorded that approximately 50 % of case mea- 
surements on the LDL receptor labeled with diJLDL show subdiffusive motion, 
with diffusion mode parameter B between 0.2 and 0.9. Subdiffusive motion with 
0.1 < B < 0.9 or with 0.22 < B < 0.48 were found in [GW94, WEKN04], depend- 
ing on a type of macromolecules and cells. Protein molecules diffuse 5 to 100 times 
slower [Edi97, GW94, Sax01, SJ97] than free Brownian motion at different times 
and regions. Here, the smaller the parameter B, the more slowly the particles scat- 
ter, whereas the case B = | corresponds to the classical diffusion. Examples can be 
drawn from numerous other fields. 

Boundary value problems for fractional order differential equations discussed in 
Chapters 5 and 6 can be used to model random processes driven by time-changed 
stochastic processes. A deeper relationship between processes modeled by stochas- 
tic differential equations driven by a time-changed stochastic process and their 
associated deterministic fractional order differential equations (fractional Fokker- 
Planck-Kolmogorov equations) is the main subject of study in this chapter. 

The SDEs associated with fractional FPK equations are driven by Brownian mo- 
tion subordinated to a special time-change process, the first hitting time of a Lévy’s 
stable subordinator. Section 7.6 presents a description of Lévy’s stable subordinators 
of stability index B € (0,1) and their inverse (first hitting time) processes. 

Driving processes of stochastic differential equations play a key role in mod- 
eling of complex stochastic processes. Therefore, understanding of the properties 
of the driving process elucidate many properties of the process itself. Driving pro- 
cesses can be approximated by random walks. For instance, as is shown in the next 
chapter, Brownian motion without drift (the definition is given in Section 7.2) can 
be approximated by a simple random walk. Moreover, the transition probabilities 
p:(x,y) from a point x to a point y at a time f satisfies the following initial value 
problem: 


Op,(x,y) _ 1 0? p,(x,y) 
ot 2 ody 


Po(x,y) = 6x(y). (7.2) 


t>0, (7.1) 
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Equation (7.1) is the Fokker-Planck-Kolmogorov equation associated with Brow- 
nian motion. The stochastic processes associated with fractional order Fokker- 
Planck-Kolmogorov equations are usually driven by complex processes. Even in 
the simplest case of the fractional equation 

107u 


Bo 
ey a 


where DF is a fractional derivative of order 0 < B <1, the driving process belongs to 
the class of non-Markovian semimartingales (see Section 7.16, “Additional notes’’). 
We note that semimartingales form the largest class of processes for which It6’s 
stochastic calculus is valid. Driving processes play a key role for processes def- 
ined by stochastic differential equations. As we will see, driving processes of frac- 
tional Fokker-Planck-Kolmogorov equations are time-changed processes. These 
time-changed processes are scaling limits of, so-called, continuous time random 
walks (CTRW). The connection between CTRW and fractional order differen- 
tial equations will be discussed in detail in Chapter 8. Thus, in the theory of 
fractional Fokker-Planck-Kolmogorov equations a triple relationship between a 
driving process, the corresponding stochastic differential equation, and the asso- 
ciated Fokker-Planck-Kolmogorov equation, is apparent. This triple relationship for 
SDEs driven by a time-changed Lévy processes was recently studied in the papers 
[HKU10, HKU11, HU11]. 
For additional comments and historical notes see Section 7.16. 


7.2 It6’s stochastic calculus and stochastic differential equations 


In this section, for the reader’s convenience, we introduce some basic notions related 
to stochastic processes, It6’s calculus, and It6’s stochastic differential equations 
(SDEs). In Probability Theory, one always assumes that random variables (vectors) 
under consideration are given in a probability space consisting of a triple (Q,.7,P), 
which depends on an underlying model. Here Q is a set of elementary events (sam- 
ple set), ¥ is a o-algebra of subsets of Q, and P is a measure defined on F, 
such that P(Q) = 1. By definition, an n-dimensional random vector X is a mapping 
X :Q— R", such that X~!(A) € F for any Borel set A C R”. We denote the density 
function of X by fx (x) and the mathematical expectation of X by E(X), which, by 
definition, is 


2(X) = XaP, (7.3) 


or if the density function fy is known, then 


1(X) = i xfx(x)dx. (7.4) 
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A real (complex) function g(X) of the random variable X defines naturally as a 
mapping g:A x Q—> R(A x Q > ©), where A C R" is in the range of X. Note that 
the expectation of g(X) is 


a(x) = f exyaP = f etx) flax, 


generalizing (7.3) and (7.4). For given events A,B and a random variable X we 
frequently use notations P(A|B) and E|X|B], called a conditional probability and 
conditional expectation, respectively, and meaning the probability of the event A 
and the expectation of the random variable X , under the condition B. 


Definition 7.1. Let T be a set of indices. A family of random variables {X;, t € T}, 
is called a stochastic process. 


It follows from this definition that for each fixed t > 0 the stochastic process X; 
is a random variable defined on (Q,.¥;,P). Frequently one needs to consider a 
stochastic process adopted to a certain filtration. By definition, a filtration ¥, is 
an increasing family of sub-o-algebras of .¥, that is FY, C Y,, ifO<s <t. A fil- 
tration F; is called right-continuous, if A; = Meso-Fi+e = “A; for each t > 0. We 
say that the stochastic process X; is adapted to the filtration ¥,, or Y;-adapted if X; 
is Y,-measurable for each t > 0. 


Definition 7.2. Brownian motion B; is a stochastic process {B;, t > 0}, such that 


1. Bo = 0; 
2. for all nonoverlapping intervals (t; , 2) and (81,52) random variables (increments) 
B;, — B,;, and B,, — Bs, are independent; 
3. for arbitrary 0 < s < ¢ the random variable B; — B, has the density 
1 ee 
Je,-B,(*) = p(t —s,x) = ee, (7.5) 
2n(t—s) 


that is B, — B, is normal with mean 0 and variance tf — s; 
4. B; has a continuous path. 


N. Wiener [Wie28] proved that B; is nowhere differentiable and has the infinite 
total variation over arbitrary interval (t;,t2). Hence, the integral {5 f(s)dB, is mean- 
ingless if one understands it in the Lebesgue-Stieltjes sense. It6 developed a special 
stochastic calculus in the frame of which the above integral becomes meaningful. 
Below we briefly reproduce the definition of the Ité integral and its properties with- 
out proofs. For details we refer the reader to nicely written book [IW81]. 

Introduce the space -%y of ;-measurable stochastic processes X;, such that for 
an arbitrary T > 0 


T 
|X| All? = | id X?as <e. (7.6) 
0 
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-£> is a complete metric space with respect to the metric 


p(X,Y) 


-> II(X =Y) te 


where the symbol aA b means min{a,b}. A random variable Y is said to belong to 
L(P), if E[|Y|] <e. Hence, equation (7.6) means that fj X2ds € L(P) for each fixed 
T > 0. We also introduce a class L*[0,7;L(P)] of stochastic processes Y;, such that 
¥, € L(P) for each fixed t € [0,7], and sup,<io,7) E[Y] < . 

Let Y% be a subspace of 22 containing stochastic processes X; with the following 
property: there exists a partition 0 = tf <t) <--- <t% <..., and a sequence of 
F,,-measurable random variables fy, k = 0,1,..., with sup, | fx|Leo|| < ee, such that 


X= fo-%=0(t) ar by Se F ty ty | (t)- 
k=0 


Here .%(q,p) is the indicator function of the interval (a,b). Elements of -% are called 
simple processes. 


Proposition 7.1. /. 24 is a complete metric space; 
2. Ly is dense in LD. 


Define an operator J in Zo by 


n—1 
X;) = YS fe(Brss — By.) + fn(Br — Bi, ) 
k=0 


fort € [ty,tn41],n =0,1,.... 1(X;) is called a stochastic integral of a simple process 
X; € Lp with respect to Brownian motion B;, and denoted by 


t 
ie oe [ X,aB,. 
0 


Using the independence of increments of Brownian motion and the fact that the 
variance E(B; — B;)? =t — s, one has 


nol t 
WK) =F ELPles —a) + BLAM) = | fxPas) 


k=0 


Hence we have the following equality 


t 2 t 
(/, XB.) |- | f X2ds], VX Ee %. (7.7) 
0 0 


Now let X; € be an arbitrary process. Due to Proposition 7.1 there exists a 
sequence X;, € Y%, such that X;, — X; in the sense p(X;,,X;) > 0, when n — , 
We set 
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t t 
1(X;) = [ X,dB, = lim | Xmnds = lim I(Xin). 
0 n> J( n—co 


Using Lebesgue’s dominated convergence theorem it follows from (7.7) that 


t 2 t 
(/, XB.) | = | f X2as] Ve, (7.8) 
0 0 


which is called the Ité identity. This identity shows that the mapping 


o[I(X;)"] =E 


1: LZ L”(0,T;L((P))], 


is continuous for each fixed T > 0. 
Thus, for each X; € 25 the stochastic process defined by the integral 


t 
i: X,dB, 
0 


is well defined and is called [t6’s stochastic integral. The proposition below contains 
some important properties of It6’s stochastic integral. 


Proposition 7.2. J. (Linearity) {,[@X,+ BY,|dB, = 0 {} X,dB; +B Jj Y.dBs, where 
a, B EC, and X,, ¥, € La; 

2. (It6’s identity) E [Us XsaB,)"| =E [ft x2as] ; 

3. E[{jXsdBs] =0 for all t > 0; 


Proof. The linearity property immediately follows from the definition of It6’s inte- 
gral. It6’s identity is proved above. The third property (called a martingale property) 
follows from the fact that E(B,) = 0 for each t > 0 and from the independence of 
Brownian motion B; and the stochastic process X;. 


Let b(x) and o(x) be Lipschitz continuous functions with linear growth! for large 
x € R. Consider a stochastic differential equation (SDE) 


dX, = b(X,)dt + o(X;)dB,, (7.9) 
with the initial condition 
X09 = Xo, (7.10) 
where Xo is a random variable independent of B;. The meaning of SDE (7.9) with 
initial condition (7.10) is 


t t 
5 ee [ b(X,)ds-+ [ o(X,)dBy, (7.11) 
0 0 


where the first integral is a usual integral and the second one is in the sense of Ité 
stochastic integral. 


' The Lipschitz and linear growth conditions in n-dimensional case are given in (7.12) and (7.13), 
respectively. 
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Further, suppose B,; is an m-dimensional Brownian motion, that is 
B, = (By,---;Bm), where By;,...,Byy are independent Brownian motions in the 
sense of Definition 7.2. Then n-dimensional analog of SDE (7.9) takes the follow- 
ing component-wise form 


m 
dX jt = bj(Xu,. oe Xnt)dt + yy Ojx(Xir,- +») Xnt )dBer, j= 1,. 5M, 
k=1 


where the mappings b = (b),...,b,): R" 3 R", o= {Oj} i a :R" > R"™" 
satisfy the conditions: 
Lipschitz: |[b(x) —b())|| + Illo(x) — oO) II|<Clx—yI, uy ER", (7.12) 
Linear growth: ||b(x)|| + |||o(x)||| < C+ ||x|]), x» ER”. (7.13) 


Here the vector-norm ||b|| and the matrix-norm |||o||| are defined 


n nom 
blr = > 1s, Moll? =>d ¥ lol’, 
j=l 


j=lk=l 


respectively. 

In the theory of Ito’s stochastic differential equations Ito’s formula plays an im- 
portant role. Below we formulate Ito’s formula in a particular case. In the proposi- 
tion below we assume that b(t) and o(t) are .;-adapted stochastic processes, where 
F, is a filtration associated with B;. 


Proposition 7.3. (It6’s formula) Let f € CA (IR) and X, be a stochastic process of the 
form 


t t 
X, =Xot+ [ b(s)ds-+ : o(s)dBy. 
0 0 


Then 
2%) = 60%) + |b) 6) + 5070011") ] a+ [oF dB. 7.14 


For the proof see, e.g., [[W81]. See Section “Additional Notes” for more general 
forms of It6’s formula. 


7.3 Connection between stochastic and deterministic 
descriptions of random processes: 
Fokker-Planck-Kolmogorov equations 


In Section 8.2 we will show that the limiting stochastic process of the so-called 
simple random walk can be described with the help of the diffusion equation (7.1), 
whose solution satisfying the initial condition (7.2) is the Gaussian density function 
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(7.5) (with s = 0), evolved in time. This limiting stochastic process is Brown- 
ian motion without drift. Thus, Brownian motion B; and the partial differential 
equation (7.1) for the density of B; are related. Equation (7.1) is the Fokker-Planck 
equation associated with B;. Such a relationship holds for a wide class of stochastic 
processes. 

The aim of this section is to give a precise formulation of the connection between 
certain classes of stochastic processes and their associated deterministic partial dif- 
ferential equations (FPK equations). Let (Q,4%,P) be a probability space with a 
complete right-continuous filtration (¥;). Consider an example Y, = oB; + bt of an 
n-dimensional Brownian motion (with constant drift bt, b € IR”, and a constant cov- 
ariance (n x m)-matrix o) defined on this filtered probability space. This example 
is useful for understanding of the general form of operators appearing in partial dif- 
ferential equations associated with stochastic processes. Let A C R” be a Borel set 
and P“(t,x,A) =P(Z,; € A|Zp = x) be the transition probability (from a point x € R” 
to A) of the process Z, with density p~(t,x,y), i.e., p~(t,x,y)dy = P“(t,x,dy). Then 
p“(t,x,y) satisfies (in the weak sense) the following partial differential equation (see 
Section 7.4) 


apzlt n Op~(t | ee’ 02 p(t 
p’ (t,x,y) _ ¥ dj P = »y dij pi(t.y) P>0,x,yER", 


ot dy; ij=l OyiOyj 
with the additional condition p“(0,x, y) = 6;(y), where 6, is the Dirac delta function 
with mass on x. Here, the matrix a;; is a square (n x n)-matrix equal to the product 
of o by its transpose 07. 

A deep generalization of this relationship between a stochastic process and its 
associated partial differential equation is expressed through the Fokker-Planck- 
Kolmogorov forward and backward equations. As we will show in Section 7.4 that 
this concept is based on the relationship between two main components: 


(1) the Cauchy problem 


out) = Wult,x), t>0,xER", (7.15) 
u(0,x)=@(x), xER’; (7.16) 


where . is a differential operator 


n n oe? 
o 2, bits a+ 7,4 Jere vent) 


ij= 


with coefficients bj;(x) and a; ;(x) satisfying some mild regularity conditions; 
and 
(I) the associated class of It6 SDEs given by 


dX, = b(X; )dt + o(X;)dB,, Xo =X, (7.18) 
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where B; is an m-dimensional Brownian motion. Here X; is a solution, and the 
coefficients are connected with the coefficients of the operator ./ as follows: 
b(x) = (b1(x),...,2n(x)) and a; j(x) is the (i, /)-th entry of the product of the 
n X m matrix o(x) with its transpose o7 (x). Finally, x is a random variable, 
independent of B, and with the density (x). 


Example 7.1. Let in equation (7.18) the coefficients b(x) = 0, identically zero vector, 
and o(x) = J, the identity matrix. In this case, X; = B;, and as follows from the 
definition of B; and equations (8.4) and (8.5) that the density of B, satisfies the 
Cauchy problem 


op 1 7 
a ae t>0,xER", (7.19) 
p(0,x)=9@(x), xeER". (7.20) 


That is, in this case o = A. 


One mechanism for establishing the relationship between (i) and (ii) is via semi- 
group theory of linear operators. Let 2 be a Banach space and 7;, t > 0, be a one- 
parameter family of linear operators mapping 2% to itself. The family 7; is called a 
strongly continuous semigroup if 


1. 7) =, the identity operator; 
2. TT; = Tis, for all t,s > 0; and 
3. T,9 > T,@ for all p € % in the norm of 2 ast > to. 


A linear operator A defined as 


7.21 
t>0+ t : ( ) 


provided the limit exists, is called an infinitesimal generator of the semigroup 7;. In 
fact, the set of elements @ € 2 for which the limit (7.21) exists is a dense subset of 
& and is the domain of the operator A. We will denote the domain of A by Dom(A). 

Returning to our discussion on the connection of the stochastic process X; defined 
by SDE (7.18) and the operator .Y in (7.19), we notice that the operator .& is rec- 
ognized as the infinitesimal generator of the semigroup 7;@ (x) := E[@(X;)|Xo = x] 
(defined, for instance, on the Banach space Co(R”) with sup-norm), i.e., “@(x) = 
limy50 (7%; — 1) @(x)/t, p € Dom(./), the domain of /. A unique solution to (7.15)- 
(7.16) for & in (7.17) is represented by u(t,x) = (T;@)(x) (see details, e.g., in 
[App09)). 


Example 7.2. Suppose again b(x) = 0 and o(x) =/. Then 


1 yoxl2 
T(x) =Elo(B))|Bo=s)= a |e! ey). (7.22) 
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Due to relationships (2.11) and (2.12) with « = 1/2 the latter can be written in the 
form of ’DOSS 


Tila) = oA, fe HPS Fp |(E yas =e) (a), 


(20)" 
In terms of the semigroup theory the latter is advantageous, since it shows the direct 
connection between the semigroup 7; and its infinitesimal generator </ = 5A, i.e., 


T, = ef(24), Recall also that the unique solution of (7.19)-(7.20) is given by the 
right-hand side of (7.22) (see (2.12) of Section 2.2 with « = 1/2): u(t,x) = T;@(x). 


The relationship between (I) and (II) says that the equation given in (7.15), with 
the first order time derivative on the left and the operator ./ on the right defined in 
equation (7.17), is related to SDE in (7.18) driven by a Brownian motion with drift, 
as long as the coefficients satisfy appropriate conditions. In such cases we say that 
the deterministic partial differential equation in (7.15) (or Cauchy problem (7.15)— 
(7.16)) is associated with SDE (7.18), or vice versa, SDE (7.18) is associated with 
deterministic equation (7.15). 

The mechanism for establishing the relationship reveals that the transition prob- 
abilities P* (t,x,dy) = P(X; € dy|Xo = x) of a solution X, to (7.18) satisfy in the 
weak sense the following partial differential equations (this is discussed in the next 
section): 


aP* (t,x,dy) 


a = of PX(t,x,dy), ( acts on the variable x) (7.23) 
ea) = of* PX (t,x,dy), (o/* acts on the variable y) (7.24) 


where /* is the formal adjoint to 27. Equation (7.23), in which acts on the 
backward variable x, is called a backward Kolmogorov equation. Equation (7.24), 
where .* acts on the forward variable y, is called a forward Kolmogorov equation 
or, in the Physics literature, a Fokker-Planck equation. We call them Fokker-Planck- 
Kolmogorov equations, of for short, FPK equations. 

In subsequent sections we will establish FPK equations, including space and 
time fractional, as well as DODE FPK equations, associated with various classes 
of SDEs. 


7.4 FPK equations associated with SDEs driven 
by Brownian motion 


There are different ways of derivation of FPK equations. Below we show the deriva- 
tion of FPK equations (7.23) and (7.24) based on It6’s formula (7.14). 
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Suppose a process X; solves the stochastic differential equation 
dX, = b(X,)dt + 0(X;)dB;, Xo =x. (7.25) 


Consider the conditional expectation 


u(t,x) =E*[f(X%)] = ELf(%)|Xo =], (7.26) 


of f(X;) given Xp =x. Here f(y), y € R", is an arbitrary twice differentiable function 
with compact support. If p(t,y;x) is the density of X; (in the variable y), given that 
Xo = x (transition probability from x to y during the time period rt), then we have 


u(t,x) )= [ £0) p(t, y;x) 


We will show that u(t,x) satisfies the following Cauchy problem 


ou = —2 (o(x)u(t.2)) 4 — (o7(x)u(t,x)), u(0,x) = f(x). 


Applying Ito’s formula (Proposition 7.3) to the stochastic process X;, that is 


t t 
X%=Xo+ [ b(X,)ds + - o(X,)dB 
0 0 


we have 
f(%) = F(X) +f [F( Ae +5" (%)o (x)]as+ f 7a 


Then, the expectation of f(X;) under the condition Xp = x becomes 


LF (%:)|Xo = 3] = room ve X)+ 51" ()0°(X, ids 
= [ [1 0100) +57 OI psy:xldyds, 7.2 


E| [ " f (X,)o(X,)dB,] = 0, 


due to the martingale property of It6’s stochastic integral. Therefore, differentiat- 
ing (7.27) with respect to the variable ft, we have 


[10) PE av= | F0)4° pteyxay, 


where 
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Due to arbitrariness of f it follows from the latter that 
O p(t, ysx) 
Ot 


in the weak sense, and p(t,y;x) as the density of X; with the condition Xp = x, 
satisfies the initial condition 


= A* p(t,y3x), (7.28) 


P(0,y3x) = 6(y), 


where 6,(y) is the Dirac delta function concentrated at x. Equation (7.28) is the 
Fokker-Planck, or Kolmogorov forward equation associated with stochastic differ- 
ential equation (7.25). 

Now let A be the formal adjoint operator to A*, that is 


I9(x) | 07(x) 07O(x) 
Ox v 2 Ox2 ° 


Then, as an adjoint equation to (7.28), we obtain the backward Kolmogorov equa- 
tion in the form 


Ag(x) = B(x) 


Op(t,yix) _ 
a = Ap(t,y;x), 


with the initial condition 
P(0,ysx) = 6y(x). 


In the n-dimensional case the operator A takes the form (c.f. (7.17)) 


n x n 2 x 
960) 1 4 290 


A =) bd; ; 7.29 
om) »» i) Ox; 2 ij=l OxjOXx; ( ) 
where aj;(x), i,j = 1,...,n, are entries of the matrix obtained by multiplying the 


matrix o(x) by its transpose o(x)?. 


7.5 Lévy processes and Lévy stable subordinators 


Fractional Fokker-Planck-Kolmogorov equations are connected with the SDEs driven 
by a specific time-changed stochastic process. A time-change process is the inverse 
to, so-called, a stable Lévy subordinator, which is a Lévy process. Below we intro- 
duce Lévy processes and stable subordinators. Lévy processes form a wide class of 
stochastic processes. For us particular Lévy processes, namely, Lévy stable subor- 
dinators, and symmetric stable Lévy processes will be of interest. 


Definition 7.3. By definition, a Lévy process L; € R”, t > 0, is an adapted stochastic 
process satisfying the following conditions: 

1. Lp = 0; 

2. has independent stationary increments; 

3. for all €,¢ > 0, lims5, P(|L; — Ls| > €) = 0. 
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Comparing with Definition 7.2 of Brownian motion, we notice that a Lévy process 
is not required to have the density (7.5), and the path wise continuity condition is 
weakened to the “continuity in probability.” Hence, Lévy processes may have jumps 
in a countable number of points. To study jumps it is convenient to introduce a class 
of cadlag processes. A cadlag process, by definition, is right continuous with left 
limits. Any Lévy process has a cadlag modification, which is again Lévy process 
[App09]. Moreover, any Lévy process is a semimartingale. (See the definition in 
Section 7.16 “Additional notes’). 

Lévy processes are characterized by three parameters (b,2,v), called a charac- 
teristic triple, where b € IR", X is a nonnegative definite (n x n)-matrix, and v is a 
measure defined on R” \ {0}, such that 


| min(1, |x|*)dv <x. (7.30) 
R" 


The measure v is called a Lévy measure. The Lévy-Khintchine formula character- 
izes a Lévy process (as an infinitely divisible process) in terms of its characteristic 
function 


®,(E) =E(e") = e¥ 5), (7.31) 
with 


I ip 
¥(E) =H06,6)—5(28,8)+ J (elt) —1 Hon) xq ))v(aw). (7.32) 
The function Y’ is called the Lévy symbol of L,. 

Another characterization of Lévy processes is given by the Lévy-It6 decomposi- 
tion theorem, which states that 


L; = bot + oBy + wN(t,dw) + wN(t,dw), (7.33) 


|wi|<l |w|>1 


where bo € R”, o is an n X m-matrix such that oo? = ¥, B; is an m-dimensional 
Brownian motion, and N(t,dw) is a Poisson random measure and N(t,dw) = 
N(t,dw) —tv(dw) is a compensated Poisson martingale-valued measure; see 
“Additional notes” for the definition. 

The first two terms in equations (7.32) and (7.33) characterize a Brownian com- 
ponent of the Lévy process and the other terms are responsible for jumps. In Lévy- 
Ito’s decomposition (7.33) small and large jumps are classified by the third and 
fourth terms. 

Consider some examples of Lévy processes. Two important subclasses of Lévy 
processes (examples 2 and 3 below), called symmetric a-stable Lévy processes and 
B-stable Lévy subordinators will essentially be used in our further considerations. 
Symmetric a-stable processes will be used as alternatives to Brownian motion, and 
inverses to stable subordinators as time-change processes. 
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Example 7.3. 1. Let in the triple (b, X,v) the Lévy measure v = 0. Then the corre- 
sponding Lévy process is Brownian motion, that is L; = B;, with the drift b and 
the correlation matrix 2. This is the only class of Lévy processes with no jump 
components. 

2. Lévy’s symmetric a-stable processes. Let b = 0, X = 0 in the triple (b,2,v), 
and the Lévy measure v is defined so that the Lévy symbol is 


W(E)=-|E|", O<a<2. (7.34) 


In this case the corresponding Lévy process is called a symmetric ~-stable pro- 
cess. Let, for example, the Lévy measure v depend only on the radial variable 


a ate tat, and be defined as 


v(dx) Gadx 


7 [xjorn’ 


where C,, is the normalizing constant specified below. This measure satisfies the 
condition (7.30) if 0 < a@ < 2. One can show that in this case the Lévy symbol 
has the form (7.34). Indeed, it follows from (7.32) that 


i(w,é) _ 1— i( €} i(w,E) _ 1 
e i(w, e 
wE)=Ca f ae + Ca i en a 


|w|<1 |w|>1 


The substitution w = x/|&|, € 40, leads 


i(x,0)_ 4 _; i(x,0) _ 
wey=calgl | ff ar f Tar], 


|x| a-+n |x|orn 
[x]<|5| Ix|>15| 


where |0| is a point on the unit sphere in R” with the center at the origin, and 
therefore, the expression in parentheses does not depend on @. Taking into ac- 
count the equality 


| (*, )Gt<i —Aaisi6) 4 9 
” sd 
one has 
. : dx 
¥(E)=Cal6|* f (2° —1- ile, Iyer) Farad = —16I" 


R” 
where we set 


. d 
Ca a / (cise) =][— i(x, O)Ii<1) ——dx 


Xx 
|x|atn 
R" 
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We denote Lévy’s m-dimensional symmetric a-stable process by La +. A stochas- 
tic differential equation driven by La» we write in the form 


dX, = g(X— \dLiat, X90 = Xo, 


where g(x) is (n x m)-matrix valued function satisfying the Lipschitz continuity 
and growth conditions. 


. Lévy’s B-stable subordinators. One-dimensional nonnegative, nondecreasing 


Lévy processes are called subordinators. This implies 2 to be the zero ma- 
trix, b > 0, v(—ce,0) = 0 and f min(1,|x|)v(dx) < c. We will not consider 
in this book subordinators in such a general form. We will be interested only 
in the subclass of Lévy’s stable subordinators. For B € (0,1), a B-stable sub- 
ordinator is a strictly increasing subordinator W;, which is self-similar, i.e. 
W, = 11/B W;, in the sense of finite-dimensional distributions, and with the Lévy 
symbol ¥(s) = —sB 5 >. Due to equations (7.31) and (7.32), the latter can be 
written as 


fe“ =e 5 >0. (7.35) 


This in terms of the density function fw, (Tt), tT > 0, of the random variable W; 
takes the form 


where L[ fw, |(s) is the Laplace transform of fy, (tT). Since the Laplace transform 
of fw, (t) decays exponentially at infinity, it follows from the general theory of 
Laplace transforms and Watson’s lemma that fw,(T) is infinitely differentiable 
on (0,°°), and vanishes at zero at an exponential rate. In fact, fw (T) has the 
following asymptotic behavior at zero and infinity: [MLP01, UZ99]: 


2B BB. 
(E77 _u-pygy 
es — 0; 7 
fu, (0) ~ Fam , 7-40; (7.36) 
B 
fw, (7) TF ~ pyr’ T — 00, (7.37) 


The Lévy-Ito decomposition (7.33), in fact, gives a clue how the stochastic differ- 


ential equation (7.11) driven by Brownian motion can be extended to SDEs driven 
by a Lévy process L,;. Namely, by SDE driven by a Lévy process we understand the 
equation 


X= Xo+ [61% jas + [of AB + [Pf AR W)Wds.d) 
wi|<l 


+[ [KO Nas. dv), (7.38) 
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where the continuous mappings b(x) : R” > R", o(x) :R" > R"*", and G(x,w) = 
A wl<r)(W)A(x,w) + Xwi>1) (w)K (x, w) : IR" x R" > R" satisfy the following Lip- 
schitz and growth conditions, respectively: 


|b) — BO)? + lo) — 6) |? tf |H(x,w) — H(y,w)?v(dw) 


|wi|<l 


<C,|x—y|*, Vx,y eR"; (7.39) 


[/,_,!#Gsm)Pvlaw) < (+e?) WxeER", (7.40) 


7.6 Inverse processes to Lévy’s stable subordinators 


Let E; be the first hitting time process for a stable subordinator W, with stability 
index B € (0, 1). The process £; is also called an inverse to W,. The relation between 
E, and W, can be expressed as E, = min{t : W; >t}. Since W, is strictly increasing, 
its inverse process E; is continuous and nondecreasing, but not a Lévy process. 
Likewise the time-changed process Bz, is also not a Lévy process (see details in 
[HKU10]). 

We denote by f;(7) the density function of E,. If fy, (¢) is the density function of 
W), then 


a 0 
f(t) = 5 P(Er St) = 5 (1—P(Wr <1) 
7] t a ' 
— P(Wi < We) = 5, Vw, (7p) 
— 0 a6 _ t t 
=-5/ fw, (u)du ae ae T20, (7.41) 


Since fy,(u) € C°(0,ce), it follows from representation (7.41) that f;(t) € C* (R2.), 


where R7_ = (0,00) x (0,ce). Further properties of f;(t) are represented in the fol- 
lowing lemma. 


Lemma 7.1. Let f,(t) be the function given in (7.41). Then 


(a) lim,_,+0 f:(T) = 69(T) in the sense of the topology of the space of Schwartz 
distributions Y' (R); 
. -B 

(b) lim;_++0 f(T) = Tp) t>0; 

(c) limz_+.0 fi(T) =0, t > 0; 

(4) Lrsalfi(t)|(s) = 98 “le-™, 5 > 0, 720, 


where L;-,; denotes the Laplace transform with respect to the variable t. 
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Proof. (a) Let y(t) be an infinitely differentiable function with compact support. 
We have to show that lim,_,+9 < f;,w >= (0). Here < f;, y > denotes the value 
of f; € Z'(R) on y. We have 


jim, < f(t), w(t )>= lim [ fi(t)w(t)dt = Jim, | fw, (u \w((=)P au 


t>+0 


= (0) | fin, (Wau = (0). 


Parts (b) and (c) follow from asymptotic relations (7.37) and (7.36), respectively. 
Part (d) is straightforward. One needs just to compute the Laplace transform of 
f:(7) using the representation f;(T) = — £0 fw ots ip ): Indeed, 


ae) t 
== 1 tf (tp)] 


Due to part (b) of Lemma 7.1, f; € C*(0,c¢) for each fixed t > 0. Hence, the 


fractional derivative Dé, f:(T) in the variable t is meaningful and is a generalized 
function of the variable tT. Notice also that Part (d) means 


Lo! 


1a 

nie | OS KG). 
Lemma 7.2. The function f, (tT) defined in (7.41) for each t > 0 satisfies the equation 
+B 
1—B) 


Remark 7.1, Equality (7.42) is understood in the sense of distributions. The frac- 


tional derivative De , and the partial derivative Z in this equation are in the usual 


sense, since f;(t) € C*(R%). 


B © 
Dyfi (T) — az f(t) ry 6o(T). (7.42) 


Proof. The Laplace transform (in variable t) of Dé, f:(t), due to formula (3.55) in 
the case 0 < B < 1, and using Parts (a) and (d) of Lemma 7.1, equals 


L-ss(DP fi (t)M(8) = 9° Le ssffi()|(s) — 881 lim, f(t) 
= s2B-1e-t” _ B-15 (zt), 5 >0. 


On the other hand, computing the inverse Laplace transform of both sides of this 
equality, one obtains 


302 7 Fractional Fokker-Planck-Kolmogorov equations 


completing the proof. 


Proposition 7.4. The function f;(t) defined in (7.41) for each t > 0 satisfies the 
equation 


0 


fi(t) = ral f(t). (7.43) 

Proof. Applying the fractional integration operator JB to equation (7.42), we have 
= - fa) B do (T ) Bix B 
fi(T) — jim (2) = mae fi(t)—- ra—B)" bP 


in the sense of distributions. Due to part (a) of Lemma 7.1 we have lim,-,0+ f;(T) = 
5o(t). This fact together with the equation JPt-8 = (1 — B) implies (7.43). 


7.7 Fractional FPK equations 


Suppose X; € R” is a solution to the stochastic differential equation 
dX; = b(X;)dt + o(X;)dB,, X;—0 =X, 


where vector-functions b : R” — R” and o : R" + R"*” satisfy the Lipschitz and 
linear growth conditions, B; is an m-dimensional Brownian motion, and x € R” is a 
fixed point. We have seen above (Section 7.3) that in this case the associated FPK is 


out) = Ault,x), t>0,xe R", (7.44) 
u(0,x) = (x), xER"; (7.45) 


where «& is a differential operator defined in (7.17). The solution u(t,x) to Cauchy 
problem (7.44)-(7.45) is connected with the stochastic process X; via the relation- 
ship u(t,x) = E[@(X;)|Xo =]. 

Below we will show that the FPK equation associated with the time-changed 
process Xz,, where E; is the process inverse to the Lévy’s stable subordinator with 
the stability index B, has the form 


DP v(t,x) = WLv(t,x), t>0,xER", (7.46) 
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with the initial condition 
v(0,x) = p(x), (7.47) 


where pp is the fractional derivative in the sense of Caputo-Djrbashian. We note 
that solutions to equations (7.44) and (7.46) are connected via a certain relationship. 
Namely, a solution v(t,x) to equation (7.46) satisfying the initial condition (7.47) 
can be represented through the solution u(t,x) to equation (7.44), satisfying the 
same initial condition (7.45), by the formula 


v(t,x) = [ eu(e.x)ae. 


where f;(7) is the density function of E, for each fixed t > 0. Indeed, conditioning 
on the event [E; = Tt], T € (0,°9) 


? 


v(t.) = E*(@(Xe,)) =f E*(@(X)IE = 2) P(E: € dt) 
2 [ ” u(t,x) f,(t)dT. 


Using Lemma 7.2, we have 
B _ [7B 
Di, v(t,x) = Dy fi (T)u(t,x)dt 
: 0 


=. fore i? j 
=~ | seh) + Fp ale) u(t,x)dt 


= = Lion [fe()u(,x)] + lim [fi (2)u(,) 


t-B 


+ [ il Zu(taae- Fan py»): 


Due to Lemma 7.1, part (c) implies the first term vanishes since u(T,x) is bounded, 
while part (b) implies the second and last terms cancel. Taking into account (7.44), 


DB v(t,x) = i ” f(t) lu(t,x)dt = v(t,x). 


Moreover, by property (a) of Lemma 7.1, 


lim v(¢,x) =< 60(T),u(7,x) >= u(0,x) = Q(x). 


tot 
Thus, we proved the following theorem: 


Theorem 7.1. Let u(t,x) be a solution of Cauchy problem (7.44)-(7.45). Then the 
function v(t,x) = Jo fr(t)u(t,x), where f;(T) is the density function of E;, satisfies 
the Cauchy problem for fractional order differential equations (7.46)—(7.47). 
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7.8 Mixed time-changed processes 


Let W, be an (.¥,)-adapted strictly increasing cadlag process, or equivalently, a 
strictly increasing (.¥,)-semimartingale, and E; = inf{t > 0: W; > ft}, the first 
hitting time process. Then it follows from the definition of FE; that E; is a contin- 
uous (.¥;)-time-change and P(E; < t) = P(W; > fr). If W) = Wiz + Woz, where 
W,; and W2, are independent (.¥;)-adapted strictly increasing cadlag processes, 
then W, also possesses the same property and its inverse process, E;, satisfies 


P(E, < t) =1—(Fo) « F(t), where for k = 1,2, FS” (t) = P(Wer < t) with 


density fi ) and * denotes convolution of cumulative distribution functions or den- 
sities, whichever is required. For notational convenience, if a,b > 0, let 


AY () 8? Glo= [a (Far (9). 


which through the density functions can also be written as 


n(n Gop L208 (Baer Ga 


where J is the usual integration operator. 


Lemma 7.3. Let W, = c;W, 4 +c2W2,, where c,,c2 are positive constants and W, , 
and W>, are independent stable subordinators with respective indices B, and By in 
(0,1). Then the inverse E; of W, satisfies 


re <o=1- [A (—)an/ ~ JJ (7.48) 
cy TB 1 co TB2 


and has density 


fote)=-2 | 0H) ( = ) 1 = Jo} (7.49) 
Ot cr TB2 CTF C7 TB2 


Proof. Since W,,, and W2,, are independent and self-similar processes, 


1 1 
P(E, < Tt) =P(W, >t)= 1-P(citFW 4 +¢2T82W1< t) 


F 9 F 
=1- | 7) #0 ( ale 
cyt! C2 TB2 


from which (7.49) follows immediately upon differentiating with respect to T. 


The following lemma provides an estimate for the density function fy, (7). 
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Lemma 7.4. For any t < ©, the density fg,(7) in (7.49) is bounded and there exist 
a number B € (0,1) and positive constants C, k, not depending on T, such that 


1 
fe,(t) < Cexp(—ke TB ) (7.50) 
for T large enough. 


Proof. Suppose for clarity that 0 < B, < Bz < 1 in representation (7.49). It follows 
that fz,(t) =h+bh+4, where 


S 2 r=3 
= ial — [vs °( T Ja ( T Jas 
Bocot Bs cy TB 1 c2TB2 


1 KY (2) ( t-s 
bh = —_ S° fe i: I fi T ds, 
Bicicot!* rt B JO eT cot Ba 


1 7 Ss t—s 
b= f'n) (=p) oy (Se) ae 
crt Pa 0 cy TP aes 


It is easy to see that pace: by parts reduces J; to the sum of integrals of types 


and 


I, and bh, namely, & = Boot’ Bop + Bit. ae ane it suffices to estimate [, 
and J. First notice that both functions fo ; f°) are continuous on [0,c°), and 


J FO (t) < 1. Consequently, in accordance with the mean value theorem, there exist 
numbers s,.,5. € (0,f) such that 


hs —_- AP (|, (7.51) 
Boc2T *B c2TB2 
and 
ES x 1 Sack 2 t — Sxx 
a. ree ree ii ( T Ja (== . (7.52) 
Bicicot By ' Bo cyTP 1 coTB2 


For T small enough, (7.37) implies 
N<Q, h<Qt and h< C37’, 


where C),C2, and C3 are constants not depending on T. These estimates and conti- 
nuity of convolution imply boundedness of fg,(T) for any T < ©. 

Now suppose that t is large enough. Then taking into account (7.36) in (7.51) 
and (7.52), it is not hard to verify that 


C3 ao 
ae i ee (arm), 
T 2B) 
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and 


C4 


ii. 1 
% exp ( fale +278), 


1 ae ees 


2 BYE 
qt XI-Bi) 20-6) 


where C3,Cy and k,,kz are positive constants not depending on T. Selecting 
B = B, = min(B,,B.), C = max(C3,Cy), and k = min(k,,2k)) — €, where 
€ € (0,min(k;, 2k>)), yields (7.50). 


Two lemmas proved above can be extended to weighted averages of an arbitrary 
number of independent stable subordinators. It is easy to verify that the process 
W,= ys c.Wi¢ Satisfies 


N 
— > cP sr s>0. (7.53) 
k=1 


In fe a 


t=1 


The function on the right-hand side of (7.53) can be expressed as the integral 
- i s du(B), with p the finite atomic measure, 


N 
du(B) = ¥ ch 5, (B)aB. 
k=1 


Definition 7.4. Let u be a finite measure defined on the interval [0,1]. Let S desig- 
nate the class of strictly increasing (.¥, )-semimartingales V,, Vy = 0, whose Laplace 
transform is given by 


1 
InL[fy,(t)](s) =InE[e™] = -1 [ sdu(B), s>0, 


where fy,(T), T > 0, is the density function of the process V;. This class obviously 
contains stable subordinators and all mixtures of finitely many independent stable 
subordinators. By construction, Vo = 0 a.s., and V; can be considered as a weighted 
mixture of independent stable subordinators. For the process V; € S corresponding 
to a finite measure [, we use the notation V; = W," to indicate this correspondence. 
In particular, if du(B) = a(B)dB, where ais a positive continuous function on (0, 1], 
we write V; = W/. 


Remark 7.2. Lemma 7.4 remains valid for the inverse E“ of any mixture W," of 
independent Lévy’s stable subordinators with a mixing measure LW whose support 


supp C (0,1). 


7.9 Distributed order FPK equations 


The technique used in Section 7.7 extends to the more general case when the 
time-change process is the first hitting time for an arbitrary mixture of indepen- 
dent stable subordinators. Let @(s) = fj s®du(B), where p is a finite measure 
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with suppm C (0,1]. Let W," be a nonnegative stochastic process satisfying 

we : : 
n(e% ) = e*9(9), and E* = min{t : WH >t}. The process W," represents a mix- 
ture of independent stable subordinators with a mixing measure Ll. 


Theorem 7.2. Let u(t,x) be a solution of the Cauchy problem 


aul) = dult,x), t>0,xER", (7.54) 
u(0,x) = @(x), xeER’. (7.55) 


Then the function v(t,x) = Jo’ ff (t)u(t,x), where f!' () is the density function of 
E" , satisfies the initial value problem for the distributed order differential equation 
1 
Dyv(t,x) = ‘| D® v(t,x)du(B) = v(t,x), t>0,xeR", (7.56) 
Paes 
v(0,x) = o(x), xE R”. (7.57) 


The proof of this theorem requires two lemmas which generalize Lemmas 7.1 
and 7.2. Define the function 


-p 
o,(0)= [ mee t>0. (7.58) 


Lemma 7.5. Let f(t) be the function defined in Theorem 7.1. Then 
(a) lim,,+0 fy’ (t) = 59(t), 7 > 0; 

(b) limy +407 (t) = ®y(t), 1 > 0; 

(¢) lima. ff (4) =0, > 0; 

(4) LosLfh (Is) = Pe, s>0, 120. 


Ss 


Proof. First, notice that ff (t) = f,u(t) = -2 fv l(), where J is the usual int- 
egration operator. The proofs of parts (a) — (c) are similar to the proofs of parts 
(a) — (c) of Lemma 7.1. Further, using the definition of W;", 


1d 9(5) --29(s) 


Lrssl ft (Ms) = — <5 Lssl fv OMS) = pees 


which completes the proof. 


Lemma 7.6. The function fi" (t) defined in Theorem 7.1 satisfies for each t > 0 the 
following equation 


Dusft' (2) =—-S f(a) — (2) (7.59) 


in the sense of tempered distributions. 
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Proof. Integrating both sides of the equation 


L,,5[Do if! (a)| = 3° Ysslf" (O|(s) — 18 (2), 


and taking into account part (d) of Lemma 7.5, yields 


Beng [Durf' (0) = ae, 27 T4(s) 0) 6o(t). 


It is easy to verify that the latter coincides with the Laplace transform of the right- 
hand side of (7.59). 


Proof (of Theorem 7.2). Using Lemma 7.6, we have 


Dy pv(t,x) = [ Pushl @ule.a)ae 
=~ lim [fr ‘ )u(t, x)] + lim [f (t)u(T,x)] 


i a f(t) Zu(t,x)dt — &,(t)u(0,x) = [ “ fi(e) 2 u(t,x)at, 


since the limit lim;,..[f/'(t)u(t,x)] = 0 due to parts (c) of Lemma 7.5, and 
lim, o[f' (t)u(t,x)] = By (t)u(0,x) due to part (b) of Lemma 7.5. Now taking 
into account equation (7.54), 


Dyav(t,x) = [ ” fll (a) u(t,x)dt = A v(t,x). 


The initial condition (7.55) is also verified by using property (a) of Lemma 7.5: 


lim v(t,2x) =< 00(T),u(t,x) >= u(0,x) = @(x), 


tot 


which completes the proof. 


Corollary 7.1. Let the Cauchy problem (7.54)-(7.55) represent the FPK equation 
associated with stochastic differential equation dX; = b(X;)dt + 0(X;)dB, with the 
initial condition Xo. Then the fractional FPK equation associated with the time- 
changed stochastic process Xp! is given by Cauchy problem (7.56)-(7.57). 


Unfortunately, this method does not provide any information about stochastic 
differential equations associated with fractional order FPK equations. To establish 
the connection between fractional FPK equations and their associated stochastic 
differential equations we further need to study properties of densities of time-change 
processes, and to establish some auxiliary results. This is done in the next section. 
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7.10 Connection with semigroups and their infinitesimal 
generators 


In Example 7.2 we saw that Brownian motion B; is associated with a semigroup 
T, : Co(R") > Co(R") (or 7; : L2(R") — L2(R")) of linear bounded operators with 
the infinitesimal generator </ = 5A, which is a closed operator with the domain 
(A) = C2(R") (or Be) = H'(R")). 

This relationship is true for wide class of (Markovian) stochastic processes. For 
every Lévy process (see, e.g., [App09]) there is an associated semigroup {T7;,t > 0} 
defined on Co(R”) with infinitesimal generator </ whose domain contains C3 (R"). 
The infinitesimal generator of the Lévy process with characteristics (b,2,v) is a 
pseudo-differential operator </ = Y(D,,) with the symbol ¥(&) defined in (7.32). 
The explicit form of this operator with the domain C}(R") is 


Pcs ots W) — P(X) — Xwi<ay( "> 5 v(dw). (7.60) 


Indeed, due to definition (7.32) of the symbol ¥(&), one has 


R"\ {0} 

n CKO) 1 n 0 Q 
= t Oj 

ps 40x; 7 OXjOX; 


"ew oy I 6 Ms) Flg\(6)d5 — Gay | 2 8) Flp\(E)dé 
wis) ") m/e] ven 


Now changing the order of integration, valid for functions @ € (@- (R"), 
implies (7.60). 

We note that {7;,t > 0}, associated with the Lévy process L;, is also a semigroup 
on L?(R”) and the domain of its infinitesimal generator ¥(D,) is the anisotropic 
Sobolev space W(R") = {@ € L?(R") : fan |¥(E)|7|6(E)|°d& < } (see [Jac01]). 
If L, is asymmetric o-stable process, then W(IR") coincides with the Sobolev space 
H@(R"). 
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Further, if X; solves SDE (7.38), then (7;@)(x) = E[@(X;)|Xo = x] is a strongly 
continuous contraction semigroup defined on the Banach space Co(IR”). Moreover, 
its infinitesimal generator is the operator [App09, Sit05] 


+f ots) 10) xen) 8 Gm) 22 v(dw) 
R\{0} rs 
(7.61) 


with G(x, w) = H(x,w) if |w| < 1, and G(x, w) = K(x,w) if |w| > 1. This is a pseudo- 
differential operator with the symbol 


¥(x,€) = i(b(x),6) — 5EQE,E) (7.62) 
+ i on” ~1=i(G(x,w),€)xqujen(w))v(dw), 


Indeed, for g € C5(R") C D(-L(x,D)), one has 


1 


LODO) = Gag [ OY wE Fol Eas 


R" 


= ar | 5) [i(o(a), 8) — 5 (EQDE.E) 


n n ao 
= DOs +5 2 OO) aaa 


1 —i(x, i(G(x,w), . 
+ aye feP Lf (OO) — 1-H (e,),8)x <1") (aw) Fol (E)a 
Rr R"\{0} 


Changing the order of integration in the last line, which is valid for any @ € Ch (R"), 
we reduce it to 


= ea i(*—-G(xw),§) _ eile) 
Jono Lome f Flol(S)45 — Go il F{@|(§)d6 


Further, using properties of Fourier transform, the expression under the outer inte- 
gral in the latter can be written in the form 
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2 poole 
") 6, (x) 


@ (x— G(x,w)) — p(x) — X wi <1) ae 


Thus, the infinitesimal generator “(x,D,) of the solution of SDE (7.38) has the 
form (7.61). Moreover, if vector-functions b(x), 2(x), and G(x, w) satisfy Lipschitz 
and linear growth conditions, then the mapping Y(x,D,) : C5(IR”) > Co(R") is 
continuous, that is C5 (IR") C Dom(-7(x,D,)). 

A time-changed stochastic process, in general, does not have an associated semi- 
group. This is the case when the time-change process E; is the inverse to Lévy’s 
B-stable subordinator. However, if a stochastic process X; has an associated strongly 
continuous semigroup 7; with an infinitesimal generator .o/, then this information 
can be effectively used in description of the time-changed process Xz, or X Ef where 
Lt is a mixing measure. Below we establish two important abstract theorems i in this 
context which are required for the main results of Section 7.11. 

Let {7,,t > 0} be a strongly continuous semigroup defined on a Banach space 
& with norm || - ||, such that the estimate 


Z|] < Mlle” (7.63) 


is valid for some constants M > 0 and @ > 0. This assumption implies that any 
number s with Re(s) > @ belongs to the resolvent set p(./) of the infinitesimal 
generator ./ of T; and the resolvent operator is represented in the form R(s,.#) = 
Joe “Tat [EN99]. 


Theorem 7.3. Define the process W, = c)Wi 4 +c2W2;, where W, , and W2, are ind- 
ependent stable subordinators with respective indices B,,B2 € (0,1) and constants 
c, > 0, cz > 0. Let E; be the inverse process to W,. Suppose T; is a strongly continu- 
ous semigroup in a Banach space & satisfies (7.63), and has infinitesimal genera- 
tor & withDom(&) C 2. Then, for each fixed t > 0, the integral |) fe,(t)Trpdt 
exists and the vector-function v(t) = Jy fe,(t)Trpdt, where p € Dom(&), sat- 
isfies the abstract Cauchy problem for the distributed order fractional differential 
equation 


CDP v(t) +QD2 v(t) = v(t), t>0, (7.64) 
v(0) =, (7.65) 


where pb is the fractional derivative of order B in the sense of Caputo-Djrbashian, 
and C, = cP! and Cy = c&. 


Proof. First, define a vector-function p(t) = T;@, where @ € Dom(.). In accor- 
dance with the conditions of the theorem, p(T) satisfies the abstract Cauchy problem 


707) _ e/p(2), (0) = 9, (7.66) 


312 7 Fractional Fokker-Planck-Kolmogorov equations 


where the operator .2/ is the infinitesimal generator of T;. Now consider the integral 
Jo fe,(t)Tr@ dT. It follows from Lemma 7.4 and condition (7.63) that 


| [ teoreoarl < | fe(o)IT-ol\at (7.67) 
<Clol| [OF de <u 


where B € (0,1) and C, k > 0 are constants. Hence, the integral |) fe,(t)Tr@dt 
exists in the sense of Bochner for each fixed t > 0. Denote this vector-function by 


= [ faloyTeoar. 


It follows immediately from the definition of the semigroup 7; that 


v(0) = lim |” SE, (t)Trpdt =Thp = @, 
t>0+ 


in the norm of 2. By (7.49), 


-af.t 
ve)=— f 34 ; lu 


c2T 


ie 


using (7.35), the Laplace transform of v(t) takes the form 


shh - 9 1 cht Bt pte sht 
H)=-f = {= oe (7.68) 


co es ; 
= (chi sBi-! 4. Be sBo hy on Hcfl sBl +e Po Bo i. oat 
0 


— (C,sP1-1 + Cys®2-1) (T-@](Cs + CpsP2) 
= (Cys9'-! + CysP2-!) 6 (C58 + Cys), 


which is well defined for all s such that C, 581 + C)sf2 > w, where C, = oft, k=1,2. 
On the other hand it follows from (7.66) that 


(s—@)p(s)=, Vs>o@. (7.69) 
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Let @ > 0 be a number such that s > Wp iff Cs! + Cysh2 > @. Then (7.68) 
and (7.69) together yield 


[C1 s®i + Cys82 — oV}0(s) = (Cys! +. Cys"), s > ap. 
Writing this in the form 
Ci [s®' 6(s) — s1-!y(0)] + Cy[s®25(s) — s-1¥(0)] = e9(s), s >a, (7.70) 


recalling the formula LIDBv(t)| (s) = s8L[v|(s)—s8-!v(0) for 0 < B < 1 (see Propo- 
sition 3.11), and applying the inverse Laplace transform to both sides of equa- 
tion (7.70), we obtain 


CDP y(t) + DP v(t) = v(t). 


Hence v(t) satisfies the Cauchy problem (7.64)-(7.65). 


This theorem can easily be extended to the linear combination of a finite number 
of processes W.;, k = 1,...,N. The proof has no essential difference. 


Theorem 7.4. Define the process W, = py crWr, where Wi, k= 1,...,N, are 
independent stable subordinators with respective indices Bx € (0,1) and constants 
cy > 0. Let E; be the inverse process to W,. Suppose T; is a strongly continuous 
semigroup in a Banach space 2, satisfies (7.63), and has infinitesimal generator 
@ withDom(&@) C 2. Then, for each fixed t > 0, the integral Jy’ fz,(t)Trp dt ex- 
ists and the vector-function v(t) = fy fz,(t)Tr@ dt, where @ € Dom(&), satisfies 
the abstract Cauchy problem for the distributed order fractional differential equa- 
tion 


N 
¥ CDi v(t) = v(t), t>0, 
k=1 


v(0) = 9, 
where pp is the fractional derivative of order B in the sense of Caputo-Djrbashian, 
and Cy = cP, k=1,...,N. 


The next theorem provides an extension of Theorem 7.4 to an arbitrary time- 
change process W," € S; see Definition 7.4. 


Theorem 7.5. Assume that W," € S where w is a positive finite measure with 
supp LC (0,1), and let E" be the inverse process to wh. Then the vector-function 
v(t) = fo Set (t)Tr@ dt, where T; and @ are as in Theorem 7.4, exists and satisfies 
the abstract Cauchy problem 


1 
D,v(t) = [ D6 v(t)du(B) = v(t), t>0, (7.71) 
v(0) =9. (7.72) 


314 7 Fractional Fokker-Planck-Kolmogorov equations 


Proof. We briefly sketch the proof, since the idea is similar to the proof of Theorem 
7.4. Since supp C (0,1), the density Fup (t),T > 0, exists and has asymptotics 


(7.36) with some B = Bo € (0,1) and (7. 37) with some B = B, € (0,1). This implies 
existence of the vector-function v(r). Further, one can readily see that 


aan) 
== [ Aohy OMT pat 
Now it follows from the definition of W;" that the Laplace transform of v(t) satisfies 


Liv|(s) = i Pau (B) I eto Pdu(B)(T.)dt 


AY 


=" Lpl(O(s)), >, (7.73) 


where $(s) = & s® du(B), p(t) is a solution to the abstract Cauchy problem (7.66), 
and ® > 0 is a number such that s > @ if p(s) > @ (@ is uniquely defined, since 
(s) is a strictly increasing function). Combining (7.73) and (7.69), 


bi=migi=ol soa. (7.74) 
Applying the Laplace transform to (7.71) yields (7.74), as desired. 


Remark 7.3. If @ = 0 in (7.63), that is the semigroup 7; satisfies the inequality 
||T;|| < M, then the condition supp C (0,1) in Theorem 7.5 can be replaced by 


supp C {0,1). 


Example 1. Time-changed Lévy process. The operator & associated with the Lévy 
process L, with characteristics (b,2,v) is a pseudo-differential operator with the 
symbol ¥/(&) given in (7.32). The corresponding Cauchy problem takes the form 


Ou(t,x) 
dt 


= A (D,)u(t,x), u(0,x) = (x). 


Theorem 7.5 implies that if E/ is the first hitting time of the process W;" defined 
in this theorem and if E/ is independent of L,, then the Cauchy problem associated 
with the time-changed Lévy process Leu is the initial value problem for the time- 
fractional distributed order pseudo- -differential equation 


Dyult,x) = @(Dy)u(t,x), t>0,xER"’, 
p(x), xER". 


= 
aN 
So 

Se 
a 

lI 
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7.11 Fractional Fokker-Planck-Kolmogorov equations associated 
with SDEs driven by a time-changed Lévy process 


Suppose L, is a Lévy process and F£; is a continuous time-change process, both with 
respect to a filtration .F;. Consider the following SDE driven by the time-changed 
Lévy process Lz,: 


x= at [OX b(X;_)dEs + [ox sae, + ff " H(X,_,w)N(dE,,dw) 
w\|<l 
ii [ i 1 KW) (dB sd) (7.75) 
0 J\wi>1 


where the mappings b(x) : R” > R", o(x): R" > R"*", and H(x,w), K(x,w):R" x 
IR” — R” satisfy the same conditions as in SDE (7.38). SDE (7.75) is obtained from 
SDE (7.38) upon replacing its driving process L; by a time-changed process Lzg,. It 
is known [Jac79] that, if L; is an (¥;)-semimartingale and F; is a continuous time- 
change process, then Lg, is an (.7g,)-semimartingale. Thus, (7.75) is the integral 
form of an SDE driven by an (.¥g, )-semimartingale. We use the following shorthand 
differential form of SDE (7.75): 


dX, = F(X;_-)@dLg,, Xo =x, (7.76) 


where F(x) = (b(x), o(x), G(a,-)) indicates the triple of coefficients controlling the 
drift, Brownian, and jump terms, respectively. Similarly, the SDE in (7.76) we write 
in the following shorthand differential form (to avoid confusion with SDE (7.76) 
we use letter Y for the unknown process and T for the time variable): 


dY; =F(Y;-)@dLz, Yo=x. Ca) 


SDE (7.77) has been a focus of many researchers (see, [Sit05, App09] and the ref- 
erences therein). In particular, the following theorem is proved. 


Theorem 7.6. ([Sit05, App09]) If F (x) = (b(x), o(x), G(x,-)) satisfies the Lipschitz 
and growth conditions (7.39) and (7.40), respectively, then SDE (7.77) has a unique 
strong solution with cadlag paths. 


Theorem 7.7. Let W, be a (.¥;)-adapted strictly increasing cadlag process and E,; 
be its inverse. Suppose a stochastic process Y;, satisfies SDE (7.77). Then X; = Yr, is 
an (Ff, )-semimartingale and satisfies SDE (7.76). 


Proof. Since W, is a strictly increasing (.¥;,)-adapted process, its inverse E; is a 


continuous (.¥;)-time-change. Suppose Y; satisfies SDE (7.77) and let X; = Yzg,. 
Then due to well-known time-change formula [Jac79], we have 


Ey t 
fae ‘i F(s,Y;-)Odl,=x+ ( FG Ys Gata: (7.78) 
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X; will satisfy SDE (7.76) provided X;_ = (Yo E)s— can replace Yg,)_ in (7.78). The 
equality Yr.) = (Y oE),— fails only when s > 0 and E is constant on some closed 
interval [s — €,s] C (0,¢] with € > 0. However, the integrator Lo E on the right-hand 
side of (7.78) is constant on this interval. Hence, the difference between the two 
values Yrs) and X;— = (Y oE)s— does not affect the value of the integral. Conse- 
quently, (7.78) is valid with X;_ in place of YE(s)—- Thus, X; satisfies SDE (7.76), as 
desired. 


Remark 7.4. There is a general duality between the classes of SDEs (7.76) and 
SDE (7.77) studied in detail in [Kob11]. Theorem 7.7 is an adopted case to to our 
special case. 


Theorems 7.7 and 7.6 together yield 


Corollary 7.2. [f F(u,x) satisfies the Lipschitz and growth conditions (7.39) and 
(7.40), respectively, then SDE (7.76) has a unique strong solution with cadlag paths. 


Now we are ready to prove the following theorem, which generalizes 
Theorem 7.3. 


Theorem 7.8. Let Wi; and W2,; be independent stable subordinators of respective 
indices B,, Bx € (0,1). Define W, = cyWiy +c2W2,, with positive constants c, 
and c2, and let E, be its inverse. Suppose that a stochastic process Y; satisfies the 
SDE (7.77) driven by a Lévy process L;. Let X; = Yr. Then 


1) X; satisfies the SDE (7.76) driven by the time-changed Lévy process Lr,. 
2) if Y; is independent of E;, then the function u(t,x) = E[@(X;)|Xo = x] satisfies the 
following Cauchy problem 


CDE u(t,x) + CDP u(t,x) = L(x,D,)u(t,x), t>0,xER", (7.79) 
u(0,x) = g(x), (7.80) 


where  € Co(R"), C= cbt, k = 1,2, and the pseudo-differential operator 
-£(x,D,) is as in (7.61) with symbol in (7.62). 


Proof. The proof of part 1) easily follows from Theorem 7.7. Notice that since 
W, is a linear combination of stable subordinators, which are cadlag and strictly 
increasing, it follows that W; is also cadlag and strictly increasing. Hence, X; = Yp, 
satisfies SDE (7.76). 

2) Consider TY p(x) = E[@(Yr)|Yo = x], where Y; is a solution of SDE (7.77). 
Then TT is a strongly continuous contraction semigroup in the Banach space Cy(R”) 
(see [App09]) which satisfies (7.63) with @ = 0, has infinitesimal generator given 
by the pseudo-differential operator 7 (x, D,.) with symbol ¥(x, €) defined in (7.62), 
and C2(IR”) C Dom(Y# (x, D,)). So the function p’ (t,x) = TY p(x) with @ € C3 (R”) 
satisfies the Cauchy problem 


is Xx 
oP AEA) — 26,D,)p"(ta), 00.2) = (0) 
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Furthermore, consider p* (t,x) = E[@(X;)|Xo = x] = E[@(Yz,)|Yo = x] (recall that 
Eo = 0). Using independence of the processes Y; and E,, 


p* (t,x) =} 


Now, in accordance with Theorem 7.4, p* (t,x) satisfies the Cauchy problem (7.79)- 
(7.80). 


co 


[9 (¥r)|Er = T,% =x] fe, (t)dt = [ fal@)TF oar. (7.81) 


Theorem 7.9. ({HKU10]) Let Wer, k =1,...,N be independent stable subordina- 
tors of respective indices B, € (0,1). Define W, = Xi, chWe2, with positive con- 
stants cx, and let E, be its inverse. Suppose that a stochastic process Y; satisfies the 
SDE (7.77) driven by a Lévy process L;. Let X; = Yr. Then 


1) X; satisfies the SDE (7.76) driven by the time-changed Lévy process Lr,. 
2) if Y; is independent of E,, then the function u(t,x) = E[@(X;)|Xo = x] satisfies the 
following Cauchy problem 


N 
Y CDP u(t,x) = L(x,Dy)u(t,x), t>0,xER", 
k=1 


u(0,x) = g(x), 


where p € C)(R"), C, = cbt, k =1,...,N, and the pseudo-differential operator 
-£(x,D,) is as in (7.61) with symbol in (7.62). 


Theorem 7.10. ({HKU10]) Assume that W(u;t) € S, where w is a positive finite 
measure with supp C [0,1), and let E, be its inverse. Suppose that a stochastic 
process Y, satisfies SDE (7.77), and let X; = Yg,. Then 


1) X; satisfies SDE (7.76); 

2) if Y; is independent of E,, then the function u(t,x) = E[9(X;)|Xo = x] satisfies 
the following Cauchy problem for the time-fractional distributed order pseudo- 
differential equation 


Dyu(t,x) = 2 (x,Dx)u(t,x), t>0,xER", 


and the initial condition 


u(0,x) = g(x). 


Proof. The proof of part 1) again follows from Theorem 7.7. Part 2) follows from 
Theorem 7.5 in a manner similar to the proof of part 2) of Theorem 7.9. 


Remark 7.5. Theorems 7.9 and 7.10 reveal the class of SDEs which are associated 
with the wide class of time fractional distributed order pseudo-differential equations. 
Each SDE in this class is driven by a semimartingale which is a time-changed Lévy 
process, where the time-change is given by the inverse of a mixture of independent 
stable subordinators. Therefore, these SDEs cannot be represented as classical SDEs 
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driven by a Brownian motion or a Lévy process. The general extensions provided 
by these two theorems were motivated by their requirement in many applications, 
such as the cell biology example considered in the introduction. 


Corollary 7.3. Let the coefficients b,o,H,K of the pseudo-differential operator 
-£(x,D,) defined in (7.61) with symbol in (7.62) be continuous, bounded, and sat- 
isfy Lipschitz and growth condition. Suppose @ € CG (IR”). Then the Cauchy problem 
for the time-fractional DODE 


Dyult,x) = 2(x,D,)u(t,x), t>0,xER", 
u(0,x) = (x), xER’, 


has a unique solution u(t,x) € Ci(R") for each t > 0. 


Proof. The result follows from the representation (7.81) in conjunction with esti- 
mate (7.67). 


Example 7.4. Time-changed at-stable Lévy process. Let Lq(t) be a symmetric n- 
dimensional a-stable Lévy process, which is a pure jump process. If p“(t,x) = 
E[@(La(t))|La(0) =x], where p € Ci(R") (or, p € H™(R"), the Sobolev space of 
order @), then p“(t,x) satisfies in the strong sense the Cauchy problem 


L 
or (es) = Keil A)*/? p* (t,x), is 0, xe R", (7.82) 
p*(0,x)=9(2), xeR’, (7.83) 


where Ky is a constant depending on @ and (—A)@/ > is a fractional power of the 
Laplace operator. The operator on the right-hand side of (7.82) can be represented 
as a pseudo-differential operator with the symbol w(&) := |§|®. It can also be rep- 
resented as a hyper-singular integral (Section 3.8), which is more convenient in 
random walk approximation of o-stable Lévy processes (see Chapter 8). 


Example 7.5. Let SS be the set of Lévy processes X?, such that 


In (e%"€) = ¥(E) =— [IE Iap(a) 


Evidently, if (da) = So, ()da, then X? = La (t). Hence, the set SS contains all 
the symmetric a-stable Lévy processes. Moreover, if La, (t) and Lo, (t) are inde- 
pendent symmetric a- and a-stable Lévy processes, respectively, then ALg, (t) + 
BLo,(t) € SS with p (da) = [Ado(a@ — 01) + Bdo(a — a) |da. 

Now let X a . be the time-changed process, where E}" is the inverse to a process 
W(u;t) €S. Then due to Theorem 7.10, the FPK equation, associated with X' s u, has 


the form 


7.11 Fractional FPK associated with SDEs driven by a time-changed Lévy process 319 


Dyu(t,x) = [ Dgutt,ap (a, 
u(0,x) = (x). 
Now suppose ¥; solves SDE 
d¥, =9(¥;-)dLa(t), Yo=x, 


where g(x) is a function satisfying the growth and Lipschitz conditions, and such 
that g(x) 40, x € R”. In other words each for each component Y;(t) of the n dimen- 
sional stochastic process Y;, we have SDE 


dY;(t) = 9(Y;(t—))dLaj(t), Y;(0) = Xj, jJ=1,...,, 


where Lg ;(t) is j-th component of the process L(t). In this case, the forward FPK 
equation takes the form 


Op’ (t,x) _ 


so = = Ka(—A)*{le)@P"(ex)}, 2 >0,xER" (7.84) 


In order to prove this statement we recall that the forward FPK equation uses the 
adjoint operator ./* (see (7.24)). In our case Ly (t) is SoaS-process, and therefore, 
the operator </ = '(x,D), due to formula (7.61), is 


¥xD)oe)= f [e@—s@)w)- 0) &(3)(% Vo) jer ore 


R"\ {0} 


where 9 € Y(Y(x,D)) =H! (R”). Using the substitution yj = —g(x)w;, j=1,...,n, 
in the latter integral, one has 


x)|%dy 
¥E.D)0() =f [ole+y)- 06) +0, 0O))Apiciew 10) ae 
Rn\{0} 
Therefore, for arbitrary v € H'(R"), 


(¥(x,D) (2), v(2)) 


=f f volo») 96) +0, ¥e))api<iea) 0 KEEP as 
R'R"\{0} » 

=f J eiiilel*)6—y)- (al2)- 0.V(lel 1) Xy;<1 Mera 
R'R"\{0} . 


= (9(3), ¥(@,D) (Ie()I"v(x)) ) = (@@),¥*x,D)v@)). 


Hence, the adjoint operator is ¥*(x,D)v(x) = Y(x,D) ( g(x) |v(2)) , and we obtain 
(7.84). 
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Application of Theorem 7.10 implies that X; = Yz, satisfies the SDE 
dX, = g(X%_)dLa.z,, Xo =x, (7.85) 


where F, is the first hitting time of the process D(u;t) described in this theorem. 
Moreover, if E; is independent of Y;, then the corresponding forward Kolmogorov 
equation becomes a {time-fractional DODE/pseudo-differential} equation 


Dyp* (t,x) = —Ka(—-A)™{[e(x)]*p*(t,x)}, 1 >0,xER", (7.86) 


where Y, is the operator defined in (7.71). When the SDE in (7.85) is driven by 
a nonsymmetric o/-stable Lévy process, an analogue of (7.86) holds using instead 
of (7.84) its analogue appearing in [SLDYLO1]. 


Example 7.6. Fractional analogue of the Feynman-Kac formula. Suppose Y; is a 
strong solution of SDE (7.77). Let Y € R” be a fixed point, which we call a terminal 
point. Let g be a nonnegative continuous function. Consider the process 


vie Y,, if O<t< %, 
oe Ge, 


where .% is an (.¥;)-stopping time satisfying 


P( J; > t|_F:) = exp (— [atroas) | 


The process Y,’ is a Feller process with associated semigroup (see [App09]) 


(7#9)() =B exp (— [atx as) ot 


Yo = , (7.87) 


and infinitesimal generator -Z(x,D,) = —q(x) + @(x,D,), where @(x,D,) is the 
pseudo-differential operator defined in (7.61). Let E; be the inverse to a B-stable 
subordinator independent of Y;. Then it follows from Theorem 7.9 with N = 1 that 
the transition probabilities of the process X; = Yzg, solve the Cauchy problem for the 
fractional order equation 


DB u(t,x) 


x) = [-q(x) + Y(x,D,x)Ju(t,x), t>0,x ER’, 
u(0,x) 


(x), xeR". 


Consequently, (7.87), with X; = Yg, replacing Y;, and dE, replacing dt, represents a 
fractional analogue of the Feynman-Kac formula. 
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7.12 Fractional Brownian motion 


Brownian motion does not adequately model stochastic processes having corre- 
lations arising in a range of diverse applied fields, including finance, biology, 
hydrology, solar physics, turbulence, etc. A better mathematical model for such pro- 
cesses is achieved using fractional Brownian motion (fBM). Our next goal is to de- 
rive fractional Fokker-Planck-Kolmogorov type equations, associated with stochas- 
tic differential equations driven by a time-changed fBM. 

By definition, a one-dimensional {BM B®? is a zero-mean Gaussian process with 
continuous paths and covariance function 


1 
Ru(s,t) = E(BEBH) = 5(H +P! — |s— 14), 


where the parameter H, called a Hurst parameter, takes values in the interval (0, 1). 
IfH = 5, then B” coincides with the standard Brownian motion. In this case, obvi- 
ously, Rj /2(s,¢) = min(s,t), which is a well known property of Brownian motion. 
Fractional Brownian motion, as a driving process for SDEs, does not satisfy con- 
ditions required for Itd’s calculus,” unless H = 5 (see Section “Additional notes”). 
Nevertheless, there are several approaches [Ben03, BHOZ08, DU98, Nua06] to a 
stochastic calculus in order to interpret in a meaningful way as an SDE of the form 


X,=Xot+ [ox b(X;)ds + [ow X,)dB" (7.88) 


driven by an m-dimensional {BM B”,, where mappings b : R"” > R” and o : R" > 
R”"*” are Lipschitz continuous; Xo is a random variable independent of B/. We 
do not discuss here these approaches referring the interested reader to [BHOZ08, 
DU98, Nua06]. Instead, we focus our attention on the FPK equation associated with 
SDE (7.88) driven by {BM whose generic form is given by 


Ou(t,x) 


= B(x, D,)u(t,x) + Ht"? 1A(x, D,)u(t,x), (7.89) 
where : F 
B(x,D,) = 2 bielag (7.90) 


a first order differential operator, and A(x, D,) is a second order elliptic differential 
operator 


2 
A(x, Dy) jk (7.91) 
= ¥ ants lade 
Functions a jx(x), j,k = 1,...,n are entries of the matrix &(x) = o(x) x 07 (x), 


where 07 (x) is the transpose of matrix o(x). By definition .&/ (x) is positive definite: 


? It is not a semimartingale 
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for any x € R” and € € R” one has 37 1 ajx(x)§ jx = C|E 7, where C is a positive 
constant. The operator A(x, D,) can also be given in the divergent form 


A(x, Dy) = y e 


jhe OX) 


(a (2) = ) (7.92) 


The right-hand side of (7.89) depends on the time variable t, which, in fact, reflects 
the presence of correlation. Additionally, u(t,x) in equation (7.89) satisfies the initial 
condition 


u(0,x)= (x), xER’, (7.93) 


where @(x) belongs to some function space, or is a generalized function. In the 
particular case of FPK equation associated with SDE (7.88), p(x) = fx, (x), the 
density function of Xo. If Xp = xo € R", then p(x) = 6,, (x), Dirac’s delta with mass 
on xo. In this case the solution to the FPK equation is understood in the weak sense. 

In the one-dimensional case with H € (q 1), as is shown in [BCO7], the function 
u(t,x) = E,|@(X;)] solves the equation (7.89) with initial condition (7.93) when X; 
solves SDE (7.88) with b = 0 and a stochastic integral in the sense of Stratanovich. 
The operator A(x, D,.) appearing in (1.3) is expressed in the divergence form (7.92). 


7.13 Abstract theorem 


In this section we prove an abstract theorem for a class of differential operator equa- 
tions, containing (7.89) as a particular case. Let A and B be linear closed operators 
with D(A) C FB) C X, where X is a Banach space. Introduce the operator 


1 
L(t) =B+ Tata, t>0, (7.94) 


where y € (—1,1). The parameter y is related to the Hurst parameter H through 
Y = 2H — 1. The introduction of y is made so that the operators Gy arising below 
(see (7.99)) will have the semigroup property. 

Our starting point is the differential-operator equation 


du(t) 
dt 


=Ly(t)u(t), t>0, (7.95) 


with an initial condition 
u(0) = up EX. (7.96) 


If y = 0, or equivalently H = 5 and operators B = B(x,D,) and A = A(x,D,) are 
defined in (7.90) and (7.91), respectively, then the operator Lo(t) = Lo(t,x,D,) has 


a form with coefficients not depending ont: 


1 
Lo(t,x, Dy) = L(x, Dy) = B(x, Dy) + ZAC, Dx), 
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and equation (7.95) coincides with the FPK equation associated with the SDE driven 
by Brownian motion (see Section 7.4) 
Ou(t,x) 
Ot 


As before, integrals below are understood in the sense of Bochner, if integrands 
are vector-functions with values in a topological vector space. 


=L(x,D,)u(t,x) t>0,xe R”. 


Theorem 7.11. Let u(t) be a solution to initial value problem (7.95)-(7.96). Let 
f(t) be the density function of the process inverse to a Lévy’s stable subordinator 
of index B. Then the vector function v(t) = Jy f:(t)u(t)dT satisfies the following 
initial value problem for a fractional order differential-operator equation 


DB y(t) = By () + AG, v(t), t>0, (7.97) 


v(0) = g, (7.98) 


where the operator Gy, is defined through u(t) by 


Gyv(t) = [ fi(t)tu(t)dt 
0 
Moreover, for Gy, the following explicit representation holds: 


l | Cte Lt) 


2ni C—ico (s8 — zB)y+1 


GyVt) = BL (y+ Ye PZ | dz|(t), (7.99) 


where 0<C <s, and 2B = eBLN(z) Ln(z) being the principal value of the complex 
In(z) with cut along the negative real axis. 


Proof. Let v(t) = fo f:(t)u(t)dT, where u(t) satisfies initial value problem (7.95)— 
(7.96). Using relation (7.42) valid for f;(T), we have 


“ - 
Div) = [DR A(ute)ae =~ [° [So6(e) + py hole) ulna 


- a Ss 


°. du(t) re 
+f fil) OP de 0) 


Due to Lemma 7.1, part (c) the first term vanishes since u(t,x) is bounded, and due 
to part (b) of the same lemma the second and last terms cancel. Moreover, taking 
into account (7.95), one has 
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DP v(t) = [ ” fs (t)Ly(t)u(t)dt = [ ” f(t) our) dk Yet au(t) dt 
= Bv(t) + YA AG V(t), 
where 
Gy,v(t) = [ fit) ttu(t)dt. (7.100) 


It follows from the definition of v(t) and equation (7.100) that if y = 0, then 
Gor = Jo f:(t)u(t)dt = v(t), that is the identity operator. To show representa- 
tion (7.99) in the case y £ 0, we find the Laplace transform of Gy,-v(t). In accordance 
with the property (d) of Lemma 7.1, we have 


L[Gy,v(t)|(s) = 58! [ ee tu(t)dt = s® | Lit%u(t)|(s*). 


Obviously, if y = 0, then L[Go;v(t)](s) = s®-!a(sP), which implies 9(s) = s®-! 
ai(s8). If yA 0, then 


L pet P(y+1) 
Y = Y i = 
Lirtu(t)|(s) = Lle"\(s) *(s) = = | ve GoprTelid@az, 7.10 
where * stands for the convolution of Laplace images of two functions and 
0<c<-s. Now using the substitution z = ebLn(é), with Ln(C€) the principal part 
of the complex function In(C), the right-hand side of (7.101) reduces to 


Lire) = sag eer GP tele CPs (7.102) 
_ Bet (y+ 


= —.—__L d¢. 

ni Ciis (s— CB)y+1 [v](¢) 4 
The last equality uses the relation 5(€) = €8-!a(). Further, replacing s by s? 
and taking the inverse Laplace transform in (7.102) yields the desired representa- 
tion (7.99) for the operator Gy; since Z[J'~8 f](s) = s®-! f(s). In accordance with 
part (a) of Lemma 7.1 we have v(0,x) = u(0,x) as well, which completes the proof. 


In the more general case when the time-change process E}' is the inverse to W,", 
the mixture of stable subordinators with the mixing measure jl, a representation for 
the abstract fractional FPK equation is given in the following theorem. 


Theorem 7.12. Let u(t) be a solution to initial value problem (7.95)-(7.96). Let 
fa (t) be the density function of the process inverse to Wi". Then the vector-function 
v(t) = fx fi (t)u(t)dT satisfies the following initial value problem for a fractional 
order differential equation 


7.13 Abstract theorem 325 


1 
Dyv(t) = Bv(0) + Z-aGhav(t), 1 >0, (7.103) 


v(0) =@eEX. (7.104) 


The operator Gye acts on the variable t and is defined by 


= [ @ruaar 


Moreover, for Gy, the following explicit representation holds: 


ne) my(Z)P(Z) (t), (7.105) 


Ini Sein (PS) — Pe) 


where * denotes the usual convolution of two functions, 0 < C < s, y(t) is defined 
in (7.58), and 


Ghavlt) = Oy (0) * Loh 


1 BB 
= [ blr auip), my(z) = Jo aa 


Proof. The proof is similar to the proof of Theorem 7.11. We only sketch how to 
obtain representation (7.105) for the operator 


= [ @rtuaar 
0 
The Laplace transform of Gy,v(t ), due to part (d) of Lemma 7.5, is 
5 
Lva[GHiv(t)|(s) = HO zeru(n|(p(s)).s > 0. 


Since L[®,|(s) = p(s) a) ,5 > 0, we have 


Gy V(t) = By (t) *L5,[Liu()](p(s))] (@). 


Further, replacing s by p(s) in (7.101), followed by the substitution z = p(€) = 
Jo e8“"\5) du(B) in the integral on the right side of (7.101), yields the form (7.105). 


The following theorem represents the general case when the time-change process 
E, is not necessarily the first hitting time process for a stable subordinator or their 
mixtures. 


Theorem 7.13. Let y € (—1,1). Let E; be a time-change process and assume that 
its density K(t,t) = fe,(T) satisfies the hypotheses: 


i) limz_,49 [K(t,t)t~7] <° for all t > 0; 
ii) limz4.0[K(t,T)t u(t,x)] = 0 for allt > 0 and x € R", 
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where u(t) is a solution to the initial value problem (7.95)-(7.96). Let H; be an 
operator acting in the variable t such that 


HK(t,1) =~ [K(0y(5)"| — &(t) lim excolr 


T>+0 


Then the function v(t) = Jy K(t,t)u(t)dT satisfies the initial value problem 


_ 1 
H,v(t) = t’G_y,Bv(t) + T= 1Av(0), T>0, (7.106) 


v(0) = u(0), (7.107) 
where G_y,v(t) = fy K(t,t)t "u(t)dt. 


Remark 7.6. Obviously, if y 4 0, then H; cannot be a fractional derivative in the 
sense of Caputo (or Riemann-Liouville). A representation of H; in cases when E; is 
the inverse to a stable subordinator, is given below in Corollary 7.4. 


Proof. We have 
Hyv(t) =[ ALK (t, T)u (t)dt 


=f {2 [xen] +a00) tim [(Hre.0] bua 


T 
—1 lim [K (t,t)T Yu(t)}+ 7 lim [K(t,7)t "u(t)] 


( 
+f K K(t,1)(=) (Ly ae — im, [(L)7K(0,2)] (0). (7.108) 


The first term on the right of (7.108) is zero by hypothesis ii) of the theorem. The 
sum of the second and last terms, which exist by hypothesis i), also equals zero. 
Now taking equation (7.95) into account, we have 


tTAv(t). 


- 1 
Hyyv(t) = re | K(t,t)t ‘u(t,x)dt + a 
0 


Further, since Ep = 0 it follows that 


limy(t) = [  8(t)u(t)dt = u(0), 


t>0 
which completes the proof. 

Let IT, denote the operator of multiplication by t’, ie. Iyh(t) = t’h(t), 
hE C(0,e). Applying Theorem 7.13 to the case K(t,T) = f;(T) in conjunction with 
Theorem 7.11, we obtain the following corollary. 

Corollary 7.4. Let y € (—1,0] and K(t,t) = f,(7), where f, (7) is defined in (7.41). 
Then (i) Gy = Gy}; (ii) Hp = MyG_y,D?. 
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This corollary yields an equivalent form for equation (7.97) in the case when EF; 
is the inverse to the stable subordinator with index B and y € (—1,0}: 
+1 
H,v(t) = 1YG_y,Bv(t) + Ttav(t), (7.109) 
with H; as in Corollary 7.4. 
Suppose the operator in the “drift” term B = 0. Then equation (7.109) takes the 
form 
1 
H,v(t) = FAHA(x,Dy)v(t), (7.110) 
Notice that equation (7.109) is valid for y € (0,1) as well. Indeed, part (ii) of 
Corollary 7.4 can be rewritten in the form Gy; = Gs, for y > 0. For y < 0 part (ii) 
of Corollary 7.4 also implies (Gy, : i = Gays = Gy,. Now applying operators G_y, 
and IT, consecutively to both sides of (7.97) we obtain (7.109) for all y € (—1,1). 
Analogously, the fractional order equation (7.103) obtained in Theorem 7.12 with 
the mixing measure UU can be represented in its equivalent form as 


1 
HP y(t) = t7G", Bv(t) + TA 1Av(0), t>0,t>0, (7.111) 


where H# = TyGy,Du- We leave verification of the details to the reader as an exer- 
cise. 

The equivalence of equations (7.97) and (7.109) and the equivalence of equa- 
tions (7.103) and (7.111) are obtained by means of Theorem 7.13. This fact can also 
be established with the help of the semigroup property of the family of operators 
{Gy,-l<y<l}: 


ee i ” f(t)tth(t)dt = Fyh(t), (7.112) 


where h € C”(0,cc) is a nonnegative bounded function. Denote the class of such 
functions by U. Functions g and A in (7.112) are connected through the relation 
g(t) = fo fr(t)h(t)dt = Fhi(t). It follows from the behavior of f;(T) as a func- 
tion of t, that g € C*(0,°°). On the other hand, obviously, operator F is bounded, 
|| Fhl| < ||A|| in the sup-norm, and one-to-one due to positivity of f(T). Therefore, 
the inverse ¥—': FU — U exists. Let a distribution (t,t) with suppH Cc Ri 
be such that F~' g(t) = [> H(t,t)g(t)dt. Since f,(t) € FU as a function of t for 
each Tt > 0, for an arbitrary h € U one has 


h(t) =F" Fh(t) = [ Hs) (| smear) ds 
=f na( [Ht i(ods)at 2 [He s\f(eas,h Sig. 
We write this relation between H(t,7) and f;(t) in the form 


| Hles)f(@as ~ §(t). (7.113) 
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Proposition 7.5. Let—1<y<1,-l<a<l,and—1<y+a<1.ThenGyoGg = 
Gy+a- 


Proof. The proof uses the following two relations: 


(1) Gyg(t) = Jo Fy (t,)8(s)ds, yE (—1,1); 
(2) fo FyrH (t,5)Fa,sH(s,t)ds = Fyra,H(t,t), with —1 < y,a < 1, and 
-l<yta<l. 


Indeed, using (7.112) and changing the order of integration, we obtain the first 
relation 


Gyg(t) =| f(t 1) ( ue H(t,s)g (s)ds) dt (7.114) 
=| a (f fi(t s)tdt) )as= fr PFy,H (t,s)g(s)ds. 
0 
It is readily seen that the internal integral in the second line of (7.114) is mean- 


ingful, since f;(T) is a function of exponential decay when T > o, which follows 
from (7.36). Further, in order to show the second relation, we have 


[ Frsttle.9) FaHs t)ds = [([i@ner.s)rar) (frau. t)gdq) ds 
- [ [i ovna.2)pra" (| W(p.3)fla)as) dpag. 


Due to (7.113), this equals 


[ fovea. 0)0%5p(ada) dp = [H(0,2) ph D)pldp = FrvacH(t,2). 


Now we are ready to prove the claimed semigroup property. Making use of the two 
proved relations, 


(Gyo Ga)g (t )= ieee )I 
=a, | Fo sH(t,s)g s)ds| Jaf Fy,H (t,s) Lf Faq sH (s,7)g(t)dt| ds 


= [3 g(t) f: Fy ,H(t,8)FosH(s,t)dsdt = [: FyxosH (t,t)g(t)dt =Gyraslt), 
0 0 0 
which completes the proof. 


Similarly one can prove the semigroup property of the family of operators Gre 


Proposition 7.6. The operator Gy possesses the semigroup property. Namely, for 
any 7,6 € (—1,1),y+6 € (—1,1), one has Gy, 0G, = GY 


y+6,t 
“o” denotes the composition of two operators. 


= =G; 1° Gis where 
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Remark 7.7. 


1. FPK equations associated with SDEs driven by Brownian motion and time- 
changed Brownian motion had very simple connection. Namely, retain the right- 
hand side of FPK equation corresponding to SDE driven by Brownian motion and 
change the left-hand side to a fractional derivative, to obtain FPK equation corre- 
sponding to SDE driven by the time-changed Brownian motion. Equation (7.110) 
shows that this drastically changes in the case of fBM. Moreover, if a fractional 
derivative is desired on the left-hand side in the time-changed case, then (3.4) 
shows that the right-hand side must be a different operator from that in the non- 
time-changed case. 
Proposition 7.5 immediately implies that G, Dig G_y, for arbitrary 
y € (-1,1). Indeed, Gyo G_y = Go = I, as well as G_yo Gy =I, where J is the 
identity operator. Thus, the statement in Corollary 7.4 is valid for all y € (—1, 1). 
. Theorem 7.12 generalizes Theorem 7.5. In fact, if B = 0 and y = 0, then Gi r=, 
where / is the identity operator, so Theorem 7.12 represents Theorem 75 ina 
slightly disguised formulation. Notice that Theorem 7.12 does not use the semi- 
group structure. The Cauchy problem (7.95)-(7.96) is important from the appli- 
cations point of view too. Indeed, if B = 0, y= 2H — 1 and A = A, then (7.95) is 
the FPK equation associated with the fractional Brownian motion with the Hurst 
parameter H € (0,1). 


N 


WwW 


7.14 Applications of the abstract theorem 


7.14.1 Fractional FPK equations associated 
with time-changed fBM 


Now let us focus on the FPK equation associated with SDE driven by a time- 
changed fBM BE : 


t t 
X;=Xo+ | b(X,)dE, + i o(X;)dBi 
0 0 


where £; is the inverse process to the Lévy’s stable subordinator of the stability 
index f € (0,1). Recall that the FPK equation associated with an SDE driven by an 
fBM (without time-change) has the form 


Ou(t,x) 
ot 


where Ly(t,x,D,) is defined in (7.94) with operators B and A defined in (7.90) 
and (7.91), respectively. Here the Hurst parameter H is connected with y via 
2H —1= yy. Again for simplicity, we first consider a time-change process E; in- 
verse to a single stable subordinator W,, and then E", the inverse to a mixture of 
stable subordinators with mixing measure LU. 


= Ly(t,x,Dy)u(t,x), 
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Theorem 7.14. ({HKU11]) Let u(t,x) be a solution to the initial value problem 


out) = B(x,D,)u(t,x) + - Hate Dalia, t>0,xeR", (7.115) 
u(0,x) = p(x), xeER". (7.116) 


Let f,(7) be the density function of the process inverse to a stable subordinator of in- 
dex B. Then v(t,x) = Jy fr(t)u(t,x)dt satisfies the following initial value problem 
for a fractional order differential equation 


DP v(t,x) = B(x,D,)v(t,x) + Fn GypAleDy)ult,2), t>0,x€R", (7.117) 
v(0,x)= (a), xER", (7.118) 


where the operator Gy, acts on the variable t and is defined by (7.99). 


Theorem 7.15. /HKU//] Let u(t,x) be a solution to the initial value problem 
(7.115)-(7.116). Let f(t) be the density function of the process inverse to W/". 
Then 
v(t,x) =} fi’ (t)u(t,x)dt 


satisfies the following initial value problem for a fractional order differential 
equation 


Dyv(t,x) = BGs, Dv) + Gt A(x,Dy)v(t,x), t>0,xER", (7.119) 


v(0,x) = g(x), xe R”. (7.120) 


The operator Gi. acts on the variable t and is defined by (7.105). 


Proof. The proofs of these theorems follow immediately from abstract Theorems 
7.11 and 7.12, respectively. 


Example 7.7. 1. lf H = 1/2, then B? is Brownian motion. In this case Theorem 7.11 
implies the fractional FPK equation obtained in (7.46)-(7.47). Similarly, Theo- 
rem 7.12 reduces to Theorem 7.1. 

2. Consider the following equation (0 < H < 1): 


This equation was obtained in the paper [MNX09] as a governing equation for 
fBM. Theorem 7.11 and Proposition 7.5 imply that the governing equation for 
the corresponding time-changed fBM is either of the following equivalent forms: 


O7h 
Slt), 
Ps 


B _ orh 
Gi-2H 4 D; h(t,x) = 2Ha ya (4): 


DE h(t,x) =2HGyy-1,4 
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Remark 7.8. The formula v(t,x) = Fu(t,x) for a solution of FPK equations asso- 
ciated with time-changed fBM provides a useful tool for analysis of properties 
of a solution to initial value problem (7.97)-(7.98), (7.103)-(7.104), and (7.106)}- 
(7.107). 


7.14.2 Fractional FPK equation for LFSM 


The method used above can be applied for derivation of the fractional FPK equation 
for SDEs driven by time-changed Lévy’s stable processes and linear fractional stable 
motions (LFSM). 

The Lévy symbol of a one-dimensional Lévy’s o/-stable (not necessarily sym- 
metric) process L, fort = 1 is given by 


v(é) tag — bg |"{1- iB 20,0), (7.121) 


where a,b,@,B are constants, a is real, b >0,0< a<2,-1< PB <1and 


tan(5a), ifa A 1; 


OG) { 2JoglE|, ifa=1. 


One can easily see that the case a = 0, 8B = 0 corresponds to the symmetric distribu- 
tion. The corresponding FPK equation in the 1-D case has the form 


Ou Ou 
oo oe 


Oru On u 
(xe TPP age t>0,xER, 


where D is some constant depending on a@, p > 0, g => 0 and p+q = 1, and in 
multi-dimensional case has the form [MBBO1] 
Ou(t,x) 
ot 


= —aVu(t,x)+DVGu(t,x), t>0,xeER’, 
where a € R” and V® is the pseudo-differential operator with the symbol 
[B07 (a9) 

jo|=1 


with M(d@), a probability measure on the unit sphere. If a = 0 and 


r(1+5)de 
Ma) 
then we get the symmetric case considered above. Setting y = 0, B = —aV, and 


A = DV¥, in Theorem 7.12, we obtain the following assertion. 
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Theorem 7.16. Let L; be an n-dimensional Lévy’s a-stable process. Let E; be the 
inverse to the mixture of Lévy’s stable subordinators with a mixing measure L, and 
independent of L;. Then the density function p(t,x) of the time-changed process Le, 
satisfies the following initial value problem 


Dyp(t,x) = —aVp(t,x)+DVyp(t.x), t>0,xER", 
p(0,x) = &(x), xe R". 
Theorem 7.17 below is an application of Theorem 7.11 to linear LFSM. Let 


Low,0<a@<2,0<H <1, be a LFSM. Then its density solves the following 
equation [MNX09] 


Ou(t,x) 
ot 


= aHt"! apa u(t,x) +aqo%,u(t,x)] (7.122) 


where p+q = 1, 0% and 0%, are space-fractional order derivatives in the sense 
of Liouville. Denoting y = @H — 1 and A = 2alapo% + aqo™,], one can rewrite 
equation (7.122) in the form (7.95) with B = 0 and the initial condition 


u(0,x) = @(x), x € (29,00), (7.123) 


Theorem 7.17. Let u(t,x) be a solution to the Cauchy problem (7.122), (7.123). Let 
fi’ (1) be the density function of the process W;'. Then v(t,x) = Jy fi’ (t)u(t,x)dt 
satisfies the following initial value problem for a fractional order differential equation 


Dyv(t,x) = on *G,, [apoeu(t,x) +.aqd™.u(t,x)]v(t,x), 
t> 0,x € (—00, 00), 
v(0,x) = p(x), XE (—00, 00), 


where the operator Gyr Y = GH — 1, acts in the variable t, and is defined in (7.105). 


7.14.3 Fractional FPK equation associated with time-changed 
infinite-dimensional Wiener process 


Theorem 7.12 can be applied to fractional FPK equations in the infinite dimensional 
case. Below we consider only the simplest case. Let H be an infinite dimensional 
separable Hilbert space, and Q be a positive definite trace operator on H. In this 
section we suppose B, is the infinite dimensional Wiener process associated with 
the operator Q. We refer the reader to [DPZ02] for the definition and properties of 
the infinite dimensional Wiener process. Then the corresponding FPK equation has 
the form (see [DPZ02]) 


Ou(t,x) 
Ot 


1 
= 57 rlOD*u(t,x)], t>0,x Ed, (7.124) 
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where Tr stands for the trace, and D? is the second order Fréchet derivative. Note 
that equation (7.124) is the FPK equation associated with the simplest It6 SDE 
dX, = dB,. Denote A(-) = 5Tr[QD*-] with Dom(A) = UC} (H), the space of func- 
tions uw: H — R such that D?u is uniformly continuous and bounded. Then applying 
Theorem 7.12 with B = 0 and y = 0, one obtains the following theorem. 


Theorem 7.18. Let u(t,x) be a strong solution to equation (7.124) with the initial 
condition u(0,x) = (x), @ € UC,(H). Let fi'(t) be the density function of the 
process W;'. Then v(t,x) = Jo’ ff (t)u(t,x)dt is a strong solution to the following 
initial value problem for the infinite dimensional time-fractional distributed order 
differential equation 


1 
Duv(t,x) = 5TrlQD*v(t,x)], t>0,xeEdH, 


v(0,x) = (x), xEH. 


Remark 7.9. The associated stochastic process is, obviously, the time-changed Wiener 
process X; = By. 


7.15 Filtering problem: fractional Zakai equation 


The filtering problem is a wide generalization of the concept discussed in this chap- 
ter. Namely, in the filtering problem one is interested in a stochastic process under 
additional information obtained from observation/measurement. The FPK equations 
correspond to the particular case, when additional information consists of only the 
initial condition. The additional information obtained through certain measurements 
form a sigma-algebra of events. Given this sigma algebra one needs to optimize the 
state process. As a result, the FPK counterpart of the filtering process is not deter- 
ministic, but is a stochastic partial differential equation. The latter is called a Zakai 
equation, which was first derived by Zakai [Zak69] in 1969. 

In this section we are interested in the fractional Zakai type equations, which 
describe filtering problems whose state and observation processes are driven by a 
time-changed Brownian motion (or other standard driving processes). Below we 
will show a derivation of the fractional Zakai equation, in which the time-change 
process is the inverse to a Lévy stable subordinator with the stability index B € (0, 1) 
and discuss existence and uniqueness of a solution, as well as some methods of 
solution. 

We have seen above that if one is interested in a solution of an SDE conditioned 
on the value at the initial time t = 0, then the associated FPK equation is a deter- 
ministic PDE (Section 7.4). In the filtering problem one has information of the past 
for all times s, 0 < s < t, coming from observations (measurements). Suppose 


t 
Z ai n(X,)ds + W,, (7.125) 
0 
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are R-valued measurements, or observations related to the process X; in the noisy 
environment. Let 2% be a o-algebra generated by the measurement process Z;. One 
of the formulations of the filtering problem is to find the best estimation of X; at 
time f in the mean square sense, given 2. Namely, to find a stochastic process X,* 
such that 


E\|X, —X/|7] = inf E(IX — Yl", 


where inf is taken over all stochastic processes ¥, € L?(P) under the condition 
that the sigma-algebra 2 is given. It follows from the abstract theory of func- 
tional analysis that X;° is the projection of X; onto the space of stochastic pro- 
cesses L(Z,) = {Y € L?(P) : given &}. The latter can be written in the form 
X; = E[f(X)| 4], generalizing (7.26) from the initial condition Xp = x to the entire 
history 2. Hence, the filtering problem comprises of SDEs 


dY, = b(Y,)dt+o(¥,)dB,, Y=0 = Xo, (7.126) 
called a state process, and 
dZ, =h(Y,)dt+dw,, Z=0, (7.127) 


called an observation process obtained from (7.125) by differentiating. Brownian 
motion W, is assumed to be independent of B, and the initial random variable Xo. 

This problem was first posed and solved in the linear case by Kalman and Bucy 
[KB61] in 1961. The filtering problem is still under active development due to its 
significant applications. In the linear case Kalman and Bucy [KB61] reduced the fil- 
tering problem to a linear SDE and a deterministic Riccati type differential equation. 
In the case of nonlinear filtering Kushner [Kus67], Lipster and Shiryaev [LS02], and 
Fujisaki, Kallianpur and Kunita [FKK72] obtained a nonlinear infinite dimensional 
stochastic differential equations for the posterior conditional density of X; given Z%. 
However, two issues arise: 


(1) it is not easy to solve these equations, and 
(2) it is computationally ‘expensive’ due to the two-stage calculation procedure 
(prediction and correction) in the real time. 


In 1969 Zakai [Zak69] suggested a simpler approach, reducing the solution of the 
filtering problem to a partial stochastic differential equation for the posterior unnor- 
malized conditional density ®(t,x) = p(t,x| 4%) for X;. Below we briefly sketch this 
method. Introduce the process 


m t 1 t 
pi) =ert—% f miam— 5 f in)Pas) 


and the probability measure dP) = p(t)dP. Further, let 


dP 
ay 


’ 
eA 
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and E be the expectation under the reference measure Pg. Then, as is known, the 
optimal solution of the filtering problem (7.126), (7.127) is given by the following 
Kallianpur-Striebel’s formula (see, e.g., [Roz90]) 

ELA (%)Ar| Zi] 


ELS (%)| 4] = ———_—. (7.128) 
[f(%)|Z] NEA 


Moreover, under some mild conditions the unnormalized filtering measure p;(f) = 
ULf(Y;)Ar|Z%] satisfies the following stochastic differential equation, called the 
Zakai equation: 


_ t m t k 
pr(f) = po(f) + i ps(Af)ds+ 3, [ ps(hyf )dZ*, (7.129) 


where A is a second order elliptic differential operator given by equation (7.29). 
Further, introducing the filtering density U(t,x) through 


pf) =f f(x)U(t,x)dx, 


a R” 
one can show that U(t,x) solves the following partial stochastic differential equation 
(called an adjoint Zakai equation) 


m 
dU (t,x) =A*U(t,x)dt + Y hy (x)U (t,x)dZ(t), (7.130) 
k=1 
with the initial condition U(0,x) = po(x). Here A* is the adjoint operator of A def- 
ined in (7.29). Thus, if one has a solution of equation (7.130), then one will be able 
to establish a solution to the original filtering problem using Kallianpur-Striebel’s 
formula (7.128). Equation (7.130) reduces to FPK equation (7.28) if the observation 
process Z; stays constant in time, which means no additional information is obtained 
from measurement/observation. 
Now consider a filtering problem with the state process and observation process 
driven by time-changed Brownian motions. Namely, suppose the state process is 


and the observation process is 
dZ, =h(t,X;)dT; +dWr, Zo =0, (7.132) 


where 7; is the inverse of the Lévy stable subordinator with the stability index 
B € (0,1), and independent of B, and W,. We show that the Zakai equation cor- 
responding to this problem has the form 


@(t,x) = po(x) + [aovaar, +f hs(x)®(s,x)dZr,. (7.133) 


A few remarks before deriving this equation. The stochastic integral in equa- 
tion (7.133) is well defined in the sense of It6’s integral. If B — 1, then we recover 
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the classical Zakai equation, since 7; = ¢ in this case. Hence, equation (7.133) gen- 
eralizes the classic Zakai equation (7.130) for the case of filtering problem with 
time-changed driving processes. Note also that the time-changed process Br is not 
Markovian and has no independent increments. Therefore, the model (7.131), (7.132) 
can be applied to a class of correlated state processes. An important question is the 
existence and uniqueness (in an appropriate sense) of a solution for this new Zakai 
equation. We will discuss this question in this section as well as some solution meth- 
ods useful from the application point of view. 

The fractional, or time-changed version of the Zakai equation in the general case 
of time-changed Lévy processes is obtained in the paper [UDN 14] for filtering prob- 
lems driven by Lévy processes. For completeness, we demonstrate the derivation of 
the fractional Zakai equation in our particular case of filtering problem (7.131)— 
(7.132). We assume that the following conditions on the input data of the filtering 
problem: 


(C1) the vector-functions f(x), A(x), and n x m-matrix-function o(x) satisfy the 
Lipschitz and linear growth conditions: 


IF (x) — FOI? + lh) — AQ)? + Ilo) — o&) II? 
<C,\|x—yll?, Vx,y ER"; 
I|b(x) ||? + AC) IF + lo@II? < Co + Ila”), Vx eR", 


where || - || and ||| - ||| are vector- and matrix-norms, respectively. 
(C2) the time-change process 7; and Brownian motions B; and W, are independent 
processes; 


(C3) the initial random vector Xo is independent of processes B;, W;, and 7; and 
has an infinite differentiable density function po(x) decaying at infinity faster 
than any power of |x|. 


Theorem 7.19. Let the conditions (C1)-(C3) be verified. Then the filtering density 
®@(t,x) associated with the filtering measure $;(f) = E[f(X;)Azr,|%], where % is 
the filtration generated by V; = Zr,, satisfies the following Zakai equation 


®(t,x) — (0,x) = [eons > [neyo P(s,x)dZy. (7.134) 


Proof. Let conditions (C1)-(C3) be verified. Then, in particular, the conditions for 
the existence of an unnormalized filtering distribution p;(f) = E[f(Y,)A;|&%] which 
solves the Zakai equation (7.129), are also verified. Here Y; is a solution to stochas- 
tic differential equation (7.126). According to Theorem 3.3 in [HKU10] the time- 
changed process X; = Yz, solves stochastic differential equation (7.131). 

The connection X; = Yz, between the state processes X; and Y; implies the 
connection V; = Zz, between the observation processes V, and Z;. Indeed, letting 
T; = T, or the same D,; =f, one obtains from the relation dV, = h(Yz,)dT; + dWr 
and from (7.127) that Z; = Vp,, or the same V; = Zz,. It follows that the filtra- 
tion % coincides with the filtration Zo .% = &z, generated by the time-changed 
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observation process Zz. Hence, the unnormalized filtering distribution @(f) = 
UL f(X:)Az,| Zo Z;] corresponding to the filtering problem (7.131), (7.132) is the 
time-changed process 


$:(f) = pr(f). (7.155) 
Therefore, due to equation (7.19) the process ¢,(f) satisfies 


: sf" (# 
(A) = pal f) =polf) +f pslAfids+ df pal faZi?. (7.136) 
0 )/0 


Further, using the change of variable formula (see [Jac79], Proposition 10.21) 
je H,dS; = ic Hr, dSr,, for stochastic integrals driven by a semimartingale S;, we 
obtain 


A, 


T; t t 
[ platas= f BIAS) An 2nlazy = f BALK )An| 25 ]azp 
0 0 0 


= [ “glAf)dZ. (7.137) 


and 


& ff ratrarracs® = ¥ [Bin f'n an ele 
k=1 


=> i, ES [ny (Xs) f (X,)Ar,| Z,Jaz? 
k=170 
_ m t ) 
a> [ Os (hf )dZz.”. (7.138) 


Equations (7.136), (7.137), and (7.138) imply the desired equation (7.134). 


Let 7; be the inverse to a stable Lévy subordinator D, of a stability index B € 
(0, 1) and let the stochastic processes IT,(f) and IT, 7(f) are defined by 


Th(f) = Api(f =f" 81(t)pr(f (7.139) 

Tha2(f) =Crlf) =f ai(t)pe(f)dze- (7.140) 

where g;(T) is the density function of the process 7; and p;(f) is the unnormalized 
filtering distribution of the Zakai equation (7.129) corresponding to the filtering 


model (7.126)-(7.127). Then it follows from equation (7.134) that the following 
stochastic relation holds: 


T(f) — po(f) = HP (Th Af) +3, zl (nif)), (7.141) 


where Jp is the fractional integration operator of order B. 
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Let B map the class of stochastic processes IT;(f) to the class of processes 
Tl, z(f), that is T;.z(f) = BI;(f). One can verify easily that the operator B can 
be expressed with the help of operators A and C in equation (7.139). Namely, 


B=CA"!. 


Using L*(P)-norm and calculus of stochastic processes one can show that A is a 
one-to-one bounded linear operator and C is a bounded linear operator. Therefore, 
it follows that operator B is well defined bounded linear operator. We note that 
equation (7.141) can be written in the form 


Th(F) — pol f) =P (th(Af) + ¥ But taf). 
k=1 


where 
BT (f) = 0, zw (Pf). 


The differential form of (7.141) involves a fractional derivative in the Riemann- 
Liouville sense 


dIl,(f) = 9)? Ty, (Af)dt + y 9, BT (hf)dt, Th—o(f) = po(f). (7-142) 
k=1 


The latter in terms of unnormalized densities associated with the process IT;(f) can 
be represented in the form 


DEU(t,x) =A*U (t,x) + y hy(x)B,U (t,x), U(0,x) = f(x), (7.143) 
k=1 


where pb is the fractional derivative in the sense of Caputo. Equation (7.143) gener- 
alizes the forward version (that is A* instead of A) of fractional FPK equation (7.46) 
to the case of fractional adjoint Zakai equation. 


Theorem 7.20. Let the conditions (C1)-(C3) be verified. Then there exists a unique 
filtering density ®(t,x) satisfying the fractional Zakai equation (7.134). Moreover, 
there exist uniquely defined stochastic processes in equation (7.139) satisfying ini- 
tial value problem (7.142). 


Proof. Suppose there are two filtering densities DB; (t,x) and (t,x) such that both 


satisfy equation (7.134). Then the process ¥ (t,x) = B2(t,x) — ©) (t,x) satisfies the 
following equation 


t m t 
v(x) =f av(sxyati+ > | h(x) P(s,x)dZ?. 
k=1 


This is an SDE driven by time-changed processes T; given Z7,. Its counterpart with 
non-time-changed process has the form 
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t m t (k) 
V(t.x) Vox) = | A*V(s,x)d5+ > | hy(x)V(s,x)dZs", (7.144) 


with Vo(x) = 0. The solutions V(t,x) and (t,x) are related through (t,x) = 
V(T7;,x). Equation (7.144) has a unique solution (see, e.g., [Roz90]). Since the ini- 
tial condition is V(0,x) = 0, then the corresponding solution V (t,x) = 0 in the sense 
of L?(P). This implies ¥ (t,x) = 0, or the same, ®; (t,x) = © (t,x) in the sense of 
L?(P). The latter, in turn, implies that the process defined in equation (7.139) is 
unique. 


How to solve a fractional filtering problem? Knowing a solution of a nonlinear 
filtering problem one can use it for solution of the associated fractional nonlinear 
filtering problem. Two approaches to the solution of nonlinear filtering problems 
are commonly used. Namely, 


(1) direct solution of filtering problem (7.131)-(7.132). 
(2) solution of the Zakai equation followed by the Kallianpur-Striebel formula. 


For the filtering problem with no time-changed driving processes both approaches 
are well studied; see, e.g., works [Ku90, Roz90, Da87, [X00] for the first approach, 
and [Zak69, BGR90, BK96, LMR97] for the second approach. Both type of Zakai 
equations (7.134) and (7.142) (or its adjoint form (7.143)) are of great interest in var- 
ious applications of fractional filtering problems. For solutions of these equations, 
due to relations (7.135) and (7.140), the following formulas are important: 


®,(f) = pr,(f) 
and 


Th(f) = [ s(e)pefdt, 


where p;(f) is the solution of non-time-changed filtering problem and g;(T) is the 
density function of the time-changed process 7;. Therefore, in the first step one 
needs to find the stochastic process p;(f) which solves the classical Zakai equation. 
Then using the above formulas one can find solutions to fractional Zakai equations. 
Like the non-fractional case, one can develop analytic and numerical methods, and 
methods for solution of filtering problem directly, or through the associated Za- 
kai equation. Accordingly, in the fractional case the methods can be developed for 
solution of the three following situations: 


(a) Direct solution of the fractional filtering problem; 

(b) Solution of the fractional filtering problem through the Zakai equation (7.134); 

(c) Solution of the fractional filtering problem through the adjoint Zakai equation 
(7.143). 
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7.16 Additional notes 


1. Brownian motion. The term “Brownian motion” was coined in one of Albert Einstein’s Annus 
Mirabilis 1905 papers, titled “Uber die von der molekularkinetischen Theorie der Warme 
geforderte Bewegung von in ruhenden Fliissigkeiten suspendierten Teilchen” (“On the Motion 
of Small Particles Suspended in a Stationary Liquid, as Required by the Molecular Kinetic 
Theory of Heat”). In this paper A. Einstein first provided theoretical explanation of Brown- 
ian motion from the point of view of thermal diffusion. A little earlier (in 1900) Bachelier 
published his doctoral dissertation “Théorie de la spéculation” (“The Theory of Speculation’) 
modeling Brownian motion from the economics point of view, founding financial mathematics. 
In 1908 Langevin published his work with a stochastic differential equation which was “und- 
erstood mathematically” only after a stochastic calculus was introduced by Ité in 1944-48. 
The Fokker-Planck equation, a deterministic form of describing of the dynamics of a random 
process in terms of transition probabilities, was invented in 1913-17. Its complete “mathe- 
matical understanding” become available after the appearance of the distribution (generalized 
function) theory (Sobolev, 1938; Schwartz, 1951) and was embodied in Kolmogorov’s back- 
ward and forward equations (1931). Deep mathematical properties of Brownian motion, like 
nowhere differentiability and infinite total variation over arbitrary time interval, were studied 
by N. Wiener in his paper [Wie28] published in 1927. 

2. Fractional FPK equation. The classic FPK equation establishes a relationship between It6’s 
stochastic differential equation driven by Brownian motion and its associated partial differential 
equation. In fact, this is a triple relationship. Indeed, changing the driving process, one gets a 
different FPK equation. In the paper [MGZ14] a fractional Fokker-Planck equation is obtained 
in the form 

Ou OF(t,x) , 1 d?D(t,x) 
ot ax °2 ax 


with the initial condition (0,x) = p(x). Here D!~° is the Riemann-Liouville fractional deriva- 
tive, F(t,x) and D(t,x) are the drift and diffusion coefficients, respectively. If F (t,x) = F(x) 
and D(t,x) = D(x), i.e., do not depend on the time variable r, then one can easily verify using 
Proposition 3.1 that (7.145) is equivalent to the forward version of the fractional FPK equation 
in (7.46). Equation (7.145) in the case F (x,t) = F(x) and D(t,x) = const was first established 
using CTRW approach in [MBK99], in the case F (x,t) = F(t) and D(t,x) = const in [SK06], 
and in the case F (x,t) = F(x) f(t) and D(t,x) = D(x)d(t) in [LQR12]. Fractional FPK equa- 
tions associated with SDEs with time-independent coefficients and driven by a time-changed 
Lévy processes are studied in the papers [HKU10, HKU11, HU11, HKRU11]. Another app- 
roach to the theory of FPK is based on the Tsallis entropy, which leads to a nonlinear equation 
of the form [Tsa09] 


D'-“u, t>0,xER, (7.145) 


aut ra) 0? [uv 
=—=- [F(x)u"]+D a 


clic t>0,xER, 
ot Ox - 


where (u,v) € R?2, D > Ois a diffusion constant, and F (x) is a drift coefficient. The solution 
of this equation under certain conditions is given by Tsallis’ g-Gaussian. 

3. Feynman-Kac formula. The relationship between the stochastic process X; in (7.18) and another 
associated partial differential equation 


oY = ed w—qw, w(0,x) = 912), 


for a nonnegative continuous function gq, is given by the Feynman-Kac formula: 


w(t,x) =E leo (- [ axas) 0(X,)|Xo -,| 
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4. Martingales, Poisson processes and random measures. Brownian motion B; adapted to a fil- 
tration .¥, possess the following property: E[B;|.A%;] = Bs. This property is called a martingale 
property of Brownian motion. A stochastic process X; adapted to a filtration .F; is called a 
martingale, if it satisfies the following conditions: 


a. E[|X;|] < for all t > 0; 
b. E[X,| Fs] = X,, for allO<s<t. 


One of the general properties of martingales is E[X;] does not depend on f, that is constant, if 
X; is a martingale. For example, for Brownian motion E[B;,] = 0 for all t > 0. 

A process N(t) with values on No, defined on a probability space (Q,.4,P), and adapted to 
a filtration .¥; is a Poisson process with an intensity A > 0, if N(0) = 0, N(t) — N(s) and 
N(b) — N(a) are independent for any nonoverlapping intervals (s,t) and (a,b) of the semiaxis 
Rx, has stationary increments, and 


P(N(t) =n) = e™, néNo, W>0. 


It is easy to see that the characteristic function of N; is 


S[exp(iEN(t))] = MY. (7.146) 


The Poisson process N(f) is not a martingale. Indeed, its expected value E[N(t)] = Ar, that is 
t-dependent. However, the process N(t) = N(t) —tA, called a compensated Poisson process, is 
a martingale (try to show this!). Let ¥; be a sequence of independent and identically distributed 
random variables independent of the Poisson process N(t). Then the process 


is called a compound Poisson process. 
Let pt be a measure defined on a measurable space (S,&), that is for each set A € & its measure 
L(A) is defined. Let (Q,.¥,P) be a probability space. By Poisson random measure we mean a 


(random) measure N : (Q,&) — R,, such that 


a. For each fixed @, N(@,A) is a measure on (S,&), and for any fixed A € & the random 
variable N(@,A) is P-measurable; 

b. N(@,0) =0; 

c. For arbitrary disjoint collection of sets A;,...,A, € & random variables N(A,),...,N(An) 
are independent; 

d. For all A € & with (A) <e, the random variable N(@, A) has the Poisson distribution with 
the intensity parameter E[N(A)] = (A). 


The first integral on the right of equation (7.33) is performed with respect to the compensated 
Poisson random measures N(t,dw) = N(t, v(dw))—tv(dw), where v is a Lévy measure. The 
random measure N(t,dw) is a martingale-valued measure. The second integral in this represen- 
tation is performed with respect to the Poisson random measure N(t, v(dw)), and this integral 
represents a compound Poisson process [Sat99, App09]. 

5. Lévy processes. Lévy processes were introduced in the 1930th by Paul Lévy. Today there are 
many books on Lévy processes among which we would like to indicate Bertoin [Ber96], Sato 
[Sat99], Barndorff-Nielsen, Mikosch, Resnick (Editors) [BMRO1], Rong [Sit05], and Apple- 
baum [App09]. One of the important properties of Lévy processes is they are infinite divisible. 
Such processes are characterized by Lévy-Khinchin representation. Namely, for a Lévy process 
L, its characteristic function E[e*“"] = e'”(5), where Y(E) has the form given in (7.32): 


WUE) =i8)— F(BEE)+ [Cel —1— Alon )zgwien())vldw). (734) 
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The function ¥(&), called a Lévy symbol, is continuous, Hermitian, conditionally positive def- 
inite, and satisfies ¥(0) = 0 [App09]. The triplet (b, 2, v) uniquely defines the corresponding 
Lévy process. If b = 0 and X = @, then the Levy process is a purely jump process. Compar- 
ing (7.146) with (7.32) one can be convinced that any Poisson process is a purely jump Lévy 
process. 

6. Semigroup. The semigroup theory and boundary value problems for '%DOSS are powerful 
tools for the study of Markovian diffusion processes. Many researchers have contributed to 
the development of the interrelation of semigroups, pseudo-differential operators, and Markov 
processes; see [Bo55, Co65, Tai91, FOT94, Jac01, App09, JSc02, Hoh0O] and the refer- 
ences therein. In the fractional case solution operators do not possess the semigroup prop- 
erty. Bazhlekova [Baz98] studied strong continuity and analyticity of abstract solution oper- 
ators to the Cauchy problem for fractional order differential-operator equations of orders @ 
and B,0 < a < B < 2, with a closed operator A on the right, satisfying some conditions. In 
particular, she established the following relationship, called a subordination principle: 


Salt) = i ” Gro(s)Sp(s)ds, 1 >0, (7.147) 


where y = 8/0, and @; (s) =t~’My,(st~7). Here M,(z) is the M-Wright or Mainardi function 
discussed in Section 3.13. In the case @ = 1 and B = 2 relationship (7.147) implies the known 
fact S;(t) = e'“, which is a semigroup with the infinitesimal generator A. Relation (7.147) also 
allows to get a solution of the Cauchy problem for a fractional order @ equation, through the 
solution of the second order equation (B = 2) with A = k?d?/dx? : 


1 S 
Saf) = san ff Man (4) fle-s)ds. 


This representation was obtained earlier in [Mai96]. 

7. Cadlag and semimartingales. A cadlag process, by definition, is right continuous with left lim- 
its. Any Lévy process has a cadlag modification, which is again a Lévy process [App09]. Lévy 
processes are an important subclass of the so-called semimartingale processes. By definition, 
an (.F¥, )-semimartingale is a cadlag process Z, which allows a decomposition 


Z =Zo+M; +A, (7.148) 


where Zo is -%o-measurable, M, is an (.¥;)-local martingale, and A; is an (.¥;)-adapted cadlag 
process of finite variation on compact sets. Rearranging the Lévy-It6 decomposition given 
in (7.33) of a Lévy process L;, one can write it in the form L, = M, + A;, where 


M, = 0B, + wN(t,dw), A, = bot ++ [ wN(t,dw), (7.149) 
J| 


J\w|<1 wl|>1 


confirming that LZ, has form (7.148) with Z) = 0 and M, and A; in (7.149). Hence, L, is a 
semimartingale. Semimartingales are the widest class of integrators for which the stochastic 
calculus in the sense of It6 can be extended; see details, for instance, in [Pro91]. 

8. Time-change process. It6’s formula. In our discussions in this chapter semimartingales have 
appeared in the context of time-changed Brownian motion or time-changed Lévy processes. 
By definition, an (.¥;)-time-change is a cadlag, nondecreasing family of (.¥,)-stopping times. 
Let E; be an (.¥;)-time-change and define a new filtration (Y) by Y := Fz,. Then the right 
continuity of ¥, and E, yields that of Y,. The following statement justifies that all the stochastic 
integrals, considered in this chapter and driven by a time-changed Brownian motion or time- 
changed Lévy process, are meaningful. 


Proposition 7.7. ([Jac79]) Let Z,; be an (.¥;)-semimartingale and let E, be an (.F;)-time- 
change. Then the time-changed process Zp, = (Z0E), is a (Y)-semimartingale, where 
G = Fp,. 
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The It6’s formula plays an essential role in the theory of SDEs driven by semimartingales. It 
states that if Z, is a semimartingale and f € C?(R), then f(Z;) is again a semimartingale and 


=f re, _)dZ,+ = af Pe )d[Z,Z]° 
+ Y {f(%)-f(Z-)— f'(Zs-)AZs}. 


O<s<t 


We also note that Kobayashi [Kob11] proved an analog of It6’s formula for time-changed 
stochastic processes and applied it to solution of various SDEs driven by a time-changed pro- 
cess and to derivation of fractional FPK type equations. 


Theorem 7.21. (Time-changed It6 Formula [Kob11]) Let Z, be an (.¥;)-semimartingale. Let 
D, be a strictly increasing (.¥;)-semimartingale with lim;—,..D; = °° and let E;, denote the 
inverse of D,. Define a filtration (Y,) by G = Fx,. Let X, be a process defined by 


t t t 
x= [ Acds+ | Fa, + [ G,dZz, 
Jo Jo Jo 


where A; € L(m,Y), F. € L(E,G), G: € L(ZoE,Y,), and m is the identity map on R corre- 
sponding to Lebesgue measure. If f € C?(R), then f(X;) is a (Y%)-semimartingale and with 
probability one, for allt > 0, 


F(X = [1% Ads+ fF CG eg 
+ [Pop IGop-ye2a+ 5 fF" ou)-HGoe-s¥al2, 21 


+ y { F(X.) — f(%s-) — f (Xe )AXs}. 


O<s<t 


Here L(u;,.¥;) is the set of ¥;-adapted processes H, for which the stochastic integral fj H;duUs 
exists. 

9. Fractional Brownian motion. Fractional Brownian motion was introduced by Kolmogorov 
[Kol40] in 1940. Mandelbrot and Van Ness in their paper [MVN68] coined the name “frac- 
tional Brownian motion” and studied its self-similarity, path continuity, dependent increments, 
and other properties, and indicate various applications of f8M B”. The parameter H is called 
the Hurst exponent, due to British hydrologist E.H. Hurst, who studied statistics of water lev- 
els of Nile river. Fractional Brownian motion, like standard Brownian motion, has nowhere 
differentiable sample-paths and stationary increments, but the increments over nonoverlapping 
intervals are no longer independent. Namely, the covariance between increments over nonover- 
lapping intervals is positive, if 4 < H <1, and negative, if0<H < 5. In particular, when 
5 <H <1, increments of B” exhibit long range dependence. B/ has the integral representa- 
tion j 

BH — i Ky(t,s)dBs, 


where B, is a Brownian motion. We refer the reader to [ST94, Nua06, BHOZ08] for details 
of the above properties, including various representations for Ky(t,s). Fractional Brownian 
motion is not a semimartingale [BHOZ08, Nua06], unless H = 5 and hence, as a driving 
process for SDEs, does not satisfy conditions required for It6’s calculus, However, it works 
[Ben03, BHOZ08, DU98, Nua06] several different approaches are used to develop an appro- 
priate stochastic calculus in order to interpret in a meaningful way SDEs of the form 


X= x+ | b(X, yas+ [ox X,)dB", (7.114) 
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driven by fBM B!. What concerns FPK equation associated with fractional Brownian motion, 
it is derived with different methods in [BCO7, BHOZ08, MNX09]. In the general setting, a 
FPK equation associated with SDE (7.88), to author’s best knowledge, is not yet known. In the 
paper [BCO7], in the case b = 0 for H € (1/4,1), it is shown that u(t,x) = E[p(X;)|Xo = x] 
solves the equation of the form 0,u = Art —TA(x, D)u, when X; solves SDE (7.88) and the 
stochastic integral in the sense of Stratanovich. Fractional Black-Scholes partial differential 
equations are obtained in [Mag09] when the driving process is Brownian motion, and in [LW 12] 
when the driving process is fBM. In the paper [LW 12] also a fractional Fokker-Planck equation 
associated with the fractional geometric Brownian motion is derived. 


Chapter 8 


Random walk approximants of mixed 
and time-changed Lévy processes 


8.1 Introduction 


Random walks are used to model various random processes in different fields. In this 
chapter we are only interested in random walks as approximating processes of some 
basic driving processes of stochastic differential equations discussed in the pre- 
vious chapter. There is a vast literature (see, e.g., [GK54, Don52, Bil99, Taq75, 
GM98-1, GMO1, MSO1]) devoted to approximation of various basic stochastic pro- 
cesses like Brownian motion, fractional Brownian motion, Lévy processes, and their 
time-changed counterparts. In the context of approximation, the question in what 
sense a random walk approximates (or converges to) an associated stochastic pro- 
cess becomes important. We will be interested only in the convergence in the sense 
of finite-dimensional distributions, which is equivalent to the locally uniform con- 
vergence of corresponding characteristic functions (see, e.g., [Bil99]). 

We start our discussion with the model case - a simple random walk (Section 8.2), 
which approximates Brownian motion. The idea of convergence of random walks 
to associated mixed and time-changed stochastic processes, used in subsequent sec- 
tions, is given here in the simplest case. In Section 8.3 we construct random walks 
approximating symmetric a-stable Lévy processes Lq;, which was used as driv- 
ing processes for SDEs in Section 7.5. Random walks approximating stable Lévy 
processes (not necessarily symmetric) in the one-dimensional case were studied 
in a series of papers [GM98-1, GM99, GMO1], and symmetric multi-dimensional 
case in [UGO5-1]. In Section 8.4 we construct random walks approximating mixed 
symmetric Lévy processes with some mixing measure. And finally, in Section 8.5 
we will construct continuous time random walk (CTRW) approximants of time- 
changed mixed symmetric Lévy processes and develop an analytic method for the 
convergence. 

Note that CTRW was first introduced by Montroll and Weiss in their paper 
[MW65] in 1965, and by definition, is a random walk subordinated to a renewal 
process. More precisely, this means that CTRW comprises of two i.i.d. sequences 
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of random variables (vectors), one expressing jumps, and another one expressing 


waiting times between successive jumps. The mathematical definition of CTRW 
and some of its properties are provided in Section 8.5. 


8.2 Simple random walk as an approximant 


Suppose a variable X takes randomly two values, +h, with probability 1/2 each, 
Le., P(X =h) = 1/2 and P(X = —h) = 1/2. Here P(A) means the probability of a 
random event A. With the help of the variable X one can model random movement of 
a particle on the one-dimensional uniform lattice x; = jh, j € Z. Indeed, the position 
of the particle, initially located at some point x;, (Yo = xj, = 0), after n moves is Y, = 
Xi +...+Xn, where each X; is the same as X, and each movement is independent of 
other movements. In probability theory X;, k = 1,... ,, are called an independent 
and identically distributed (i.i.d.) random variables, which represent “‘n independent 
copies of X,” and the sequence Yo, Y,... , is called a (simple) random walk. Suppose 
the probability of the particle being at x; in n-th movement is y’;, that is P(Y, = 
xj) = y;- Since the particle can arrive at xj; only from two neighboring points x;_; 
and x;,1, with probability 1/2, then for the (n + 1)-st movement we have 


1 1 : 
YP = aV-t aH W=L, NEN, fEZ. (8.1) 


From this recursive equation one gets a unique solution { js j € Z,n € No} for the 
probability distribution of the above random walk model. 

Simple random walk models serve as discrete approximations of, the so-called, 
Gaussian stochastic processes (diffusion process in physics terminology). There- 
fore, if one is interested in the limiting process of the above random walk, then a 
natural question would be what is a “continuous” version of equation (8.1) and its 
solution? In fact, the answer to this question can be obtained by letting h — 0 in 
equation (8.1). For this purpose we subtract y; from both sides of equation (8.1) to 
obtain , 

I 2 

Dividing by h* and assuming that the time step T = t,+1 —t for each movement 

equals h”, that is t= h”, we have 

yrtt—yt Lyi ity 
2 h? 


(8.2) 


Let p(t,x) be the probability of being the particle at the position x at time t. Then, 
taking into account the equality yj = P(Xj,tn), one can rewrite equation (8.2) in the 
form 


P(tn + T,x;) — P(tn,X;) _ 1 P(tn,xj +h) — 2P(tn,x;) + P(tn,xj — h) 
< “32 h2 
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Now letting h — 0, for (t,x) = (t,,x;) one obtains the equation 


Aplt,x) _ 10° p(t.x) 


Ot 2 Ox aes 


Due to arbitrariness of the pair (t,,x;), in fact, equation (8.3) is valid for all t > 0, 
x ER. The initial condition Yy = 0 implies p(0,x) = dp(x). 

In the d-dimensional case! the simple random walk is constructed with the help 
of the random vector X taking 2d values (+h,0,...,0),...,(0,...,0,--/), with prob- 
ability oe Then Y, =X +...+X,, Yo =0, where random vectors X;, j=1,...,n, 
have the same distribution as X and independent, represent a random walk on 
the d-dimensional uniform lattice hZ4 = {hk = (hk,,...,hkq) : (k1,.-.,ka) € Zh. 
Repeating the above arguments, for the probability p(t,x) of finding the particle at 
x € R¢ at time t > 0, one has the equation 


Op(t,x) 1 1 

—~—— = -Aptt t R* A 
7 sAv(t.x), t>0,xER®, (8.4) 

where A is the d-dimensional Laplace operator, with the initial condition 
p(0,x) = 8p(x)- (8.5) 
The unique solution to this initial value problem is given by the following function” 

1 =x? d 
= —___e 

G2(t,x) (amnia° , t>0,xER*. (8.6) 


We have seen (see Section 1.5.3) that G2 (t,x) — dp(x), as t — 0, in the weak sense. 
These heuristic calculations show that the simple random walk introduced above 
converges to a Brownian motion, whose density for each fixed f is given by (8.6). 
Below we show that in fact the random walk Y, converges as n + to a d- 
dimensional Brownian motion B, = (Bi;,..., Bar) in the sense of finite-dimensional 
distributions. 
The characteristic function §,,(€) = E [es] of Y,, has the form 


SG Eee) =T] (e%/) = [p(E)]", € ERY, 
j=l 


where 


d d 
1 ye 1 ane. cos(hé;) 
~ -E iX§) _ pa ihg; ihgj | — JT 
56) = BCS) = TT [pe + 390] = TL 
Therefore, taking into account the relation t = nt = nh”, we have 


d In lca 


aj=n Zn aoe) = Loa 


' For the dimension in this chapter we use the letter d, since n is overloaded. 
? The Gaussian density function with mean 0 and correlation matrix / evolving in time. 
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Now, applying L’H6pital’s rule, one has limj_,9 h~7 In [a] =-€ A /2. Hence, 


8 _, [EP 1 = |x? ie 
lim 5n(h§ ) —e '2t =F | can Ot | ——E [es] ; 
with B,§ = &,B,,+---+6&Bq;. Thus, for each fixed t > 0 the characteristic function 
of the random walk Y,, locally uniformly converges as n — © to the characteristic 
function of the standard Brownian motion B; with mean zero and variance t. The 
latter convergence is equivalent to the convergence in distributions (in law). Now, 
since ¢ is an arbitrary fixed number, it follows the convergence in the sense of finite- 
dimensional distributions, as well. Concluding, we have that the simple random 
walk on the lattice hZ¢ approximates Brownian motion. 


8.3 Random walk approximants for Lévy-Feller processes 


Now consider the fractional order differential equation 


1 
aut) = 5Dfu(t.x), 1>0,xeR%, (8.7) 


which generalizes equation (8.4), and where Dj, 0 < a < 2, is the pseudo- 
differential (hyper-singular) operator 


DE f(x) = b(a) | Av FO) 4, (8.8) 
0 Re fyjeto oe? , 
defined in Section 3.8, with the symbol —|&|%. See equation (3.75) for b(a) = by (a) 
in (8.8). In accordance with limy,2 |E|* = |E|? one can accept Di = A, where A 
is the Laplace operator. In the general case we have formally Dj = —(—A yov > (see 
Section 3.9). A weak solution, namely a distribution Gg (t,x), which satisfies (8.7) 
and the condition 
u(0,x) = do(x), xER%, (8.9) 


with the Dirac delta-function d(x), concentrated at 0, in the sense of distributions, 
is called a fundamental solution of the Cauchy problem (8.7), (8.9). 

It is clear that in the case © = 2 we have equation (8.4) whose fundamental 
solution is the Gaussian probability density function evolving in time, given by (8.6). 
In the case a = | the corresponding fundamental solution is given by the Cauchy- 
Poisson probability density function evolving in time (c.f. (1.119)): 


(4) t 
2" (p+ (¢/2)?) 


Gi(t,x) = (d+/2° 
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It is well known that for the Fourier transforms of the functions G,(t,x),q = 1,2, 
the relations (cf. formulas (1.16) and (1.17)) 


Go(t,E)=e7 3? and Gy (t,€) =e7 2/4! 


hold. For other values of a, 0 < @ < 2, applying the Fourier transform to equa- 
tion (8.7), and then the inverse Fourier transform to the solution of the equation 
in the Fourier domain, one can find the fundamental solution to the Cauchy prob- 
lem (8.7), (8.9), represented in the form 


1 ie a 
Galt») = Gana fou? TISI% ots gE (8.10) 


The question we want to explore is the existence of a random walk approximating 
the diffusion process governed by equation (8.7). Let X be an d-dimensional random 
vector [MS01] which takes values in hZ4 with the probability mass function py = 
P(X =hk), k € Z4. Notice that in the case of simple random walk 


1 ‘ 

sz, if |k|=1, 
Pr=\*4 | I 

0, otherwise. 


Further, let the random vectors X,,X2,..., be an independent and identically dis- 
tributed random vectors, all having the same probability distribution as X does. 
We introduce a spatial grid {x; = jh,j € Z“}, with h > 0, and a temporal grid 
{t, =nt,n=0,1,2,...} with a step T > 0. Consider the sequence of random vectors 


Sn =X, +Xo+--+X,, n=1,2,... 


assuming Sg = 0, for convenience. We interpret X;,X2,..., as jumps of the particle 
being at x = xo = 0 at the starting time f = f = O and making a jump X,, from 
the position §,,_; to the position S,, at the time instance t = f,. Then the position 
S(t), t > 0, of the particle at time t is 


SH= ¥. Xe t>0. 


1<k<t/t 


Due to independence of random vectors Xj,...,X,, the probabilities p, = 
P(X; = xx) can be interpreted as transition probabilities from a point x; € hZ4 to 
a point xj+% € hZ¢. By this we automatically assume that the particle jumps are 
isotropic in all directions. They satisfy the following nonnegativity and normaliza- 
tion conditions: 


(a) pe > 0, k EZ; 
(b) Xeeze Pe = 1. 
We recall a fact from probability theory that for two random vectors X and Y 


with probability mass functions p, and q;, k € Z4, the probability mass function of 
X +Y is defined as a convolution p * g, by the rule 


350 8 Random walk approximants of mixed and time-changed Lévy processes 


(peqe= ¥ pjar-j, kKEZ". (8.11) 
jcZa 


Also for a random variable X its characteristic function is defined by the formula 


B(E)= > rel, ECR, (8.12) 
kezd 


where kx = kyx, +--+ +kg&q. We will consider the solution u(r, x) of diffusion equa- 
tion (8.7) with initial condition (8.9) as a probability density function (with respect 
to x). Namely, for given time t > 0, u(t,x) is the probability of sojourn of a dif- 
fusing particle at x € IR¢. For the discrete random walk introduced above we use 
the notation yj for the (discrete) probability of sojourn (in the time instant ¢,,) of the 
wandering particle at the point x;. Heuristically, we consider yj as an approximation 
of h4u(tn, xj) © Se; u(ty,x)dx, the total probability of sojourn inside a cubical cell C; 
with the center x; and side length h. 

We also will use the fact that for a continuous function f(x) integrable over R@, 
the following convergence of the Riemann sum 


i’ Sf (jh) > ‘| f@ar. (8.13) 
jez Rd 
as h — 0, holds. 


Lemma 8.1. For the probabilities y’; the following statements hold: 


1. ye an 
k 


2. yi = (p*++* p)j. 


ntimes 


X Paj-0 FEBS 
eZ 


Proof. The first statement follows from the recursion 8,4; = S, +X, and (8.11). 
The second statement follows from the first one by induction. 


Lemma 8.2. Let s(t), t > 0, be a differentiable function, such that 


(a) s(T) + so, T > 2; 
(b) ts (t) +0, T . Then 


Tt T 
lim (: Ea ~~) = 6, (8.14) 
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Condition (a) implies that the function s(t) is bounded at infinity, and therefore, 
one can apply the L’H6pital’s rule to find the limit of g(t) when tT — ©». Then, due 
to conditions (a) and (b) 


The latter implies (8.14). 


Theorem 8.1. Let X;,X2,..., be an independent and identically distributed random 
vectors with the probability mass function py = P(X; =hk),k € Z4, of each random 
vector X;, j =1,...,n. Assume that 


(a) if0 <a <2, then 


1 hE —()- 
_ reer mara K=O, (8.15) 


Ub(0x)|k|-4F), ifk £0, 


with Lt satisfying the condition 


1 
O<u< ) 
D(O) Xmez\ fo} |“ 4- © 


and the space and time steps h and T being connected by the scaling relation 
T= T(h) = wh®; 
(b) if & = 2, then 


1 ‘ 

xz, if lk} =1; 
pay EM 

0, if |k|=90, 


: _ Pr 
with T= 7: 


Then the sequence of random vectors S, = X, +...+ Xp converges as n + © in the 
sense of distributions to the random vector whose probability density is the funda- 
mental solution of the Cauchy problem (8.7), (8.9), i.e., to G(t,x) defined in (8.10). 


Proof. Let 0 < a < 2. We will show that the sequence of random vectors S, con- 
verges as n — co to the random vector whose probability density function evolving 
in time is of the form 


1 a; 
Gt.9) = Ga [et ee dE, t>0,xeER?. 


It is obvious that the Fourier transform of G(t,x) with respect to the variable x is the 


function G(t,é) = eo 2416I"_ Let Pn(&) be the characteristic function correspond- 
ing to the random vector X; € hZ¢ with the probability mass function p, defined 
in (8.15), that is (see (8.12)) 
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PrlS)= >, preil®®. 
kezd 


Due to Lemma 8.1 the characteristic function of S, can be represented in the form 


Htn, E = y ye ihké = [p n(E)]". 


keZd 
Taking this into account it suffices to show that 
A Z —3|8|% 
[Pn(§ )] se 2S! n>, (8.16) 
The latter is equivalent to 


om Pal) 
no T(h)/2 


= EI". 


where t(h) = £ = 1h. Below we show the validity of the limit in (8.16). Using the 
definition of pz given in equation (8.15), we have 
7 fi 1 elkéh 7 
jan) =[1-no(a) are tue) Sara 
0AkEZ4 O¢kEZA 
1— eikoh n 
= [1 — nba) y ace (8.17) 

O#keZ4 

Further, one can easily verify that 
1— eikgh 1- ea ikgh 
- lk|a+ 


7 = 
O¢kEZA kere OAKEZA 


Due to the definition of the symmetric second finite difference of the function es 
at the origin, this implies 


x io elkgh 7 1 2- eikbh + ea ikgh 
d+ _ d+ 
OAkEZ4 Klee 2 otnend lara 
a. (Aine eo 818 
a) > |k|a+o : (8.18) 
OAKEZA 


Now in equation (8.17) substituting LW = pid and using equality (8.18), one obtains 


(Aj, e male 
$b(0t) Sena to) See n (8.19) 


n 


8.3. Random walk approximants for Lévy-Feller processes 353 


Further, it follows from Lemma 8.2 that if a sequence s, = s(n), n= 1,2,..., con- 
verges to s when n — oe, and Ts (T) + 0, T > , then 


lim(i+ y=. (8.20) 


n—yoo n 
Due to (8.13) and Corollary 2.11 the expression 


(Az,ei* ) |x=0 ,d 


t 
Sn = Sn(h) = (a) bg |kh|a+@ 


keZ4\ {0} 


converges to 


t (Azei* )x=0 
ie 


= _f a ix _ t a 
s= 5 h(a) pra dy = 5(Doe Se) = —3/6l ; 
as h — 0 (or, the same, n + c ) for all a € (0,2). Moreover, utilizing the equality 
h® =t/(un) the function s(t) can be written in the form 


kg 
T(cos = — 1) 
s(t) =pb(a) > ere 
keZA\ {0} 


Exploiting the dominating convergence theorem, it is not hard to see that Ts’ (t) > 0, 
as T — co. Hence in accordance with (8.20), letting n — o in (8.19), we have 


Stn E) = [BalG)I” ae 2E",  E ERA. 


The case @ = 2, with probabilities p, given in Part b) of Theorem 8.1, corre- 
sponds to the N-dimensional simple random walk and was shown earlier. 


Remark 8.1. The constructed random walk can be generalized to the class of sta- 
ble motions L;, characteristic functions of which in the one-dimensional case have 
the form exp(tw(€)), with w(&) defined in (7.121). In multidimensional case the 
symbol y(&) has the form 


wig)=—ia.e)+ f, (-i6,0)%m(d0), Fert 


where a € R@ and M(d@) is a probability measure defined on the unit sphere. If 
a= 0 and M(d@) = const -d@, then we get the symmetric case considered above. 
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8.4 Random walk approximants for mixed Lévy processes 


The objective of this section is twofold. The first objective is to describe the driving 
process of SDEs considered in previous sections, approximating it by a discrete 
random walk. To achieve this we develop a DODE model in this section and CTRW 
model in the next section. The second objective is to generalize the random walk 
construction discussed in Section 8.2 and some random walks models introduced 
and studied in the papers [GM01, USO6]. 


Definition 8.1. Let p be a finite measure with the support suppp C (0,2]. Denote 
by SS the class of (.¥;)-semimartingales Z;,Z) = 0, whose characteristic function 
is given by 


2 


i [ei] =exp{-1/ \é\*ap(a)}. E eR? (8.21) 


0 


If fz, (x), x € R¢, is the density function of the process Z;, then equation (8.21) can 
be expressed as the Fourier transform E [eis] = F[fz,|(€). The class SS obviously 
contains Lévy’s SaS-processes and all mixtures of their finitely many independent 
representatives. For the process Z,; € SS corresponding to a finite measure p, we use 
the notation Z; = xP to indicate this correspondence. 


Suppose X? is a stochastic process obtained by mixing of independent Lévy’s 
SaS-processes with a mixing measure p, suppp C (0,2).° Then its associated FPK 
equation has the form 


2 
= | Dgu(t.x)\dp(a), t>0,xER?, (8.22) 
0 


Ou(t,x) 
Ot 


where Df is given by (8.8). Indeed, it is seen from (8.21) that the Lévy symbol of 
XP equals 


2 
¥E)=-f léltap. (8.23) 
On the other hand, due to the formula F[D%@](§) = —|€ |’F [](€) (see (3.82)), the 


Fourier transform of the right-hand side of (8.22) is 


F[ [ D¥ecap(o)] = [ Fiose\(E)a0(@) = (— [1e\*4p) FIolG). 


Hence, the symbol of the pseudo-differential operator on the right-hand side of (8.22) 
coincides with ¥(& ). This means that the FPK equation associated with X? is given 
by equation (8.22). Since x = 0 the function u(t,x) in (8.22) satisfies the initial 


3 The set (0,2) can be replaced by (0, 2], but this requires an additional care (see [US06]). 
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condition u(0,x) = d(x). Using the Fourier transform technique, one can verify 
that the solution of (8.22) satisfying the latter initial condition can be expressed in 
the form 


1 —ix 
G° (t,x) = ay Ape gree ae (8.24) 


The following theorem provides a random walk approximation of the stochastic 
process X/. 


Theorem 8.2. Let Xj; € hZ¢, j > 1, be i.i.d. random vectors with the probability 
mass function 


m(h) . 
1-202 neo Sa, if k= 0; 


Pk (x ) 20S), if k #0, (8.25) 
where tT > 0,h> 0, and 
* b(a)dp (ar) 
Om(h) =} “Tima ™ #0. (8.26) 
Assume that 
onary ac <1 (8.27) 
m#0 


Then the sequence of random vectors Sy = X, +... +Xn, converges in law to XP as 
n—- ee, 


Proof. In order to construct a random walk relevant to (8.80) we use the approxi- 
mation (8.13) for the integral on the right-hand side of (8.22), namely 


— 2uj(t) +uj—x(t) 
|k|d+ ane 4 


u(t,x;) b(a) > ujre(t) 


keZe 


(8.28) 


and the first order difference ratio 


Ou ujltny1)—ujltn) 


~ 


ot T 


for ut with the time step t =1/n, and u(t) = u(x;,t), x; € HZ“. Following notations 


in desticn 8.2, we denote the probability of walker being at x; at time ¢, by yj = 
U(ty,Xj); ty =NT, x; =hj. Then, taking into account the recursion S,4; =S, + Xn, 
one has 
y= ¥ py. JE Z4,n=0,1,.... (8.29) 
keZa 


with the transition probabilities 


Mm (h 
~ 27S neé0 out, ifk=0: 


eal arty if k £0, 


(8.30) 
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where Q,,(/) is defined in (8.26). Assume that the condition (8.27) is fulfilled. Then, 
obviously, the transition probabilities satisfy the properties: 


Yo pe=1, and py>0, ke Z*. (8.31) 
keZa 


Introduce the function 


1 — Mn 
a) = > [k|are = > mate? O<a<2, 
k#0 m=1 


where My, = > 1. (In the one-dimensional case #(a) relates to the Riemann’s 
|k|=m 
zeta-function through #(a) = 2¢(1+«).) The inequality (8.27) can be rewritten as 


o(T,h) =2 f° OO ip a) <1. 


It follows from the latter inequality that h — 0 yields t > 0. This, in turn, yields 
n=t/t — for any finite f. 

In order to prove the theorem we have to show that the sequence of random vec- 
tors S,, tends to the random vector with the density function G? (t,x) (for a fixed r) 
in (8.24). This means that the discrete function y;(t,) tends to G? (t,x) as n + oe. It 
is obvious that the Fourier transform of G? (t,x) with respect to the variable x is the 
function GP (t,é) = e'? (5), Let p(E) be the characteristic function corresponding to 
the discrete function p;, k € Z4, that is 


(E)= DY prel’s. (8.32) 
keZzd 


It follows from the recursion formula (8.29) (which exhibits the convolution) and the 
well-known fact that convolution goes over in multiplication by the Fourier trans- 
form, the characteristic function of y;(t,) can be represented in the form 


$jltns&) =Ijltn-1,8) P(E) = =$)(0,8)1(E)) 
=[AE)P, 2=1,2,... 


Taking this into account it suffices to show that [p(hé)]" — e"”(5), n — o. The next 
step of the proof uses (8.20). We have 


[A(hS )}" = (: 7D, aul “) 


_ (ct). attin \” 
-(: Sah ime a) 


A2 eixé re 
“1 RCo sea napa) 


n 
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In Section 8.2 we have proved that the expression 


keZa 


tends to (D%e*5) = —|€|* as h — 0 (or, the same, n — © ) for all a € (0,2). 


Hence 
A2zeikgh ya 2 
so =suin = [60S och papa) + — [eI ap (a) 
=¥(€), n>o(h-0). 


Moreover, the function st (s, = s(1)) satisfies condition Ts. (t) > 0, tT ce. Thus, 
in accordance with (8.20) we have 


[a(ng))" +), no, 
completing the proof. 


The random walk related to the multiterm fractional diffusion equation can be de- 
rived from Theorem 8.2. Assume that dp (a) has the form 


M 
a) = ¥ an6q,;(a)der 
m=1 
with 0 < a <...Qy < 2. So, we again exclude the case {2} € singsuppp. 


Theorem 8.3. ({US06]) Let the transition probabilities py = P(X = xx),k € 7 of 
the random vector X be given as follows: 


LOM na 
1 Lj40 lilé Bini ™ aie nm) ,fk= 0; 


Pk = 1 <M Umamb(On) 
a SM Maal ifk £0, 


where Un = jam ,m=1,...,M. Assume, 


M 
SY) dmb( Om) B (Om) lm < 1. 


m=1 


Then the sequence of random vectors S, = hX,+...+hX,, converges as n — 
in law to the random vector whose probability density function is the fundamental 
solution of the multiterm fractional order differential equation 
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Ou(t,x) 
ot 


M 
= y AnD" u(t,x), t>0, xe R¢. 


m=1 


Remark 8.2. 1, Theorem 8.2 in the particular case of the measure p (da) = a(a)da, 
where a(a) € C[0,2], is proved in [US06]. 

2. The condition {2} ¢ singsupp p is required, because the value ~ = 2 is singular 
in the definition of D¥ (see (3.75)). The particular case of p (da) = 6(a@ —2)da 
reduces equation (8.22) to the classic diffusion equation and as was seen in Sec- 
tion 8.2, the corresponding (simple) random walk converges to Brownian motion. 


8.5 Continuous time random walk approximants 
of time-changed processes 


8.5.1 Continuous time random walk. Montroll-Weiss equation 


Driving processes of the SDEs associated with time-fractional FPK equations ap- 
pear to be time-changes of basic processes like Brownian motion, Lévy process, 
fractional Brownian motion, etc. Donsker’s theorem states that Brownian motion is 
the limit in the weak topology of a scaled sum of a sequence of independent and 
identically distributed (i.i.d.) random variables {Xj}, with X, € L?(P). This fact is 
important from the approximation point of view since an approximation of the basic 
driving process B; yields, under some conditions, an approximation of other pro- 
cesses X; driven by B,. Natural approximants of time-changed processes By, Ly, 
etc., where W is the inverse to a stable subordinator, are continuous time random 
walks (CTRWs). A CTRW is a random walk subordinated to a renewal process. 
CTRWSs are described by two sequences of random variables: one representing the 
length of the jump, and the other one representing the waiting time between succes- 
sive jumps. More precisely, let ¥j,¥2,...,Yn,.--, (WE R?), be a sequence of i.i.d. 
random vectors, and let T),72,...,T,--., (t% €R) be ani.i.d. sequence of positive 
real-valued random variables. Then 


Sp =Vit---+Yh (8.33) 
is the position after n jumps, and 
Th=T+::°+% (8.34) 


is the time of the nth jump. Assume that Sp = 0 and 7p = 0. The stochastic process 


X; = Sy, = Di, (8.35) 
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where 
N, = max{n > 0: T, <t}, (8.36) 


is called a continuous time random walk. We assume that the random variable 7; 
and random vector Y; are independent. This case is referred to as uncoupled CTRW. 
Suppose (t,x) = o(t)w(x), T > 0,x € R%, is the joint density of (t,¥,), where 
o(t) and w(x) are density functions of t and Y;, respectively. Then the probability 
p(t,x) of being the walker at x at time ¢ satisfies the following integral equation (see, 
e.g., [MK00, SGM00, GM05]) 


ptt.x) = 8000) + [ [60 -2)w(e-y)p(ey)dydt, 6.37) 


called a master equation. In this equation ®(t) = 1 — {5 @(t)dt = J o(t)dt. One 
can easily verify that the Laplace transform of ®(r) is 


sn=ne@g=t"” aesé. (8.38) 


Applying the Laplace transform and then the Fourier transform to both sides 
of (8.37), one has 

P ® 

B(s,E)= 89) _, Hn) > 0, ERY. (8.39) 

j= @ (s ’ g ) 

Equation (8.39) is known as the Montroll-Weiss equation, and first was obtained 
by Montroll and Weiss in [MW65] using a different argumentation, which does 
not use the master equation. In our case of uncoupled CTRW @(s,&) = (s)W(€). 
Therefore, taking into account (8.38), one can write the Montroll-Weiss equation in 
the form 


a _ 1-9 @(s) 1 d 
B(s,€) = s Toetsmey” R(s) >0,é ER’. (8.40) 


Our aim is to study limit processes of CTRWs. For this purpose, consider TT,,, 
where Tt > 0 is anonrandom parameter. Due to (8.34), this is equivalent to the change 
of the sequence T, to the sequence T- T,,. The density function of the latter is @,(t) = 
t~!@(t/t) and the corresponding Laplace transform is $;(s) = @(ts). Similarly, 
with a nonrandom parameter h > 0 consider hS,, which is equivalent to the change 
of Y, in (8.33) to AY,. The density function of the vector hY, is wy (x) =h-"w(x/h), 
and the corresponding characteristic function is W,(€) = w(h&). In this case the 
CTRW process takes the form x =hSy, 
equation 


& _ 1=¢(ts) 1 
Prrls,6) = 5 1— (ts) W(hE)’ 


I with the corresponding Montroll-Weiss 


R(s) >0,€ ER’. (8.41) 
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Now assume that 
b(s)~1—As8, 530, (8.42) 


with some A > 0, and 
w(E)~1+A(E), 6], (8.43) 


where A(&) is a continuous radial function taking negative values, and such that 
A(0) =0. Further, assume that parameters t and h are connected so that tT PA(hE) > 
AA(€), as tT O. The validity of the latter limit yields also that / is a function of T, 
and h(t) > 0 if tT + 0. Under these assumptions equation (8.41) implies 


. Ath sB-! 
Prn(s,6) ie ArTBsB —A(hé) +A TPSBA(hE ) 
sP-1 


= 8.44 
sB — Le A(hE) + sBA(hé) Oe? 


Hence, letting t — 0, or h — 0, in (8.44), one obtains locally uniform convergence 


sP—1 
” B+ (-A®)’ 


Pra(s,$) T+ 0 (h-0), (8.45) 


since A(h&) — 0 as h > 0. It follows from Proposition 3.7 that the right-hand side 
of (8.45) is the Laplace transform of Eg(t8A(&)), which, in turn, is the Fourier 
transform of the distribution 


E(t,x) = Eg(tPA(D))&(x), 1 >0,x eR. 


Due to Theorem 5.2 the latter is a (unique) solution of the Cauchy problem for the 
fractional order differential equation 

DP u(t,x) =A(D)u(t,x), t>0,xeER4, (8.46) 

u(0,x) = do(x), x ER’. (8.47) 

Thus, the limiting process of the CTRW under conditions (8.42) and (8.43) is a 


process associated with the initial value problem (8.46)-(8.47) for the fractional 
order FPK type equation. Consider an example. 


Example 8.1. Let tT be Levy’s stable subordinator with the stability index 0 < B <1. 
The density function of tT; has the asymptotic behavior (see (7.37)) 


B 
00) ~ Fas pe t ©, 
It follows that i 
i O(u)du~ Bye t — oo, (8.48) 
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Further, we use the following fact [GM05]: the Laplace transform of a density @(t) 
satisfying the condition 


[ owau~ 5 to, C>0, (8.49) 
has the asymptotic behavior (8.42) with 
“ Cr 

(1+ 8)sin(zB)’ 


In our case C = B /T'(1 — B). Hence, using the relationship (1.7), one has 


A 


A Bu 1 


P1+B)r(1—B)sin(xB) (6B) — B)sin(xB) 
Thus, the density of the stable subordinator t, with the stability index 0 < B < 1 
satisfies (8.42) with A = 1. 

Further, let 0 < @ < 2 and Y; be a Lévy’s symmetric o-stable distribution, that is 
w(E) =e |5" ~14(-E|%), |E| > 0. Hence, the density of Yj satisfies (8.43) with 
A(&) = —|€|%. This is the symbol of the operator Df (see Proposition 3.4). Thus, in 
this particular example the CTRW approximates the process X; associated with the 
fractional FPK equation 


DP u(t,x) =Dfu(t,x), t>0,xeR4. 


It follows from Theorem 7.10 (the case of one subordinator W,) that the process X; is 
a time-changed process with the time-change process E;, the inverse to the Lévy’s 
stable subordinator W; with the stability index B, that is X; = Yg,, where Y; is the 
Lévy’s a-stable process. 

With appropriate scaling parameters this example can be extended to an arbitrary 
process Y,P € SS, as well. That is, the limiting process is associated with the Cauchy 
problem 


DP u(t,x) = (D)u(t,x), 1>0,xeER%, (8.50) 
u(0,x) = dp(x), xe RY, (8.51) 


where Y(D) is the pseudo-differential operator with the symbol ¥(&) defined 
in (8.23). For the sake of clarity, we consider a particular case, namely 


p(da) = ¥ aj5o,(a)da. 
j=l 
Suppose 1.i.d. random vectors ¥; in (8.33) have the structure 


m (j) 
Ley Ay, 
j=l 
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where A; = a om and ¥ ) are symmetric a;-symmetric distributions independent 


for all k € N. The densities of ¥ ) are w ;(x) with the corresponding characteristic 
functions w;(§) = exp(—|€|%7). By construction, the characteristic function w(€) 


of the random vector Y; is the product of characteristic functions of yl ) that is 


j=l j=l 


#16) = Thais) =es0(- Sat?) ~1- Sais El 0. 
i" 


Like the previous case we again rescale % and Y; introducing nonrandom parameters 
Tt andh = (f,...,/m). Namely, we change t% in (8.34) and ¥; in (8.33) respectively 
by T-% and % = Any? +e. +AmlinY.”. Then, it follows from the correspond- 
ing Montroll-Weiss equation that 


Bea(s8) — 
Pth 5, ad 1 a; : m a; : 
BSB ESM ajhy|E/% — PSB OM a jh |E|% 
= = (8.52) 
= m —Bp,%i j m aj ; : 
P+ tt Bhiaj||% — 8 ey ash, |E|% 
If one selects the multi-scaling parameter h € IR” such that h; = 7B/ a; jJ=l,...,m, 


then (8.52) implies the locally uniform convergence 
4 st = 
sB + ayl§ ar 


A 


Prn(s,6) 


t—0 (\h| > 0). 


Hence, in this case the constructed CTRW approximates the process X; associated 
with the time-fractional distributed order FPK equation 


m 
DE u(t,x) = YiaDpjtu(t,x), t>0,x.ER%. 
k=0 


8.5.2 Continuous time random walk approximants of time-changed 
processes 


Now we construct a CTRW approximation (called fully discrete random walk model 
[GMMO02, GV03]) of the time-changed process associated with the fractional FPK 
equation (8.50) with initial condition (8.51). Note that the solution u(t,x) is the den- 
sity function of the time-changed process X; = Yw,, where Y; is a driving process and 
W, is the inverse to a B-stable subordinator. Since X; is non-Markovian, an approxi- 
mating random walk also can not be independent. Therefore, transition probabilities 
split into two different sets of probabilities: 


(a) non-Markovian transition probabilities, which express a long non-Markovian 
memory of past; and 
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(b) Markovian transition probabilities, which express transition from positions at 
the previous time instant. 


Suppose that non-Markovian transition probabilities are given by (see [GMM02]) 


vc) -ll 


h = ¥i-1)'(8), (8.53) 


=0 


and Markovian transition probabilities {p,},<zn are given by 


c,—2t8Q(h), ifk=0; 


2B ce ifk £0, 


Pe= (8.54) 


where Q,(h), k # 0, is defined in (8.26), and Q(h) = Yix0 Qx(h)|k|~¢. Then the 
n+1 


probability q;"" of the walker being at the site xj = jh, j € Z4, at the time instant 


t+1 1S 
n—1 


Ge = nd} + Y ner 5 + (cr _ 7h Qo(h)) ai +> PG ¢- 
= kF0 


It follows from Theorems 8.2 and 7.10 that the density function of the process 
X; = Yr, satisfies the equation 


DP u(t,x) =P (Dy)u(t,x), (8.55) 


where the pseudo-differential operator Y(D,) has the symbol ¥(& ) defined in equa- 
tion (8.23), that is 


2 
¥(D,)9(x) = [DE o(w)dp, 


with a finite measure p, suppp C (0,2), and the initial condition u(0,x) = dp(x). 
Due to Theorem 5.1, the unique solution to (8.55) with this initial condition is given 
by (see Example 5.1 and equation (5.15)) 


ult.s) = Ep(P(DYP B08) = I | BoC H EP eas. 


Therefore, the Fourier-Laplace transform of u(t,x), in accordance with 


Proposition 3.7, is 


LIF [u)(8)](s) = LlEp(P(E)t")\(s) s>0,€ER*. (8.56) 
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Theorem 8.4. ([Uma15]) Fix t > 0 and leth > 0,1 =t/n. Let Y; € Z4, j > 1, be 
identically distributed random vectors with the non-Markovian and Markovian tran- 
sition probabilities defined in (8.53) and in (8.54), respectively. Assume that 


t< (F5)*. (8.57) 


Then the sequence of random vectors Sy, = hY, +...+ hYn, converges as n — © in 
law to X; = Yr, whose probability density function is the solution to equation (8.55) 
with the initial condition u(0,x) = 6o(x). 


Proof. For the Caputo fractional derivative on the left-hand side of (8.55) we will 
use the backward Griinwald-Letnikov discretization (3.94): 


n+1 yiti-m = Wo 
DP u' =0 op uj ~~ Dol) (") a (8.58) 
m= 


where wi = U(t»,xj),n=0,1,...,/€ Z4, x; € Z4, and t, =nt, T > 0. Using nota- 
tions (8.53) and rearranging terms, equation (8.58) can be expressed in the form 


Do yt x 1 n+1 cu" y n+1l—m _ 0 (8 59) 
Ha ui ui Cnt’, Yall; } - . 


m=2 


For the discretization of the right-hand side of (8.55), due to approximation (8.28), 
valid for all 0 < a < 2, one obtains 


Q;(h) 
; k#0, 
\kl4 
Y (Dy )ul; © »y du’, d= ‘ (8.60) 
kez = Dil) | k=0, 
io | 


where Q;(h) is defined in (8.26). Setting the discretizations for the time and space- 
fractional derivatives in (8.58) and (8.60)) equal to each other, we get 


1 n 

n+1 n n+l—m 0) _ n 

7B uj Cu; » CU — uj) = »y du j_- (8.61) 
m=2 kez 


+1 


Rearranging terms and solving for u' , the following recursion equation is 


constructed: 
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a — Yul) + »y Cue tM 4 »y GU ks (8.62) 
m=2 kez 
Ba, — 7B dp (a) 
T q= T i. (+ ar |kjato ’ KF 0 
ee (8.63) 
k£0 


By construction, ud = = lif j=0=(0,...,0), and u" = 0 otherwise. 
The update uit in equation (8.62) is determined by Markovian contributions 
(those values of u at time t = f,) and non-Markovian contributions (those values of 
u at times t = {t0,t,..-,t,—1}). The order of the time fractional derivative B deter- 
mines the effect that the non-Markovian transition probabilities (jy, and c2,...,Cm) 
has on u"*!, This effect can be measured by sum of all of the transition probabilities 


in equation (8.62): 


(1+ 3.) + ¥ w=. 


m=2 kez 
where 
n 

Dd %=(c1—go) + ge =e and ht ¥ cm =1-c¢ 

keZd kA0 m=2 
As a result, when B = 1 one has c; = 1, cp = --- = Cy = J = O, and hence, equa- 
tion (8.62) simply reduces to (8.29), with g; = px, where px, k € Z4, are defined 
by (8.30). 


Let #"(€ ) be the characteristic function of the discrete sequence uv" for a fixed n = 
0,1,..., (see the definition in (8.32)). Then equation (8.62), in terms of characteristic 
functions, takes the form 


PE) =%+ y Gnu? "(E)+ae ae), (8.64) 
m=2 


since #°(€) = 1. Further, let U;(s,&) be the discrete Laplace transform of #”+!(), 
namely 


=T yi ot en s>0. 
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Then multiplying both sides of (8.64) by te~”** and summing over the index n, one 
obtains 


ee n+1 é& 
O7(s,§) = Ye(s) +t Dy ( a) e+ a(E)t 2, a(b)e™ 


+ d(E)r'+8 >y we (ee, (8.65) 


where 
HO = TE new = 2S Yd nn(Pye —snT 
n=0m=0 


Changing the order of summation one can show that 


eZ) Ere 


Further, in accordance with relation (8.56), in order to prove the theorem we need 
to show that U;(s,hé) converges as h > 0 (that implies t —> 0 too) to 


sB-1 
sB + (—(&))’ 


the Laplace transform of the Mittag-Leffler function Eg (x) composed by w(E)B. 
Here ¥(E) = — {5 |E|%dp (a); see (8.23). Indeed, this convergence implies the con- 
vergence ii"(h¢) — Ep (Y(E)t8), as n> , uniformly for all E € .%, where .% is 
an arbitrary compact in R¢. In turn, the latter convergence is equivalent to the con- 


vergence in law of the sequence S, to the process Yy,. To show the convergence 
O,(s,hE) > L[Eg(¥(E)t®)](s), we notice that 


LiEp(¥(E)t°)|(s) = s>0,€eR? 


Tt > eee — t+e "U,(s,€), 
n=0 


and changing the order of summation 


>) (Sc (Rann) oonts 


m=1 m 


=e + (te'* as O,(s,)) e (-1)" = a ) (8.66) 


n=0 
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It follows from equations (8.65)-(8.66) that 


rag Es) oS Tent ‘| +P (cP dE) 4B shia?) 


U;(s,€) = i.) de" (8.67) 


1,(B,s) = a (Pew 


Further, the following limits hold: 


: LS n B —snt _ B ost — £B 
tim = D1) @ = (24 e Vee = 5B (8.68) 
lim (Earn :) =sl, (8.69) 
lim d(h) = (6), (8.70) 
lim t!~8 (rt d(E) + B +e") =0, (8.71) 


tT 0 


The relation (8.68) follows from the definition (3.94), the first equality in Exam- 
ple 3.12, and the fact that the Griinwald-Letnikov fractional derivative coincides 
with Liouville-Wey] derivative in the class of suitable functions (see Remark 3.5). 
The relations (8.69) and (8.71) can be easily verified by direct calculation. To show 
the relation (8.70) we have 


, a i Q h i 
athe) =- i 1423 Sg et = 2 es) 
kA0 kA0 
h) 
ikh& —2 + @lkhs = Ox( AZ eis 
ee i > (¢ m [x\4 ( me Vs 
=> 1m ‘ 
0 NO kn <N, keO it [nj |x=0 


Letting h — 0, due to (8.13) and the second formula in Corollary 2.11, we obtain 


2 Aes 
lim d(hé) = [ o@ lim / paz” dp(a) 


h-0 
ly|SN |x=0 
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Now taking into account the relations (8.68)-(8.71) it follows from (8.67) that 


sh-l 


=; > 0, an 
Bovey *7 95 


li A 
Pat U T (s, hé ) 
as desired. 


Remark 8.3. 1. The authors of paper [LSATO5] use a different discretization for 
pb uj. Namely, 


Bon 1 n i Uj (tr+1— 5) 
od cae ee 
"i ruil} p) 7a, th sB o 
1 n n . n m n—m 
= Sy (ih a4 Soy) Bm! Pyfyirtiom — yt \) (8.72) 
m=0 


where v = (2 — B). Setting 


a(B,t) = (vt? )-}, (8.73) 
Yn = (m+1)°-8) —mCU-B), m=0,...,n, (8.74) 
Ck=Ne-1- Ne kK=1,...,0, (8.75) 


and rearranging terms, equation (8.72) can be expressed in the form 


n 
Deut = a(B,T) Ca — cu — ba Cuts tim _ a) ; (8.76) 
m=2 


The latter unifies both discretizations. Indeed, in the case of the Griinwald- 
Letnikov time-fractional derivative, a(B,T), Ym and cz are re-defined as the 
following: 


1 
a(B,7) = 7B’ (8.77) 
Yn = 1 a5; (8.78) 

i=1 
Ch= c(t] = (1-4) ce1, k=1,2,...(co=1). (8.79) 


Note that for 0 < B <1, % = 1. In addition, for B = 1, Ym, = 0 for m= 1,...,n, 
cy = 1, c, = O for k = 2,...,n and v = 1. As a result, when B = 1, both dis- 
cretizations reduce to the standard forward-time discretization of du/dt: 


n+1 n 
piytt — 2M m ti uj 
es Ot TO 
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2. 


io’) 


Theorem 8.4 extends to the case when the left-hand side of equation (8.55) is a 
time distributed fractional order differential operator with a mixing measure LL, 
whose support satisfies supp p C (0, 1], that is 


Dyut.x) = [ DPu(.x\du(B) = ¥(D)ult.»), t>0,xeR’, (8.80) 


where Y(D) is a pseudo-differential operator with the symbol ¥(&) defined 
in (8.23). In this case for the left-hand side of (8.80) we again have a discretiza- 
tion of the form (8.76). Namely, we have 


1 
a= fy APM taf MOBILE A toa 


1 1 
=a fale B)m(B)du(B), n =1,2... (8.82) 


In equations (8.81) and (8.82) the integrands a(t, 8), c,(B), and y%,(B) are de- 
fined in (8.77)-(8.79) or (8.73)-(8.75) depending on whether the Griinwald- 
Letnikov approximation or approximation (8.72) is used for discretization of 


DP u(t,x) in (8.80). 


. We also note that condition (8.57) takes the form 


2-2'-P ya 
"<(Faxpom) 
T'(2—B)Q(h) 
if the non-Markovian probabilities are selected as in (8.73)-(8.75). This condi- 
tion as well as (8.57) generalize the well-known Lax’s stability condition T < 
i? /2 arising in the finite-difference method for solution of an initial value prob- 


lem for the heat equation, which corresponds to the case B = 1 and ¥(D) =A, 
the Laplace operator. In this case Q(h) reduces simply to Q(h) = 2/h?. 


8.6 Additional notes 


1. 


Random walk. CTRW. The random walk problem was first set in a note by Karl Pearson in the 
journal “Nature” in 1905 [Pea05]. Nowadays it is a mathematical tool broadly used in modeling 
of various problems arising in science and engineering. For the general theory of random walks 
and their relation to mathematical problems we refer the reader to books [Spi01, L10]. Some 
aspects of the modern state of the random walk theory are presented in the following survey 
papers: various applications of random walk to fractional dynamical processes arising in natu- 
ral and social sciences in [MKO0, MK04], random walk in graphs in [Lov93], applications of 
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random walk to finance in [SGMO0]. Continuous time random walk was introduced by Montroll 
and Weiss [MW65] in 1965. CTRWs have rich applications in many applied sciences and the lit- 
erature on CTRWS is still increasing at a rapid rate. See papers [MK00, MK04, SGMO00, MS05] 
and references therein for a discussion of the history of development of the CTRW theory and 
its connections to fractional differential equations and other relevant fields. There are various 
approaches to the study of weak CTRW limits, depending on the topology and methods used 
for the proof of convergence. The methods used include master equations, constructive random 
walk approximations, and use of abstract continuity theorems. CTRWs also serve as approxi- 
mate for driving processes of SDEs. Driving processes of the SDEs associated with fractional 
FPK equations appear to be independent time-changes of basic processes like Brownian mo- 
tion, Lévy processes, fractional Brownian motions, etc. 

2. Approximation of Brownian motion. Donsker’s theorem. 
Let X;,, k = 1,2,..., be a sequence of independent and identically distributed mean zero, vari- 
ance one random vectors. Consider the sequence of scaled sums 


Xi, (8.83) 


where |r| means the greatest integer not exceeding r. Denote by D(([0,0), IR) the Skorohod 
space D([0, °°), IR“) of cddlag processes with the Skorohod topology; see definition in [Bil99]. 


Theorem 8.5. (Donsker) The random walk S(t) in (8.83) converges weakly to d-dimensional 
standard Brownian motion in the Skorohod space D({0,-), R“). 


If one modifies the path of the nth term making it continuous by linear interpolation of the 
normalized partial sums, then the same kind of convergence holds in C([0,-¢),R“) with the 
uniform topology. 

3. Approximation of fBW. In the case of Hurst exponent H > 1/2 the weak convergence of scaled 
sums of random variables to a fractional Brownian motion was studied by Taqqu [Taq75]. He 


described the class of functions G(s), such that x pe G(X;) with d, ~ n?#L(n), L is slowly 
varying, converges weakly to cB”, c = E[XG(X)]. Sottinen [Sot01] proved that the following 


random walk 


[nt | i 1 
roa a" [ "2m m s)ds eX) 


n 


where z(t,s) = cH(H —1/2)s!/2-4 f' u#—1/2(u— s)#—-1/2du, converges weakly to a fractional 
Brownian motion B!. 

4. Approximation of time-changed stable laws. The CTRW approximation in different topologies 
of time-changed stable Lévy processes with the time-change process being the inverse of Lévy’s 
stable subordinator is studied in the paper [MSO05]. Suppose that t; belongs to the strict domain 
of attraction of a stable law with index B € (0, 1) and Y; belong to the strict domain of attraction 
of a generalized full operator stable law. Then, under some condition to tT and Y,, there exists 
a regularly varying function B(c), c > 0, and slowly varying function L, such that B(c)S,-1 (ct) 
converges to A, , aS C — ©, in the sense of finite-dimensional distributions. Here S; is CTRW 
associated with i.i.d. 7), %%,...,, and iid. Y,,¥,...; A; is an operator stable motion, and E, is 
the inverse to the stable subordinator W, with index f. In the paper [BMS04] the convergence of 
CTRW approximation of time-changed stable Lévy processes in M,-topology of the Skorokhod 
space D([0,-), R7), is proved. 

5. Constructive random walk approximations. Gillis and Weiss [GW70] modeled random walk 
with jump probabilities p(r) = p(—r) = Ar (*T)), 0 < @ < 2, in the 1-D case, and p(r) =r, 
where r? = r +75, 1< <2, in the 2-D case. Here A is a normalizing constant. They found the 
estimated number of distinct lattice points visited in the course of the random walk. In a series 
of papers (see [GM99, GMO1, GM05]) Gorenflo and Mainardi constructed several classes of 
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random walk models (Gillis-Weiss, Griinwald-Letnikov, globally binomial, Chechkin-Gonchar, 
fully discrete, etc.) approximating space- and space-time fractional diffusion processes. For 
one of these models, called a Gillis-Weiss model, for the case of 0 < a < 2 they proved the 
following result (see [GM01]). Let X; € Z, j > 1, be i.i.d. random variables with the probability 
mass function 


1—2ub(a)C(a+1), ifk =0; 
=P(X, =k) = : 
Pk (Xi ) ee ifk £0, 


where T > 0, h > 0, W = ht, €(s) is Riemann’s zeta-function, and b(a) = 2 !T (a+ 
1)sin(am/2). Assume that u < 1/(2b(a@)¢(a@+1)). Then the sequence of random variables 
Sy = hX, +...+hXy, converges as N — © in law to the process S;, whose density function 


(for each fixed f) is gi”) (x) = F~![el$"|(x), where F~! is the inverse Fourier transform. 


Another model called fully discrete random walk model is presented in [GV03, GARO4]. In 
particular, the following statement is obtained. Fix t > 0 and let h > 0, tT =t/n. Let variables 
X; € Z, j => 1, be identically distributed random variables whose non-Markovian transition 
probabilities are defined as in (8.53) and Markovian transition probabilities are defined as 


c; — 2p, ifk=0; 
P= rH, ifk=+1; 
0, if |k| > 2, 


where 2 = t8h-?. Assume that up < 8/2. Then the sequence of random vectors S, = hX1 + 
... }hX,, converges as n — oo in law to X; = Xw, whose probability density function is the 
solution to the equation 


t>0,xER, (0<B<1) 


satisfying the initial condition u(0,x) = d(x). A similar result is obtained in [LSATO5] with 
further analysis of stability and convergence using a numerical approach. The random walk 
constructed by Abdel-Rehim [A13] approximates in the weak sense the process whose density 
solves the equation, pp u(t,x) = Dy u(t,x), 0<B<1,0<a< 2, generalizing the above two 
results. In the paper [USO6] a random walk approximating the (multivariate) stable process, 
whose density function solves the equation (8.22) (in the case p(da@) = a(a)da, a € C[0,2)), 
is constructed. Theorem 8.4 generalizes the results obtained in the papers [GMO1, A13, USO6]. 


Chapter 9 


Complex ‘¥DOSS and systems of complex 
differential equations 


9.1 Introduction 


In Chapters 4—7 we discussed pseudo-differential equations of integer and fractional 
orders with Y’DOSS depending on real variables t € R and x € R”. In this section 
we will discuss differential and pseudo-differential equations depending on complex 
variables t = t+ io € C and z= x+iy € C”. Consider two simple examples with 
the one-dimensional “spatial” variable: 


(i) “complex wave” equation, and 
(ii) “complex heat” equation. 


The first equation is obtained from the wave equation 


O7u(T,x) _ 


2 —D’u(t,x), T>0,xER, (9.1) 


where D = —id/dx, by “complexifying” the variables t and x, that is 
Deu(t,z) = Deu(t,z), teC,zeEC, (9.2) 


where D; = 2 +i = and D, = 2 +i 2. The solution to (9.1), satisfying the initial 
conditions u(0,x) = @(x) and u;,(0,x) = y(x), was obtained in Section 2.2 in the 


form 
sin TD 
u(T,x) = [cos TD] p(x) + | A (x). (9.3) 
Replacing D in (9.3) by D, one obtains 
sintD 
u(t2) = [eostD, (2) + | "57° ye) 0.4) 
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Is u(t, z) in equation (9.4) a solution to complex equation (9.2) satisfying the “initial” 
conditions u(0,z) = @(z) and D,u(0,z) = w(z)? If yes, in what sense the operators 
costD, and pe must be understood, and in what spaces these operators act? It is 


not hard to verify that d’ Alembert’s formula in this case takes the form 


ven= Pee oes es 


where the integral is the line integral over a smooth curve connecting points z — t 
and z+¢ on the complex plane. 
The second equation is obtained from the heat equation 
Ou(T,x) 
Ot 


complexifying the variables tT and x, that is 


=—D’u(t,x), t>0,xeER, (9.5) 


Dyu(t,z) =D?u(t,z), teEC,zEeC. (9.6) 


Again, replacing D by D, in the solution representation u(t,x) = exp(—tD*) Q(x) of 
equation (9.5), satisfying the initial condition u(0,x) = p(x), can we state that 


u(f,z)= e' @(z) 


solves complex equation (9.6) with the “initial” condition u(0,z) = @(z)? If the 
answer yes, how should we understand the operator exp(tD?), and in what class of 
functions it is meaningful? 

We note that the complex “wave” equation has a unique solution in the class 
of analytic functions near (0,0) € C? if @ and y are analytic in a neighborhood 
of 0 € C, while the complex “heat” equation does not possess this property. This 
is due to the fact that the complex “wave” equation is Kowalevskian (definition is 
given below), while the complex “heat” equation is not. Hence, in the theory of 
complex differential and pseudo-differential equations new features appear, making 
this theory very distinct from its “real” counterpart. 

Thus, in this chapter we will discuss the problem of existence and uniqueness of 
a solution to systems of complex differential and pseudo-differential equations in 
the complex (n + 1)-dimensional space. These systems in the general form can be 
represented as 


N pal 

Di uj(t,z) i? > Ai (¢,2,D)Dim(tz)=filt.2)s JH 1,...,N, (9.7) 
=1 q=0 

N Pk~ 

py "BM (c,D.) )Diux(t, |, =O,(2),. m=—0,...jpj)—1,7= lag. 


(9.8) 
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where t € Y, a connected domain in C, and z € C”. The operators Af, (t,2,Dz), 
@=OUpngpy— ky HS Nya, and Bi! (Dz), q,m=0,...,pj—-Lk,j= 1,...,N, 
are, in general, pseudo-differential operators with analytic symbols (see the defini- 
tion in Section 9.6) in a domain G C C", and the functions f;(t,z), j= 1,...,N, 
and Qjm(z),m =0,...,pj—1;j =1,...,N, satisfy certain conditions clarified in 
Section 9.7; pj > 1, j= 1,...,N, are integers. We note that symbols of ¥DO have 
singularities of finite order at the boundary of G or finite exponential type if G=(C”. 

The Cauchy problem is a particular case, corresponding to B' i (z,Dz) - | ; 
where / is the identity operator, and 


57 1, ifg=m, andk=j, 
Jk 0, otherwise, 

is the generalized Kronecker symbol. It is not hard to see that boundary condi- 

tions (9.8) can be reduced to the Cauchy conditions 


Dfuj(t,2)|_ = Win), 9= PIL I=LeyN, 9) 
=l 

where the vector function Wj,(z) of length p; +---+ pp is a solution to the system 
of pseudo-differential equations 


N Pia! 
»y B'l (z,Dz) Weg (2) = Pim(2), m=0,...,pj-1,j=1,...,N. (9.10) 


Hence, the general boundary value problem (9.7)-(9.8) splits into two problems: 


1. the system of pseudo-differential equations (9.10), and 
2. the Cauchy problem (9.7), (9.9). 


A brief history. We start with a brief history, since it casts light on the ques- 
tion: “Where did the conditions for orders of operators A‘, (t,z,Dz) and B' i (z,Dz) 
appeared in the theorems of this chapter came from?” 

The Cauchy problem, the most important and the most studied amongst boundary 
value problem (9.7)—(9.8), was always a focus of many classics (d’ Alembert, Euler, 
Fourier, Poisson, Cauchy, Hadamard, Holmgren, Petrovskii, Sobolev, etc.). Mizo- 
hata in his book [Miz67] emphasized four problems related to the Cauchy problem: 


1. existence of a local solution; 

2. uniqueness of a solution; 

3. continuous dependence on data; 
4. existence of a global solution, 


which to some extent reflect the development of the general theory of the Cauchy 
problem for partial differential equations in the twenties century. 

First result on the existence of a local solution was the Cauchy-Kowalevsky 
theorem (see, e.g., [Miz67, Hor83]). This theorem in the case of differential ope- 
rators Ai, (t,z,Dz) of finite order mip, ie. 
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At pb %, De) = 2 Gipalts2)DE 


|x| <4, 


states that if the coefficients and data of the non-characteristic Cauchy problem are 
analytic functions, then there exists a unique local solution in the class of analytic 
functions. An essential contribution to the modern theory of the Cauchy problem 
was made by Petrovskii [Pet96], Schwartz [Sch51], Hérmander [Hor83], Garding, 
Kotake, Leray [LGK67], Mizohata [Miz67, Miz74], Ovsyannikov [Ovs65], Treves 
[Tre80], Gindikin, Volevich [VG91], Kitagawa [Kit90], etc. The Cauchy problem 
in the case of infinite order differential operators A‘, (Dz) (not depending on z, i.e., 
with constant coefficients) were studied by Korobeynik [K73], Leont’ev [Leo76], 
Baouendi, Goulaouic [BG76], Dubinskii [Dub84], Napalkov [Nap82], and others. 

We note that yet Cauchy and aniaee) had known that if the orders mi of 
operators A‘ ,(Z,D-) satisfy the condition m! ik = PI-D then there exists a unique 
local solution to the Cauchy problem in the Class of analytic functions. Kowalevsky 
[Kow1874] in examples showed that this condition is essential for the analytic solv- 
ability, namely, if this condition is not verified then the Cauchy problem may not 
have a solution in the class of analytic functions. Therefore, systems satisfying this 
condition are called Kowalevskian; see [Miz74]. In the case of one equation (that is 
N=1) 

m—1 
DPu(t,z) = ¥, Ag(t,z,Dz)Diu(t,z) + f(t,2), 
k=0 


this condition takes the form 


m<m—k, k=0,...,m—1, (9.11) 
where m, is the order of differential operator A;(t,z,D,). Obviously, equation (9.2) 
satisfies condition (9.11), while equation (9.6) does not. In 1974 Mizohata [Miz74] 
showed that in the case of one equation, condition (9.11) is also necessary for ana- 
lytic solvability; see also [Kit76]. 

The sufficient condition for the general system, as was shown by Leray et al. 
[LGK67] in 1964, is the Leray-Volevich (LV) condition 


mi, S Mj— M+ Pji-4; 


where [),...,[ are collection of natural numbers (related to the orders of singu- 
larities near the boundary). What concerns the necessity of the LV-condition, then 
as was noted by Dubinskii [Dub90], it depends essentially on the problem setting. 
Namely, if the singularities of solutions evolve cylindrically, then the necessary con- 
dition for existence of a local analytic solution is mi < Hj — Ux; however, if the 
singularities evolve along the characteristic cone, then the LV-condition becomes 
necessary [Dub90]. 

Apart from analytic theory, well posedness in classes of exponential functions 
were studied. Tikhonov [Tik35] was the first, who in 1935 indicated the exact 


9.1 Introduction 377 


exponential growth conditions for uniqueness of a solution of the heat equation. 
For general parabolic systems the uniqueness and well-posedness classes in terms 
of exponential classes of functions were studied, in particular, in works [Tac36, 
GS53, Hay78, K81]. In the above-mentioned references [Dub84, Dub90] Dubinskii 
showed that the analytic and exponential theories are in a dual relationship. 

In the case of real z € R” in the system (9.10) and p; = 1, j = 1,...,N, and 
BY (z,Dz) = Bj,(z, Dz) are differential operators of finite order 


BeGD)= >. Vie 


|O]<Vjx 


the elliptic systems were studied by Bernstein [Ber28], Petrovskii [Pet96], 
Ho6rmander [Hor83], Douglis and Nirenberg [DN55], Morrey [Mor58], Oleynik and 
Radkevich [OR73], etc. An important question of analyticity of a solution was al- 
ways in the focus of many authors; see, e.g., [Ber04, Ber28, MN57, Mor58, OR73, 
Pet96] and the references therein. Douglis and Nirenberg [DN55] studied elliptic 
systems under the following conditions for orders of operators Bj, (z,Dz) : 


Vik S Mj — Ves k,j=1,...,N, (9.12) 


where [l1,..., Un and vj,..., Vy are some collection of integers. In the modern liter- 
ature conditions (9.12) are referred to as the Douglis-Nirenberg, or DN conditions. 
Mizohata [Miz62] and Suzuki [Suz64] found examples of elliptic equations, smooth 
solutions to which are not analytic. Therefore, finding necessary and sufficient con- 
ditions for analytic solvability of systems is a challenging question. See more on the 
history and other contributions in Section “Additional notes.” 


In this chapter we will present resent results on necessary and sufficient con- 
ditions for analytic and exponential solvability of general boundary value prob- 
lem (9.7)-(9.8) with pseudo-differential operators Af ,(t,z,D-) and Bjx(z,Dz) with 
analytic symbols (Section 9.7). For this purpose we construct an algebra of pseudo- 
differential operators with meromorphic symbols defined on a complex domain 
(manyfold) (Sections 9.5 and 9.6). 

The main tool of the construction of PsDOs in the real case is the Fourier trans- 
form (Chapters 2—7). However, in complex analysis there is no primary analog of the 
Fourier transform. The existing Borel and Fourier-Laplace transforms, introduced 
in Section 2.7, do not give desired results. In 1984 Dubinskii [Dub84] introduced a 
complex Fourier transform of f as an analytic functional, defined as an image of the 
PsDO with the symbol f on the Dirac delta function (see Section 2.7). This trans- 
form inherits many properties of the real Fourier transform and can be easily adapted 
for the construction of PsDO with analytic symbols defined on a complex many- 
fold Q € C”. We note that symbols may have singularities on the boundary of Q. 
This construction can be extended to the class of meromorphic symbols, as well 
([Uma14]. However, in this case the corresponding Y’DOSS become multi-valued 
(Section 9.5). 
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We have seen in Section 2.7 that the complex Fourier transform is an extension 
of Borel’s transform to the space of analytic and exponential functionals and the 
inverse to the Fourier-Laplace transform. The complex Fourier transform in this 
spirit is adapted to spaces of analytic and exponential functions and functionals, 
introduced in this chapter and studied in Section 9.4. In contrast to spaces used 
in [Dub84] (see Section 2.7) we introduce new spaces of analytic and exponential 
functions and functionals. Under the conditions 


mi <Mj—Met+Pi—G, Vie S Mj — Me + q—m, 
q=0,...,pj—1, m=0,...,pe—1, k,j=l,...,N, 


to orders of operators At and Bi we show the existence of a unique local solution 
of (9.7)—(9.8) in the introduced spaces. 


9.2 Some Banach spaces of exponential and analytic functions 
and functionals 


Let € € R” and @ be a multi-index, that is @ = (Q,...,Q,), and oj are non- 
negative integers. We use notations |a| = a, +---+ On, |6| = €)+---+&,, and 
E% = E"...E. Introduce the function 


(1+ Emer 
f= 


where r > 0 is real and 1 is integer fixed numbers and R’ = {€ € R": € > 
0,...,;6, > 0}. Obviously, this function is continuous, differentiable, and strictly 
positive on R",. If one of the components of a is zero, say Oj, = 0, then the domain 
of G(&) extends to the hyperplane €;, = 0. It follows from the definition of G(&) 
that if «7; 40, j=1,...,n, then G(€) > as € + OR’ U{}. Ifa =0=(0,...,0), 
then 


G(S) = Gu(S) = 


EER", (9.13) 


G(0) =1 if 2 > —7, 
inf G(E) = a 
Ri eur (+) ifu<-—r. 
Also it is not hard to see that if u > —r and a, = 0 for some jo € {1,...,n}, then 
the infimum is attained on the hyperplane €;, = 0. If all the components of @ are 
not zero, then the following statement on the infimum of G(€) holds. 


Proposition 9.1. For each multi-index a, 0; 40, j =1,...,n, there is a unique infi- 
mum of G(&) attained at §* € R',, for which the asymptotic behavior \§*| ~ O(|a|) 
for large \o| holds. If u = 0, then §* = aj/r, j =1,...,n. 
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Proof. To prove this proposition we consider the system of equations 


9G(S) 


aE; =0, j=l,...,n, 
which reduces to 
rgloi+ (Ut+r)oj— ajl6|= oj, fay... (9.14) 
Summing the latter over the indices j = 1,...,n, we obtain the quadratic equation 
for |E|: 
r|6|* — (Jol —u —r)|6|— |ae| =0. (9.15) 


This equation has one positive and one negative roots if || > 0. The point €* cor- 
responding to the negative root of (9.15) is out of the domain of G(€), and hence, 
the only stationary point €* delivering the infimum (minimum) corresponds to the 
positive root of equation (9.15), ie., |E*| > 0. The fact that €* € R" follows from 
equations (9.14): 


gf =n >0, (Ade (9.16) 


where 
=e 
Ie" |r 


The latter is obviously positive if u > 0. If u < 0, then using the root representation 
of equation (9.15), one can see that r(|€*| +1) < |a|—+~7, which implies n > 
(|€*| +1)/({a| +r) > 0. Further, it follows from (9.16) that if u = 0, then ¢* = 
a;/r, and |€*| = |a|/r, and if u #0, then |E*| ~ O(|a|), |a@| — oe. Additionally, 
equation (9.16) also implies that if u > —r and a;, =0 for some j = jo, then Sin =0. 
Thus, the infimum of G(€) in this case is attained on the hyperplane &;, = 0. 


(9.17) 


Define a Banach space &,, as the set of entire functions @(z) satisfying the 
inequality 


lp(z)| <C(+¢|z)He™l, zeEc", (9.18) 


where C > 0 is a constant. The smallest constant C = Cg in (9.18), that is 
llPllur = sup (1+ [zl) Me! @(@)| 
zeC" 


is anorm in &, ,. It follows immediately from (9.18) that if v > uw and/or s > r, then 
the embedding 


en ae (9.19) 


is continuous. 
Let 4 (0:)=Hy(O) = Cahora Gj_-(§)- Due to Proposition 9.1 (a) 
eR, Hs 


is well defined for all multi-indices a. 
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Proposition 9.2. Let p € E+. Then 


ID“ e(2)| 


ot Sl Pllur Hu r(@)(A + ele, Jor] =0,1,.... (9.20) 


Proof. In accordance with the Cauchy theorem on integral representation, for arbi- 
trary €; > 0, j =1,...,n, one has 


pie ee / . / DEES (9.21) 


(2ni)" . —z a+(1) 
|G: —z1|=E1 |on—Zn|=En 6 ) 


where a + (1) = (01 +1,..., Qn +1). The substitution € = z+ &e' (i.e. 6; =z) + 


9) j =1,...,n), where @ runs over the n-dimensional torus T” = {9 € R":0< 
J J 
0; < 2m, j=1,...,n}, reduces (9.21) to 
D*% ~(z) 1 10 i(@y 4. 
ol = Ompee [oe + Eel?) +--+ On) gq, (9.22) 
TT" 


Further, multiplying and dividing the integrand in (9.22) by (1 +|z+ &e’®|) 
Herlerbe|, and taking into account @ € &,,,, one has the following estimate: 


|D“(2)| 


a < |]o||nr-G(E)( + |z|)He™, 


where G(&) is defined in equation (9.13). Minimizing G(€) over all € € R',, one 
obtains (9.20). 


Corollary 9.1. /. Let @ € &,. Then 


|D*e(0)| 


at er l@)Pllur, lol =9,1,.... (9.23) 


2. Let p € Ey y. Then 
|D°Pllur SO Ay (@)|Ollur, la] =0,1,.... (9.24) 


The converse to the first statement in Corollary 9.1 is also true in the following 
sense. 


Proposition 9.3. Let an entire function @(z) satisfy the inequalities 


|D“@(0)| 


a SCH uel), a EN, (9.25) 


where C > 0 is a constant not depending on a, and N is a nonnegative integer. Then 


PC Eup. 
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Proof. Consider the function 


a 2 


) 
aera ale Nf (9.26) 


This function belongs to &, ,. Indeed, since 


1 a er) 
— limsup 
€ jal 


it follows from the theory of entire functions (see, e.g., [GRO9, Hor90]) that the 
function @(z) is an exponential function of type r. The function $(z) majorizes 
~(z). To verify this we recall that .%,,-(@) = G(€*), where €* = £n, 7 = (|&*| 
+1)(|E*|+1+p/r)"!. If u > 0, then 0 < n <1. If u <0, then due to the asymp- 
totics | *| = O(|a|), for large |a| one obtains from (9.17) that 7 < 1+ €, where € is 
arbitrarily small. Moreover, for large |a| it is easy to see that Lim) g|-$00 1 la] — eH, 
Therefore, there exists an integer N, such that for all |a| > N the inequality 
nll > e# — € holds, where 0 < € < e~#. Making use of these facts and taking 
€ small enough, one has 


(1+ @tn)Helaln lol cla (er)ia' 
ae lol ae 


Hy p(0e) = , C>0. (9.27) 


The latter together with (9.25) implies that series (9.26) for @(z) is a majorant for 
~(z), and hence, @ € &,, as well. 


We denote the space conjugate to the Banach space é,,,, by &,. The space & , is 
a Banach space with the norm 


[(2(z), P(z))| 


(9.28) 
IP llu.r 


|All. = sup 
p40 
where h € é7, @ € &y,r, and the symbol (-,-) stands for the duality pair of the 
spaces &/, and éy r. 
Proposition 9.4. Leth € é/, .. Then 
[Alle = ee 27). (9.29) 
|or|=0 
Proof. Suppose @(z) # 0 is a function in &,,, that delivers sup in equation (9.28), 


that is 
(a(z), Pol) 


Alar = 
™ Il Poll w.r 


382 9 Complex YDOSS and systems of complex differential equations 
Expanding @ (z) to Taylor series and using (9.23), we have 
lle S Dy %ur(or)|(h,2")]. 
|or|=0 
On the other hand, for an arbitrary @ € Gy ,, 


(az), P| 


Al|*,. > 
llr = Tella 


We pick the function 


04 9") =Co Y Hu(a) ee? 
|ar|=0 


(9.30) 


where Co is a positive real number. Due to Proposition 9.3, p* € &,,-. Therefore, 
|O* || ur. <0. We set Co = ||@*||y,, in (9.30). One can easily see that by definition 
of @*, the expression (h, p*) is a real positive number. Hence, we have 


Mh, 9") S 
= Kur (O 27), 
lo'lur = iF le -%, 


completing the proof. 


Proposition 9.5. Let i > 0. Linear combinations of quasi-polynomials z%e&<, where 
|| <p and |¢| <r, forma dense set in Ey. 


Proof. Let h be an arbitrary element in &;,. Assume that (h,z%eS?) = 0 for all 
a, |a<pland €, |¢|=|¢,|4+---+|C,| <7 To prove the statement we have to show 
that h = 0. Let, first, pp = 0, ie., (h, e&°) = 0 for all €, |¢| <r. Then, in accordance 
with Proposition 9.4, we have 


(Allo, = eC z= ¥ #,-(o a) |Dz( (n, eS?) 
|o:|=0 |o:|=0 


Ic=0 =V, 


which implies h = 0. If u > 0, then obviously, gg = Z%h € én 
when || = 1, the functional go, € &j,. Therefore, 


-lalr" . In particular, 


0 = (h,z%e5*) = (27h, e8*) = (ga, e8%), VE: [El <7, 


implies that gq = 0. Hence, h = Digicy dqD"6(z), where do, are complex con- 
stants and 6 is the Dirac delta function. Since, in particular / vanishes at monomials 
ZB |B| <p, in fact, ag = 0, || < pw. Thus, h=0. 


Remark 9.1. Proposition 9.5 is not valid if either the condition |a@| < p or |¢| < ris 
replaced by || < wu or |C| <r, respectively. Indeed, assuming n = | and u = 1, one 
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can prove this claim showing that the function @(z) = (1 +z)e” cannot be approxi- 
mated in & , by linear combinations of quasi-polynomials zkeSt k=0,1,|6| <r, oF 
exponentials e6%, || <r. We note also that linear combinations {e$*}, || <r, form 
a dense set in &,, if u < 0 due to embedding (9.19). 


Further, introduce a Banach space @,, of functions analytic on the polydisc U, = 
{6 €C":|¢j| <r, j=1,...,n}, with the norm 
Plur= dL Hu r()|dal, 
|o:|=0 
where $, = D®9(0), |a| =0,1,.... With each function @ € @,,, it is associated a 
differential operator of infinite order defined as 


®(D)@(z) = > — D? 0 (z). (9.31) 


Proposition 9.6. The operator ®(D) associated with the function  € Oy, maps 
continuously the space &, , into itself. Moreover, for any @ € &y,r the inequality 


IPD)eZ)lur < lurlellur (9.32) 


holds. 


Proof. Let @ € &,,,. Then using Proposition 9.2, we obtain 


PD) < Y |6a\ PPM < gly A+ leHe"*| F %.-(odIoa: 


|ox|=0 |a|=0 
This immediately implies inequality (9.32). 


By duality, one can define a differential operator of infinite order ®(—D) associated 
with the function @ € @,, in the space &,, as well. Namely, for h € 7), by 
definition, 


(P(—D)h, p) = (h, P(D) 9), VP EP E Eur 


Proposition 9.7. The operator ®(D) associated with the function @ € Oy, maps 
continuously the space &,, , into itself. Moreover, for h € ie the inequality 


|P(—D) hz) S [Plural (9.33) 


holds. 
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Proof. Let @ € &,, be an arbitrary function in &, ,. Using (9.32), we obtain 


|(P(—D)h(z), P(z))| = |(A(z), PD) O]))| S All OM)el| 
<[PlurllAlle llr 


This immediately implies inequality (9.33). 


9.3 Complex Fourier transform 


Now we define a complex Fourier transform F for functions of the space 0, ,. 


Definition 9.1. The Fourier transform of a function @ € @,, is 


F\o|(S) = (22)"®(—Dg)6(). (9.34) 


That is the Fourier transform of @ is the value of the differential operator of infinite 
order (27)"®(—D), associated with (27)"@, at the Dirac delta function. It follows 
from Definition 9.1 and Proposition 9.7 that the mapping 


F: Quy, Guy (9.35) 


is continuous. Let @ € &,,. Using the definition (9.31) of ®(D), for arbitrary @ € 
Cy we have 
(F[9|(S),0(S)) = (2)"(5(F), P(D) p(S)) = (20)" > #4 (5(¢),DE@(S)) 


|a|=0 


co 


= (2n)" Y D29(0)DE9(0). (9.36) 


|o|=0 ~"° 


One can derive useful implications from this representation. Namely, due to esti- 
mate (9.23) (see Corollary 9.1) it follows from (9.36) that 


|(FLOI(S), P(S))] S (2)" 19 llur > Hu r(@) Oo] = (20)"[9lu rll Pllurs 


|a|=0 
or 


IF Olli S (27)"[O lar. 


Another implication from representation (9.36) is a formula for the inverse Fourier 
transform F~!. Namely, taking @(¢) = e%$, where 26 = 716) +--+ +2nCn, we have 


(Fld C).e%) = ny" PEO) 


|a|=0 


g™ = (27)" (Zz). 
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Rewriting the latter in the form 


o(z) =F '[F[¢l](z) = (F[9](¢),€*), (9.37) 


we can see that the inverse Fourier transform coincides with the known Fourier- 
Laplace transform. This formula implies the following two important formulas: 


F[D20](S) = $°F[9](S), (9.38) 
Fl(—z)*9(2)](S) = De FI9](S). (9.39) 


Further, differentiating (9.37), we have D&@(0) = @a = (2a) "(F[@](C), 6%). Us- 
ing this fact and Proposition 9.4, we obtain 


. 1 . ay; _1 * 
[Pur = 2X, lta Marl™) — On 2 Mer IPTONE) |= Cony ll loll 


This equality expresses a complex analog of the Parseval’s equality (Theorem 1.3) of 
the Fourier transform acting in L2(R”). Summarizing, we have proved the following 
statement. 


Theorem 9.1. The Fourier transform operator F : Oy, — €, is isometric isomor- 
phism. The inversion formula is given in equation (9.37). 


The representation for the Fourier transform obtained in equation (9.36) is symmet- 
ric with respect to @ € O, , and @ € &, ,. Therefore, with an appropriate interpreta- 
tion of the definition of the Fourier transform, similar to Theorem 9.1, one can prove 


Theorem 9.2. The Fourier transform operator F : Ey. —> @1,, is isometric isomor- 
phism. The inversion formula is again given in equation (9.37). 


Theorems 9.1 and 9.2 imply the following corollary. 
Corollary 9.2. The following commutative diagram holds: 


* 
Eur > Gf, 


Ft |F FUN 


* 


Our > Sus 


66 


“ Fu» «Fy» ; 
where symbols “+,” “— ,” and “~»” stand for the passage to conjugate, the inverse 
Fourier transform, and the Fourier transform, respectively. 


Now, when the Fourier transform F is defined on Eur as well, we note that repre- 
sentation (9.36) can also be interpreted as the Parseval equality 


(F10](S),9(S)) = (6(S),FIPI(S)), 0 € Our, 9 Eur 
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Proposition 9.8. Let 1. > 0. A function f(z) analytic on the polydisc U, belongs to 
O_.r if and only if it satisfies the inequality 


M 
(Fle) 


FIs 


zeU,, (9.40) 


where M > 0 is a constant. 


Proof. For the sake of simplicity we show this fact for n = 1. Let f € O(U,) satisfy 
the estimate 


f(z) < z € U,, 


M 
(r—|z|)¥" 
with a positive integer v. Without loss of generality one can assume that f(z) = 

(2) 
(r—z)H-! 
is weaker than the first term of the above representation of f. Then one can easily 


verify that 


+ w(z), where @(z) is regular at z= r and a singularity of w(z) atz=r 


+v-—1)! M 
{fel =[D27(0)|~ SPE ae a) 


Using inequality (9.27) and the Stirling formula, we have 


are ¥ Lul@lfal~o dS Hapa Ate 
= = (v—1)!r 


if v <p—1. Hence, f € O_,,,, if f € O(U,) and satisfies condition (9.40). 
Further, if |,f(z)| > oa near the boundary of the disc |z| < 7, then using the 
asymptotic relations 


(er) A\& 
H-p(O) ~ va al~ (=) 20a, 


when a — oe, and (9.41), one obtains [f]_, =~, that is f ¢ O_p,. 


Remark 9.2. Dubinskii denoted the class of functions f € @(U,) satisfying esti- 
mate (9.40) by y—-1,,; see [Dub90]. Proposition 9.8 immediately implies that the 
space Y, 1, U > 0, is isomorphic to the space O_,-. Therefore, it follows from 
Corollary 9.2 that 


* > 
Bur — ae 


ee a Poly e 


x 
Ory, 7 E_py, 


where Y* 


u—t,r 18 the dual space to Dy—1,r. 
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9.4 Complex Fourier transform in fiber spaces of analytic 
and exponential functions and functionals 


In this section we introduce fiber spaces of exponential and holomorphic functions 
and locally convex topological vector spaces and extend the Fourier transform int- 
roduced in the previous section to these spaces. Note that these spaces will serve 
as solution spaces for differential and pseudo-differential equations with complex 
variables. 

Suppose Q is a connected domain (or connected manifold) in C” and let € € Q. 
Let uw and r be a nonnegative and positive real numbers, respectively, such that r < 
dist(¢,C” \ Q). Denote by &, the set of entire functions @(z) = e%v(z), v € Gur, 
where the Banach space &, , was defined in the previous section. The space &, is 
also a Banach space with the norm ||@||,,.¢ = le @ll uy 

Further, we introduce a fiber bundle (F,Q,72) = Et (C*) with the base Q and 
projection 

m:(E,Q,n) > Q, 
where 27!(€) = Eon ¢ € Q. It follows from this definition that the fibers E,, .¢ = 
exp(z )65, are Banach spaces with the respective norms |@J|,,.¢ = 
\|exp(—z)@|u,r- It is obvious that 7~!(¢1) and 2~!(¢2) are isomorphisms for ar- 
bitrary €), C2 € Q. The dual space to EG (C*) is also a fiber bundle (E*, -—Q,2,) = 


(£2,(c")) with fibers Et .¢ = (Bie). with the base —Q, and with the 
projection 

fo EHO.) SO. 
Schematically the relationship between introduced fiber bundles can be repre- 
sented as 


EB (C") ++ (eR,(C%)) 


aa Jt 


Q 


Since fibers in the above constructions are endowed with norms, one can introduce 
the structure of convergence. Namely, we say that a sequence @,, € E ce (ey) con- 
verges to Mp € Ene”; if for arbitrary € € Q we have @», > @p as m > © in 
ie (C)=E u,r,¢- In the dual space we introduce the weak convergence: a sequence 
D, € (Ey rc) converges weakly to Bp € (E Taney , if for arbitrary € € Q we have 
®, > Dy asm— ina, !(C) = Elunl 

Similarly, let (0,Q,7) = Oy, r(Q) be a fiber bundle with fibers ,, ,.¢ with the 
base Q and the projection t : (@,Q,7) > Q, where t7!(€) = Gure, § € Q. The 
space O,,.¢,¢ € Q, is a Banach space of analytic functions @(z) defined on the 
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polydisc with the center at ¢ and “poly-radius” (7,...,r), ie., U-() = {ze C": 
\zj -—Cj| <r, j=1,...,n}, with the norm 


lurg= DX lda(S)|Aur(@), a(S) =D%9(6). 
|o|=0 
The dual space to Gy -(Q) is also a fiber bundle (@*,—Q,7,) = Gf, ,(Q) with 


Lr 
fibers Cx c= (Ourc) , with the base —Q, and with the projection 


i (C" 0) > =, 


Schematically the relationship between these fiber bundles can be represented as 


Gur(Q) + GF (Q) 


cy Pa 


Q 


Since fibers in these constructions are endowed with norms, one can introduce 
the structure of convergence. Namely, a sequence h, € Oy -({2) converges to 
ho € Oy, r(Q), if for arbitrary € € Q we have hm + ho asm — int !(¢) = Ou rt: 
In the dual space we introduce the weak convergence: a sequence H,, € 0, ir (2) con- 
verges weakly to f, € Of, ,(Q), if for arbitrary ¢ € Q we have Hm — Ho as m — °° 
in t,1(€) = Ont: 

Finally we introduce the Fourier transform on the spaces Gy, -(Q) and E is -(C”) 
as the Fourier transform defined fiberwise, i.e., on fibers {t~!(C), € € Q} and 
{x~'(€), € € Q}, respectively. For this purpose we need the following isomor- 
phisms: 


fe ung > Our fe: Our + Our 
&¢ Burt = Eur, 8 : Eat = Ene 


By definition, the Fourier transform in the fiber space G,-(Q) is the family of 
mappings Fr, : Oy .¢ > Fes Co € Q, defined as 


FIRS) = 85! oF lfqonl($), GEQ, 
where F [ft o hj is the Fourier transform given in equation (9.34). Similarly, the 


Fourier transform in the space Ef (C*) is the family of mappings Fy, : Ey, .¢. > 
On rly? 6 € Q, defined as 


Fl9)($) = fe, oF lage @l(S), coe Q. 
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For simplicity the Fourier transform in both fiber spaces Oy ,-(Q) and E ne ey will 
also be denoted by the same letter F. The following statement follows immediately 
from Corollary 9.2. 


Theorem 9.3. The following commutative diagram holds: 
ER (C") 4s (ER (C)) 
aa a ae Wie 
On (Q) > Ou r(Q) 


Remark 9.3. Dubinskii [Dub84] introduced the space Expg(C”) defined as an in- 
ductive limit of Banach spaces composed with the help of E,, ,.-. This space and its 
dual were used as solution spaces for the Cauchy problem for pseudo-differential 
equations with holomorphic symbols. The Fourier transform in Expg(C") is de- 
fined by the formula F[f](¢) = (27)"f(—Dz)69(¢), which maps Expa(C”) onto 
the space @*(Q) of analytic functionals concentrated on compact sets in Q. There 
is a relationship similar to commutative diagram in Theorem 9.3: 


Expa(C") —+ Expo(C”) 
BU LF BOE 


6*(Q) 4+ 6(Q). 
For details we refer the reader to [Dub84, Dub90]. 


9.5 An algebra of matrix-symbols with singularities 


In Sections 9.6 and 9.7 we will use linear differential operators of the form 
= > da(z se 


jam 


with meromorphic coefficients ag,(z),|c| <m, and pseudo-differential operators of 
the form 


L(Dz,z) = > aa dq(D 


ja|<m 


with meromorphic symbols a,,(z) defined in a domain G C C”. Therefore, in this 
section we will study the symbols of the form 


C)= ¥ 2%aa(6) 


|oe|<m 
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By definition, a symbol of degree m is an ordered collection a = {aa() }\qj<m of 
functions dg from some space X, which is specified below. The class of symbols of 
degree m is denoted by S(m,X). Note that if m is a degree of the symbol a, then m+k 
for an arbitrary nonnegative integer k is also a degree. The least degree m for which 
there is a, || =m, such that ag(C) #0, but ag = 0 for all |a| > m is called the 
exact degree of the symbol a, and denoted deg(a). The identity symbol j € S(0,X) 
is the symbol with ao(¢) = 1. For the zero-symbol 6 the functions ag = 0 for all 
|a| < m. We use the following convention: if deg(a) < 0, then we accept a = 0 and 
write deg(a) = —co. By this convention deg(@) = —c, and 8 € S(—<,X). 

The sum a+b and product ao b of two symbols a € S(m,,X) and b € S(mz,X) 
are, respectively, defined by 


a+b= {aa() +ba(S) }a}<max(m ymy)> (9.42) 
and 
B ) B+y—a 

M0 2 ae ( bg($) De *ay(6) (9.43) 

a g r m : 

(2, |B] < m2 B+y-a Thee itm 

yxa Bra-y 

where y = means Yj; < Oj, j = 1,...,n, and (5) for multi-indices o and 6 means 


The formula (9.43) for composition of two symbols follows from the Leibniz rule 
for pseudo-differential operators. It is easy to see that, in general, aob 4 boa. 
Indeed, for a = {ao(¢),a1(¢)} = {0,6} with m; = 1 and b= {bo(C)} ={C} with 
m2 = 0 formula (9.43) implies that 


aob= {bo(S)ao(S),bo(S)ai()} = {0,67}, 


while 
boa= {ao(l)bo(S) +a1($)bo(S),a1()bo(S)} = {6,07}. 


Hence, the product of two symbols is not a commutative operation. The following 
properties of symbols immediately follow from the above definitions of the sum and 
the product of symbols. 


Proposition 9.9. Let a € S(m,,X) and b € S(m2,X). Then 


1. deg(a + b) = max{deg(a), deg(b)}; 
2. deg(ao b) = deg(a) + deg(b); 
3.a+0=@0+a=a; 
4.a0j=joa=a. 


Let Q C C” be an n-dimensional complex domain and .@(Q) and @(Q) be 
sheaf of germs of meromorphic and holomorphic functions, respectively. We assume 
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that f € (Q) has a local representation f(z) = g(z)/h(z), where g,h € O(Q), 
in a neighborhood of any point of 2. We denote by Py and N, the set of poles 
Py ={z€ Q: h(z) =O}, and the set of zeros (or null-set) Np = {z € Q : g(z) = 0} 
of the meromorphic function f. 

Let M be an N x N-matrix whose entries mj;_;, i,j = 1,...,N, are allowed degrees 
of symbols (i.e., nonnegative integers, or —°°). We denote by S(M,.@(@Q)) the set 
of N x N matrix-valued symbols with entries 


aao= ¥, faa. tela, 


| oe] <mij 


where z€C", € € Q, and dij, € W(Q), |a| < mij, i,j =1,...,N. Introduce the 
following analytic sets of co-dimension |: 


N 
P=U U ce ’ 
=1 \lal<mjj 
J 
Q;=(UNa,,,) U U U ( U Pays) 
k=l 1<k<j—1 \k+I<I<j |a|<my 


Let Ao(¢) be the constant part of A(z,¢) € S(M, @(Q)), i.e., the matrix Ag(¢) = 


(aijo($))Nj=1 and let A(C) be its determinant A(¢) = detAg(€). Obviously A(C) 


is also meromorphic and let the following local representation hold: 
G(S) 
A(€)= , GHE@O(Q). (9.44) 
H(C) 


We call the set Py = {6 € Q: H(E =0)} a polar set and the set Ny = {GC EQ: 
G(C) = 0} a null set of the matrix symbol A(z, ¢). It follows from general theory 
of determinants that for the inverse matrix Aj '(€) one has a local representation 
det(A~!(€)) = H(€)/G(C), and therefore, P,-1 = Na and N,-1 = Py. Further, we 
introduce the sets: 


Z(A) =P,UNa, Zreg(A) =Z(A)\ (PAA), and Zyeg.Q(A) = 2M Zree(A). 


It is obvious that these sets are invariant with respect to inversion of the symbol 


A(z, ¢). 

Since symbols in S(M,.@(Q)) have entries ajjq € S(mjij,@(Q)), one can 
define the addition, composition, and involution operations in S(M,.@(Q)) using 
operations introduced in (9.42) and (9.43). 


Theorem 9.4. A symbol A(z,¢) € S(M,.@(Q)) has the inverse A~'(z,€) € 
S(M, M(Q)) if and only if there exists a collection of integers [),..., Ly such that 
the inequalities 


deg(aij) < Mi — Uj, ij=,...,N, (9.45) 
hold. 
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Remark 9.4. Under the condition of this theorem S(M,.@(Q)) is a noncommutative 
involutive algebra. 


Proof. Sufficiency. Let us first assume that the numbers [,... , Ly are strictly or- 
dered in the decreasing order: LW; >... > Uy. Then, due to conditions (9.45), 
deg(ajj) <0 if i> j, and hence ajj = @. Thus, in this case the symbol A(z, ¢) is 
represented in the form: 


411 412 --. Gin 
) a22 .-- Q2n 
A(z, ¢) = ? 


where deg(aj;j;) =0, j=1,...,N, andajj € S(ui— bj, W(Q)) if j >i. Let bij, i, j= 
1,...,N, be entries of the inverse symbol A~!(z,¢). The requirement A~!(z,¢) € 
S(M, @(Q)) implies b;; = 0 if i> j, deg(ajj) =0, j =1,...,N, and bj; € S(ui — 
Hj, @(Q)) if j > i. This is natural, since the inverse of the right triangular matrix 
is again a right triangular matrix. The symbols b;; are defined from the system of 
algebraic equations 


ajjobjj=1, JH 1 yw Ns 
Yi a0 = 0, afi <j, (9.46) 
bij = 9, ifi>j. 


These equations define all the components of symbols b;; uniquely. Indeed, it fol- 
lows from (9.46) immediately that 


bjj =1/ajj, jJ=1,...,N. 
Setting j =i+ 1, we have 
jj © Diin1 +Gii41 OD 1i41 = 9, 


which implies 
1 . 
bist = ~ 7 lait obi], i=1,...,N—-1. 
u 


Similarly, if all the symbols b;;,_1,i= 1,...,N—€+1, are found for some | < 
£<N-—2, then b;;1, is defined as 


i+ 
bite = -— »y Aik © Deine, i=1,...,N—€. 
Fit K+ 
Now assume that the numbers [),...,Un satisfy the ordering Hy = --- = Lk, > 
Hay 41 = 00+ = My > +++ > Mkt = °+* = Uw. In this case the symbol A(z,¢) is 


represented in the block-matrix form: 
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Aj Aj2 ... Alp 
Ag,g)= | 0 MMe) 
@ ©... App 


where kj +...+k,) =N, Ajj, j =1,...,p, are kj x kj-matrix-symbols in S(O, 
M(Q)), and Aij,i < j, are kj x kj-matrix-symbols that belong to S(M,.@(Q)) 
with a degree-matrix M, entries of which are positive numbers. The inverse sym- 
bol A~!(z, €) is of the structure 


By Biz... Bip 
% O By»... B 
A '(z,€) = = *P ) 
@ ©... By 


where the block B;; belongs to the same class of symbols as the corresponding block 
Aj; does. The blocks B;; are defined from the system of algebraic equations 


Ajj Bij =1, 9 ee Ores 2) 
Di; Aix ° Be; =0, ifi<y, 
Bij = 0, ifi>j. 


These equations define all the blocks B;; uniquely. Indeed, 
Biy=A;, j=1,...,p, 


and if all the blocks Bjji¢_1,i=1,...,p—€+1, are found for some | < ¢< p—2, 
then B;;,¢ is defined as 


ite 


Bijae = Aj! y Axo Buize, i=l,...,p—£. 
k=i+1 
Finally, if 1,...,ly are arbitrary numbers, then rearranging rows and columns of 


the matrix-symbol A(z, ¢) € S(M,.@(Q)) we obtain a matrix-symbol A(z, €), for 
which f;,...,4n are ordered. Indeed, if for indices i and j, i < j, of the collec- 
tion [,..., ty the relation UW; < LH; holds, then switching i-th and j-th columns, 
and then switching i-th and j-th rows of A(z,¢), we obtain a collection Ly a ie 
with UL, =—Nj>W= oe These two switchings are equivalent to the multiplication 
by two matrices C; and R; with determinants det(C;) = det(R;) = —1. Performing 
these operations finitely many times we arrive to the symbol A(z, €) € S(M,.@(Q)), 
where M is a matrix of degrees corresponding to the ordered collection jiy,..., fy. 
Hence, the symbol A(z,¢) is connected with A(z,¢) through A(z,¢) = CA(z,¢), 
where C = R,C,...RiC is an invertible N x N matrix not depending on z and ¢. 
Therefore, A~!(z,¢) =A~!(z,€)C. As we have seen above in the ordered case the 
symbol A~!(z, €) also belongs to the same class $(M,.@(Q)). The multiplication 
of A~!(z,¢) by C from the right is equivalent to switching of columns and rows 
exactly in the reverse order. This implies that A~!(z,€) € S(M,.@(Q)). 
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Necessity. Assume that the inverse symbol A~!(z,€) = B(z,¢) € S(M,.@(Q)) 
exists. The relations 


N 
3 arebg =O. 17 lpg, 
f=] 


that indicate that the symbols A(z, ¢) and B(z,¢) are mutually inverse, contain 


he 1 5 N. [max; (deg(ajx) + mij +n)]! 


al let [max, (deg(aix) +m,;)]! 


(mjj+n)! 


equations. On the other hand, since each symbol b;; contains components, 


ij 
mjjin! 
then the total number of components of B(z, ¢) is 


Due to our assumption on the existence of the inverse symbol, we have L = K. This 
implies 

max (deg(aix) + mj) =mg, bf ljugM (9.47) 
It follows from (9.47) that the inequalities 


deg (ax) < mij — mx; (9.48) 


are valid for all j = 1,...,N. Let yj; and v; are the integer and fractional parts of 
(mj +...+min)/N, respectively. Then, equation (9.48) can be rewritten in the form 


deg(aix) < Mi — Mk + (Vi Ve): (9.49) 
Finally, since deg(aj,) are integers and |v; — v;| < 1, it follows from (9.49) that 
deg(ax.) <Mi- Mm, i,k=1,...,N, 
proving the necessity of the condition (9.45). 


Under the additional condition Ny Q =@ to A(z,¢) the class of symbols 
S(M, @(Q)) becomes an involutive algebra. Namely, the following theorem is valid 
[Uma9 1-1]: 


Theorem 9.5. A symbol A(z,C) € S(M,@(Q)) has the inverse A~'(z,6) € S(M, 

@(Q)) if and only if the following two conditions hold: 

(i) there exists a collection of integers U,..., Un such that the inequalities 
deg(aijz) < Mi— Uj, ij=l,...,N, 


are fulfilled, and 
(ii) NaNQ =90. 
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The proposition below proved in [Vol63] (see also [Miz67]) provides a sufficient 
condition for the matrix mj; = deg(aj;) to exist a collection U,, k = 1,...,N, satis- 
fying the condition (9.45). 


Proposition 9.10. Let a matrix M with rational entries mj; (including —e9) satisfy 
the condition: mj; =0,i=1,...,N, and for any permutation 1 of the set {1,...,N} 
the inequality rm; (i) < 0 holds. Then there exists a collection [,...,Un of 
rational numbers satisfying mjj < Mj — i, i,j = 1,...,N. 


Remark 9.5. If entries of M are integers, then in the proposition above the numbers 
L1,---,[n also can be selected integer. Obviously, if m;; < uj — wi for all i, j = 
1,...,N, then the transposed matrix satisfies mij <pi— Hj foralli,j =1,...,N. 


9.6 Algebras of pseudo-differential operators with complex 
symbols with singularities 


Let a symbol a = {aa(S) }jaj<m € S(m,X), where X is a class of symbols specified 
below. We define the pseudo-differential operator with the symbol a as 


Af= ¥ 2F"laal(S)F LAO), (9.50) 


|a|<m 


where F is the complex Fourier transform defined in (9.34). The class of pseudo- 
differential operators with symbols in S(m,X) will be denoted OPS(m,X). We also 
write deg(A) having in mind the degree of the corresponding symbol. The sum 
A+B and composition A o B of operators A € OPS(m;,X) and B € OPS(m2,X) are 
defined as operators with symbols a+b and aob, respectively. Hence, OPS(m,X) 
is an algebra isomorphic to the algebra S(m,X). 


Proposition 9.11. Let A € OPS(m, O,, ,,¢,), G0 € Q. Then the mappings 
A=A(z,D;z) : Eu rly 7 Eutmrfy and A* =A(z,—D,): a ahem > Brit, 
are continuous. Moreover, for the norms of the operators A and A* the estimate 


IAI =NA*I SY [aedu nto (9.51) 


|a|<m 
holds. 


Proof. Since the spaces é,, ,.¢, for different Cy € Q are isomorphic, it suffices to 
consider the case Cy = 0. Let @ € &,,, be an arbitrary element. It is readily seen 
that the multiplication operator by a function y(z) € Eug,ry is continuous from Ey, 
to Su+po,r+ro- In particular, for 2% € &\q|,0, taking into account Proposition 9.6, one 
has 
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|AQ||n+mr < »y \|z* da(D )P|lu+mye < »y ||@a(D )®llur 


|a.|<m |a|<m 


< |!0llur YX [@o]p,r- 


|a|<m 
The second part of the statement now follows by duality. 


Introduce the following spaces of direct products with the corresponding direct 
product topologies: 


N N 
Ennby — 2 Suinsor Sinty = 2 Sti So? 
N rs N rs 
Paro - Cursor Pa rb = RA 


ERC) = GEL AC), (ER (C)) = 8 (ERC), 


and 


N 
Mp (Q) = B My, p(Q), 


where 4%, -(Q) = (@,Q,7) is a fiber space of meromorphic functions with the 
base Q, fibers 7%, ,.¢,, and projection 


m:(@,2,n) > Q, 


where 2~!(£o) =.%, rg: § € Q. Anelement of the fiber /, ,.¢, in a neighborhood 
of the point 69 € Q has a local representation m(z) = f(z Viele ) € Gy 7(Q \ Pn): 
Hence, one can define a dual space .Z, ir (2 ) of meromorphic functionals as well, 
similar to their analytic and exponential counterparts. 

Let A(z,D,) be a pseudo-differential operator with the matrix-symbol ./(z,¢), 
whose entries 4 ;(z,¢) € S(mij, Om roy) i,j =1,...,N. We define the adjoint oper- 
ator A*(z,D-) as a pseudo-differential operator with the matrix-symbol ./*(z, €) = 
eo), that is with entries o7(z,¢) = Gi(z,—C) € S(mji, Om; r—%), 15 = 

Sua 


Proposition 9.12. Let o/(z,¢) be a matrix-symbol with entries oj © S(mij, 
Oning)s and let mjj < Wi — Uj for alli, j =1,...,N. Then the mappings 


A(z, Dz) : Eni r.Co ar Enrty> A wee D Zi &; ii, ro Sint 


are continuous. Moreover, for the norms of these operators the estimate 
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N 
JAN =NA" Sd max YS leading (9.52) 
i=1 


<j< 
ESISN |g inj; 


holds. 


Proof. Since the operator Ajj € OPS(mjj, Oy, ;,¢,), it follows from Proposition 9.11 
that it maps the space i rf Continuously onto Eu, i+miy 100° The latter is continu- 
ously embedded into 6), ;,¢, due to inequality Uj + mij - < pj for all i,j = 1,...,N. 
These imply the sondnuity of the operator A(z, Dz) : 657.4 > Fayn.gy- 


To show (9.52) one can use estimate (9.51) for the operator Aj; : 


Ar Dlujango S DY (aijodu;neoll Pill ujnco> 


| oe] <mij 


where @; € Ej rlo: It follows that 


y [aijor]uj.r.69° 


| oe] <mij 


WAM illu nto SMPlla rc max ee 


Here (Aq); is the i-th component of the vector-function A(z, D,) @(z). Summing the 
latter inequality over all i= 1,...,N, one obtains estimate (9.52). The rest of the 
statement of the theorem follows by duality. 


Proposition 9.13. Let /(z,¢) be a matrix-symbol with entries oj; € S(mij, 
Oy,;,r(Q)). Suppose that the collection of integers {[1,...,Un} such that mij < 
— pj for alli,j =1,...,N. Then the mappings 


A(z,Dz) : Ep (C") + Ef’ (C"), 
A*(2,D-): (EB (C")) > (ER (C")) 
are continuous. 


Proof. Follows easily from Proposition 9.12. 


Proposition 9.14. Let &/(z,¢) be a matrix-symbol with entries oj) © S(mij, 
My ;,,(Q)). Suppose that the collection of integers {1,...,Un} satisfy inequal- 
ities mij < Mj — Wi for all i,j =1,...,N. Then the pseudo-differential operators 
corresponding to symbols @(z,¢) and &*(z,C) are continuous as mappings 


A(z,Dz) : Eq *(C") + EP, (C"); (9.53) 
A*(z,Dz) : (eB.(c)) m aye (c"))’. (9.54) 


Moreover, the inverse operator A~'(z,D_) exists and is continuous as a mapping 


a 


Aap 3 (C") + EP, (C’). (9.55) 
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Proof: Let Qj € Ey,7,¢)(C"), j = 1,...,N, where Cy € Q \ Pj. In accordance with 
the definition of .4, -(Q) all the functions ajjq,(¢) in the symbol .%;(z,¢) belong 
to Oy, .¢, with r < dist(Cg,0(Q \ Pj)). Therefore, %(z,¢) € S(mij, Ou;,r(Q \ Pj). 
Now the continuity of mappings (9.53) and (9.55) follow from Proposition 9.13. 
This fact implies the continuity of the inverse operator A~'(z, D_) in mapping (9.55) 
too, since due to Theorem 9.4 the inverse symbol /—!(z, 6) has entries ot; (z,O) € 
S(mij, My, r(Q)). 


Pseudo-differential operators with meromorphic symbols in S(M,.@(Q)) behave 
differently. Unlike the previous cases they act in factor-spaces. To formulate the con- 
tinuity theorem first we study kernels of pseudo-differential operators with mero- 
morphic symbols. 

For an operator A € OPS(M,.@(Q)) we denote by «, the dimension of the 
kernel of A*! : 


Ke = Ki(A,Q) = dimKer(A*'). 


The meaning of K; is obvious. If k_ = m, then the image of the operator A is a 
factor space factorized by the m-dimensional space KerA~!. Thus, the operator A in 
this case is multi-valued. The operator A € OPS(M,.@(Q)) is single-valued if and 
only if k_ = 0. 

Let Po, k=1,...,Ks, be connected irreducible components of Py+1 1 Zree.a 
and Ly ,k =1,...,Kx, be their respective orders. Denote by W,; (.) the span of all 
linear combinations 


fag =F Opa). 2024 he BS (9.56) 


where 6 is the Dirac distribution, and p,(¢) are holomorphic functions, locally 
representing #,-, thatis P= ={¢ : p,-(¢) =O}. 


Theorem 9.6. Let A € OPS(M,.@(Q)) and there exists a collection of integers 
{1,--., Un} such that mij < bj — wi for alli, j =1,...,N. Then 


Ke (Yel 
Ker(At!) = @ ( @ gta). 


£ 


Proof. We will show that V € Ker(A7') if and only if V € Ker(Aj'), where Ao 
is the constant part of the operator A. Indeed, without loss of generality, one can 
assume that [),..., Hw are ordered, i.e., Uj =--> = Mg, > Me 41 = = My > > 
Mk +1 = = Hy Ki +++ +k, =N. Otherwise, with the help of permutations of 
rows and columns, which correspond to the multiplication of A by a scalar invertible 
matrices, one gets a desired ordering. Hence, the operator A has the form 


Ai Aj2... Au 
O An... Ar 


, (9.57) 
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where Aj; € OPS(0,.@(Q)) form the constant part of the operator A. Due to 
Theorem 9.4 the inverse matrix A~! also has the same block-matrix structure 
as (9.57) with entries A;;' of the same size of A;;. Accordingly, one has V = 
(Vi,...,V)), where Vj, j = 1,...,/, are vector-functions of length kj. Let V € 
Ker(A~'), that is A~'V = 0. It follows from matrix structure (9.57) of the inverse 
operator A~! immediately that Ai Vi = 0. Further, since 


Any avi +47 Vi =0, and Ary = Ary oAl-11 oAy', 
which also follows from (9.57), one has 
-1 -1 -1 
Ay y—1Vin-1 = Ay) OA1-11 0A, Vi = 9. 


Consecutively, one obtains A;jV; = 0, j =1—2,...,1. This implies Ker(A~!) Cc 
Ker(Ap Y, Making use of these formulas on reverse order, we conclude that 
Ker(Aj') C Ker(A~'). Hence, Ker(A~!) = Ker(Ag '). Therefore, it suffices to con- 
sider the equation Ap '(D.)V(z) = 0. Due to isomorphic property of the Fourier 
transform, the latter is equivalent to the system of algebraic equations ANE ) 
F[V|(¢) =0 with a parameter € € Q. Here /'(€) is the symbol of Aj!. It is 
not hard to see that there exists a matrix B(¢), detB(¢) #0, such that 


hy (6)FV\(6) = B(S) (H(S)FIVI(S)) =, (9.58) 


where H(¢) € @(Q) is defined in a local representation of det(.%) given in 
equation (9.44). Recall a local representation of the meromorphic function 
det(.% '(€)) = H(¢)/G(C) (see (9.44)). To show (9.58) one can take B(¢) = 
(H(¢))~!.4'(). Then it can be easily verified that det(B(¢)) = det(@%'(¢)) 
(G(¢))~! £0, € € Q. Equation (9.58) means that the problem on description of the 
kernel of A~! is reduced to equations 


H(C)FIV\(C) =0, j=1,...,N, (9.59) 


for each component F[V;] of the vector-function F[V](€), considered on the space of 
analytic functionals O* (Q). Now let Y, ,k=1,...,K_, be irreducible components 
of the analytic set Z,e¢.@™P,-1 with orders L, . Then solutions to equation (9.59) 
have the form F[Vj](¢) = 6 (p,(€)), €=0,...,L;,4 = 1,...,K_, for each j = 
1,...,N, where p;,(¢) locally represents Y, . Taking the inverse Fourier transform, 
one has V(C) = fy.e(z)v € Ker(A~'), where fy are defined in (9.56), and v is an 
arbitrary scalar vector, obtaining the desired result. 


Corollary 9.3. /. Let #(z,¢) € S(M, @(Q)) with a Runge domain Q and a matrix 
M, entries of which satisfy mij < Mi — Uj,i,j = 1,...,N, for some collection 
L,.--, bn. Then «k_(A,Q) = 0; 

2. Let H(z,6) € S(M,O(Q)) with a Runge domain Q and a matrix M, entries 
of which satisfy mij < Ui — Uj, i,j = 1,...,N, for some collection ,...,Un. If 
Na NQ =9, then «(A,Q) =0. 
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It is known [Chi89] that an analytic set in a neighborhood of any regular point 
represents an analytic submanifold (of co-dimension one in our case). Therefore, 
for n > 2 it follows from Theorem 9.6 that Ki = o, as long as QNZ, reg A*! #0, and 
ky = 0, otherwise. Hence, if n > 2 only two Bode bilities may arise. It is not so in 
the one-dimensional case. 


Theorem 9.7. Let n = 1. Let i and L, be orders of poles a € Py, k=1...,Ky, 
and zeros ¢, © Na,k=1,...,K_, respectively. Then, 


CA2)=. 3 LadeGoje > fo (9.60) 
C, €QNN, of €QNP, 


Proof. In the one-dimensional case solutions of equation (9.59) are F[V;](C) = 
geel(C) = 6M (6 — C°), 4 =0,...,L{,k =1,...,K,. Their Fourier inverses are 
Viz) = hele) = ese f= 0,...,L7,k =1,...,K,. Obviously, this set of func- 
tions is linearly independent. This implies the second formula in (9.60). Since 
«,(A,Q) = «k_(A7!, Q), the first formula is also correct. 


Theorems 9.6 and 9.7 show that if Q contains nonempty polar- or null-set of the 
symbol of a pseudo-differential operator, then the latter has a nontrivial kernel or 
co-kernel. Therefore, one needs factor-spaces to formulate a continuity statements 
in this case. 

We will use traditional notations: if 2 is a generic topological space and K is its 
subspace, then .2/K denotes the factor-space (with the topology of factor-space) 
of elements ¢ + @, where @ € 2 and g € K. Elements ® = +9 forall 9c K 
are considered identical. The conjugate (.2"/K)* to a factor-space 2° /K consists 
of elements G € .2* orthogonal to K : < G,g >=0, Vo € K. We will denote the 
conjugate space 27°, 


Proposition 9.15. Let </(z,¢) be a matrix-symbol with entries 2; € S(mjj, H(Q)). 
Suppose that the collection of integers {1,...,ln} satisfy inequalities mij < 

— Ui; for all i,j =1,...,N. Then the pseudo-differential operators correspond- 
ing to symbols &(z,C) and e&*(z,C) are continuous as mappings 


A(z, Dz) : Ef ,./Ker(A) > Ep ,./Ker(A—'); 


A*(z,Dz) : (é2,) a: a (et) wee 


Proof. The proof follows from Theorem 9.6 and Proposition 9.14. 


Consider the following examples illustrating Theorem 9.6 and 9.7. 


Example 9.1. 1. Let a symbol a € S(m, @(Q)), where Q is an arbitrary Runge do- 
main. Then «_(A,Q) = 0, and hence the corresponding operator A is single- 
valued (uniquely defined). 

2. Letn = 1 and0€ Q. Let the symbol a(¢) = 1/¢ € pe WM (Q)). Then, K_(A,Q) 
= 1, and the corresponding operator A(D,) = D, ' (the primitive) is defined up 
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to an additive constant. Note that if 0 ¢ Q, then Ds is uniquely defined and 
represents the “natural integral” (see [Dub96]): 


De'f(@)=nat f f(G)do,f € Expa(C). 


Now, suppose n = 2 and a(¢,,€2) = 1/¢. Assume that Q is a Runge domain 
containing (0,0). Then Py = {(€1,¢2) € Q : ¢; = O}. In this case the corre- 
sponding operator A(D,,,D-,) = Di represents the integral with respect to the 
variable z, and is defined up to an arbitrary function of the variable z.. Hence, 
k_(A,Q) = ©. 


9.7 Systems of pseudo-differential equations with meromorphic 
symbols 


In this section we discuss the existence and uniqueness problems for general bound- 
ary value problem (9.7)-(9.8). We first consider a system of pseudo-differential 
equations 

B(z,D;)¥(z) = ®(z), (9.61) 


and the Cauchy problem for a system of first order evolution pseudo-differential 
equations 


D,V(t,z) =A(t,z,D-)V(t,z) + A(t,z), (9.62) 
V(0,z) = Vo(z), (9.63) 


where B(z,D.) € OPS(M,X), A(t,z,Dz) € OPS(M1,X) for each fixed r; the space 
of symbols X, as well as vector-functions (functionals) ®(z), H(t,z), and Vo(z) will 
be specified below. 


Theorem 9.8. Let B(z,D,) € OPS(M,.@(Q)) and assume that there exists a col- 
lection [ft = L,..., Uy, Such that the entries of the matrix M satisfy the inequalities 
mij < Hi — Uj, i,j =1,...,N. Then for any vector-function ®(z) € E?,/Ker(B!) 
there exists a unique solution ¥(z) to system (9.61) in the factor-space E®?,/Ker(B). 


Proof. Due to Proposition 9.15 the pseudo-differential operator B = B(z,D_) with 
the symbol 4(z,¢) € S(M,.@(Q)) is well defined in the space Ef./Ker(B). 
In accordance with Theorem 9.4 there exists the inverse symbol 4!(z,C) € 
S(M,.@(Q)). The corresponding inverse operator B~'! = B~!(z, Dz) is well defined 
in the space E®,./Ker(B-'). Let B(z) € E?,/Ker(B"'), i.e., D(z) = o(z) + Q(z), 
where @ € E?,, and @ € Ker(B”!). Now one can show that ¥(z) = B~! (z, Dz) ®(z) + 


Hr? 
w(z), for arbitrary y € Ker(B), solves the system (9.61). Indeed, 


402 9 Complex ¥DOSS and systems of complex differential equations 


B(z,D.)¥(2) = BUz,D;)(B'(z,D.) (2) + V) 
= (2) +B(c,D.) yl) = (0). 
Theorem 9.9. Let B(z,Dz) € OPS(M,.@(Q)) and there exists a collection ft = 


M1,---,Ln, such that the entries of the matrix M satisfy the inequalities mjj < 


ee ee ae © e (e2,) 
ae. en for any (2) € (ER). 


i. there exists a unique 
k solution ¥(z) to system (9.61) in th (£2,) , 
weak solution ¥(z) to system (9.61) in the space | Ej, niGne 


* 


Proof. Let ®(z) € (z2,) . Then for arbitrary U € E®?,/Ker(B*) one has 


Ker(B*)4 


(F(z), BY (z,Dz)U(z)) = (P(z),U(z)). 


Due to Proposition 9.15 the operator B*(z,D_) is continuous from ER. /Ker(B*) to 
the space Eg. /Ker(B*)~!. Note that due to Theorem 9.4 there exists the inverse 
symbol 4!(z,6) € S(M,.@(Q)), and hence, the corresponding inverse operator 
(B*)~! exists and well defined in the space E?,. /Ker(B*)—!. Therefore, if one sets 
B* (z,Dz)U(z) = V(z), where V(z) € E?,/Ker(B*)', then due to Theorem 9.8 one 
has U(z) = (B*(z,D,))~!V(z). This implies that the functional ¥(z) defined by 


(F(z), V(z)) = (BG), (B*(z,Dz))'V@)) = (((B*@Dz)) 1)" ®@),V()) 9.64) 


solves system (9.61) in the weak sense. Representation (9.64) also shows that for 
the inverse the formula B~!(z,D.) = ((B*(z,D-))~!)” holds, and (Y(z), f(z)) =0 
if f € Ker(B*)"!. 


If one considers the operator A € OPS(m,.@(Q)) in the space ae then it 
follows from the definition (9.50) of a pseudo-differential operator with a meromor- 
phic symbol, that the polar set of the symbol of A does not intersect with Q \ Py. 
This implies that the symbol belongs to S(m, Oy). In this case Ker(A) = {0}, and 
therefore, the above theorems take the form: 

Theorem 9.10. Let B(z,D.) € OPS(M,.@(Q)) and assume that there exists a col- 
lection [1 = [1,..., Un, such that the entries of the matrix M satisfy the inequalities 
mij < Mi— Uj, i,j =1,...,N. Then for any vector-function ®(z) € EO\% 


ir 
ists a unique solution ‘¥(z) to system (9.61) in the space as 


there ex- 


Theorem 9.11. Let B(z,Dz) € OPS(M, @(Q)) and assume that there exists a col- 

lection t = L,..., Ln, Such that the entries of the matrix M satisfy the inequalities 
* 

mij < Uj — wi, i,j =1,...,N. Then for any ®(z) € (Ep) there exists a unique 

a) . 


weak solution ‘¥(z) to system (9.61) in the space ( Lr 
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Remark 9.6. 1. In Theorems 9.10 and 9.11 one can replace the spaces f 


Ene”, and their conjugates by the spaces Expovn,(C"), Expa\p,(C”) defined 


in Section 9.4 and their respective conjugates. 
2. Similar to the proof of Theorem 9.4 one can show that the conditions mj;; < 
Hi; — LH; in the above theorems are also necessary for existence of a solution. 


Using formulas (9.38) and (9.39) and the scheme (see Theorem 9.3) 


one can obtain dual results in terms of the Fourier transform. Namely, applying the 
Fourier transform to equation (9.61), one has 


B(D¢,S)H(S)=G(S), $e Q\Ps, 


or, the same 


N 
» > (-1)"aija(S)DEhi(S)=gi(S), $€Q\Psi=l,...,N, (9.65) 
J=1|a|<mj; 

where H(¢) = (/1(C),..-,/w($))” and G(C) = (g1(6),.--,8n(6))’. 


Theorem 9.12. Let the matrix-symbol B(z, €) € S(M,.@(Q)) and there exists a col- 
lection [1 = [1,..., Un, such that the entries of the matrix M satisfy the inequalities 
mij < Uj — Mi, i,j = 1,...,N. Then for any vector-function G(¢) € Gj -(Q \ Pg) 
there exists a solution ¥(z) to system (9.65) in the space Oj (92 \ Np). 


Proof. Consider the system (9.65) in the scale of spaces @j,,(Q). Applying the 
inverse Fourier transform F~! we have 


B(z,D.)F'[H](2) = F-"[G](2) (9.66) 
in the scale of spaces (E a] . In accordance with Theorem 9.11, under the con- 
dition of our theorem, for any F~![G] € (ayy? ) there is a unique solution 


F lH] € (En ) to system (9.66). Now applying the Fourier transform and 


Q\Np 


ie ) — @;,,(Q \ Np) one obtains the desired result. 


using isomorphism F : ( 


Similarly, using the scheme (see Theorem 9.3) 


F 
— 
FAQ) E?,. 


we can establish the existence of a solution of the system (9.65) in the space of 
analytic functionals. 
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Theorem 9.13. Let B(z,D,) © OPS(M,.@(Q)) and assume that there exists a col- 
lection [t = Ly,..., Ln, Such that the entries of the matrix M satisfy the inequalities 
mij < Mi— Mj, i,j =1,...,N. Then for any vector-functional ®(z) € G7, (Q \ Np) 
there exists a solution ‘¥(z) to system (9.65) in the space O7, ,(Q \ Pg). 

Now assume that Z C C is a domain containing fp and 2 be a topological vector 
space. Below we use the spaces of the form @|Y; 2], elements f(t) of which for 
each fixed ¢ belong to 2 and analytic in the variable ¢ in the topology of 2’. 


Theorem 9.14, Let A = A(t,z,D-) € @|9;OPS(M,.M@(Q))] and there exists a col- 
lection [L = L,..., Ln, Such that the entries of the matrix M satisfy the inequalities 


ij <Mi-—Mjt+1,i,j=1,...,N. Then there exist numbers r > 0 and o > 0 such that 
= any vector-functions H(t ZEO [2 Be ies ‘al and Vo(z) € ede a unique 


solution V (t,z) to the Cauchy problem (9.62)-(9. oa in a 6-neighborhood of 


to and belongs to the factor-space C le —to| < 6; 3 Ve ale 


Proof. The Cauchy problem (9.62)—(9.63) can be written in the equivalent integro- 
differential form 
t t 
V(t,z) = Vo(z) + A(t,z,Dz)V(t,z)dt +f H(t,z)dt, 
to ut) 
Consider the operator 


t 
AV(t,2) = [ A(T,z,Dz)V(T,z)dT. 
ui) 


For i-th component of this operator one has 


(AV(t,z))i = -¥ hak T,z,Dz)V;(T,z)dt 


to 


Nt 
=F, / Y ajja(t,Dz)Vj(t,z) | dt. (9.67) 
j=l" \ al<mij 
In order to prove the theorem it suffices to show the existence of a unique solution 
for arbitrary fiber of the space E- Hee +olt—to) Let Cp € Q \ Py be an arbitrary fixed 


point, and consider equation (9. 67) j in the fiber 2% -+6|r-19|,¢)- Since Co is located 
out of the polar set of the operator A(t,z,D_,), the Symbol of this operator belongs 
to Oc). Therefore, making use of Proposition 9.11 and taking into account the 
evolution of V(t,z) over the scale 7 : Cnr +alttol,ta , one obtains the estimate 


(aveads dL kl fo jae. D.¥i(7.2lher 


j= ied 


I(|t — tol) x 1+|z|) "sup lVillujrtol- tol.bo »y sup[4ija)u;,7 nae 


|o|<imjjt€F 
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where 


t—t 
I(|t —to|) = [ | (rtole—oblel|ag| < [t= tol (r+ole—to)lel, 
0 ~ olz| 
Taking this and the inequality mjj + uj <H;+1,i,j =1,...,N, into account, one 
has 


|t —to| _4& 
\(AV(t,z))il < a ee VS sup IVi(,2)llujr+oe—tol.eo UPL po: 
teD teD 


gals 
This implies 


|t —to| 
o 


AV (t,z))j = x V(t i = Aj ;(t,z,Dz)||. 
\|(AV( Z)illurrotle tol,Go = sup | ( ZDilartrolr to|,60 ia | ij( ,2,Dz)]| 


< 
Now summing up by index i= 1,...,N, we have 


|t — to| 
Oo 


(AV (1,2) artoletl.co S sup ||A(¢,z,Dz)|| sup ||V (¢,2)|lir-+o[t-101,£0° 
teD teD 


It follows from this estimate that A is a contraction operator if the condition 


|t —to| sup ||A(¢,z,Dz)|| < 0 
teD 


holds. Hence, taking 6 < o/sup,<g ||A(t,z, Dz)|| we have that in the 6-neighborhood 
of f a unique solution to the Cauchy problem (9.62)-(9.63) exists. 


Theorem 9.15. Let A =A(t,z,D.) € O|9;M, @(Q)| and assume that there exists a 
collection ft = U1,..., Un, such that the entries of the matrix M satisfy the inequali- 
ties mj < Uj—Wit1,i,j=1,...,N. Then there exist numbers r >0 and o > 0 such 


that for any vector-functionals H(t,z) © @ [2 er) | and Vo(z) € Ga) 
there exists a unique solution V(t,z) to the Cauchy problem (9.62)-(9.63) in the 
space C [ed < 5:( sag with some 6 > 0. 

Proof. Since the proof follows from Theorem 9.14 by duality, we only briefly sketch 


ae Q\P, \* Q\P, 
its idea. Let V(t,z) Ce 0 Ez He *) and v(t,z) €E 0 PP ica | . Then the 


relation 
D,{V(t,z), v(t,z)) = (DiV(t,2), v(t,2z)) + (V(E,z), Div(t,z)) 
implies 
(V(t,z),v(t,z)) = (V(to,z), v(t0,2)) 
+ / DNGD Maat WOOD Daled as. 


a) 
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The latter due to equation (9.62) and the initial condition in (9.63) takes the form 
V(F.2).0(4.2)) = (®@).r(0.2)) + [ “(A(s,2,D-)V(s,2) +H(s,2),(s,2))as 
+ [ (W(s,2),Dev(s,2))ds 
0 
= (®(2),v(0,z)) + [vo.9.D.6.2) +A*(s,z,D,)v(s,2))ds 
+ i EGA Dias (9.68) 
0 


Since the latter is valid for arbitrary v(t, z), it is also valid for v(t, T,z), which solves 
the Cauchy problem 


D,v(t,T,z) +A*(T,z,Dz)v(7,z) =0, to <T<t, (9.69) 
v(t, T,2)|c=1 = v(t,z). (9.70) 
For the symbol of the adjoint operator A*(t,z,D_) the order-matrix mij . satisfies 


the inequality mj; < Mi — Mj +1, i,j = 1,...,N. Therefore, in accordance with 
Theorem 9.14 the Cauchy problem (9.69)—(9.70) has a unique solution in the space 


OC [It = 10 <6; Ey ee ‘al for any fixed v(t,z), if |t—to| < 6, where 6 > 0 small 


enough. Substituting v(t,z) in equation (9.68) by v(t, T,z), we have 
t 

(V(,2),¥(6,2)) = (®@),vlts00,2)) + f H(s,2).v(0,4,2))dt, [to] < 8. 9.71) 
0) 


The functional V (t,z) defined by (9.71) is a unique solution to the Cauchy problem 
(9.62)-(9.63). It can be readily seen that V(t,z) € @ [le —to| < 6; ( a) F and 
hence is a desired solution. 


Now consider general boundary value problems for the first order systems 


D,V(t,z) =A(t,z,Dz)V(t,z) + H(t,z), (9.72) 
B(z,Dz)V (t,Z)\-=-0 = (2), (9.73) 


This problem can be reduced to the equivalent Cauchy problem for system (9.72) 
with the initial condition 
V(0,z) =P (2), 
where Y’(z) is a solution to the system of pseudo-differential equations 
B(z,Dz)¥ (z) = ®(z). 


Combining the above proved Theorems 9.8 and 9.14 (in the dual case Theo- 
rems 9.9 and 9.15) one can prove the following statements. 
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Theorem 9.16. Let operators A = A(t,z,D.) € O|D,;OPS(M,.M@(Q))| and 
B(z,Dz) € OPS(.Y , @(Q)). Suppose there exists a collection ft = L,...,Ln, such 
that 


i) the entries of the matrix M satisfy the inequalities mjj < bi — Uj +1,i,j = 
1,...,N3 

ii) the entries of the matrix NW satisfy the inequalities nij < bi — Lj, i, 
J=1,...,N 

Then there exist numbers r > 0 and o > 0 such that for any vector-functions 

H(t,z)€@ [2 EO\rA |. and ®(z) € Ef,,/Ker(B') a unique solution V (t,z) 


fi,r+o|t—to| 


to the Cauchy problem (9. = — exists in a 6-neighborhood of to and belongs 


to the space @ [Ik- to| < 6; E° . Moreover, the kernel of this problem is 


i, ie 1| 
isomorphic to the kernel of the operator B(z, Dz). 


Theorem 9.17. Let operators A = A(t,z,D:) € @|9;OPS(M,.M@(Q))| and 
B(z,Dz) € OPS(.Y , @(Q)). Suppose there exists a collection ft = [1,...,n, such 
that 


i) the entries of the matrix M satisfy the inequalities mij < Uj — bi + 1,3, 
J=1,...,N 
ii) the entries of the matrix N satisfy the inequalities njj < tj — Ui, i,j = 1,...,N. 


Then there exist numbers r > 0 and o > 0 such that for any vector-functionals 
-( pQr,P. - Q\P,\* 

Ha) €O[M%(EE oii) | and OE) € (Ear) eg 

V(t,z) to the Cauchy problem (9.72)-(9.73) exists in a 6-neighborhood of ty and 


a unique solution 


= \PA 
belongs to the space 0 [ to| < 6; (zo Hoi ied ee 


As an example of application of these theorems consider the following boundary 
value problem for a pseudo-differential equation of higher order 


m—1 


Du(t,z) + >. Ag(t,z,Dz)Dfu(t,z) =h(t,z), te F,zEC", (9.74) 
k=0 

m—1 . 

y Bij(e,D-)D}u(t,2)) Gi), EC" F=0,...,m=1, (9.75) 

i=0 i. 


where A;(t,z,D-), k =0,...,m— 1, are pseudo-differential operators with symbols 


AH(t,z,6) = Y aiatt, 


| oe <img 
This problem is equivalent to the following system: 
D,v(t,z) + A(t,z,Dz)v(t,z) = H(t,2), 
B(z,Dz)v(t,z)} | = 0(2), 
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where the vector-functions v(t,z) = (u(t,z),.- Ct WO yt) Oe 24 
h(z))", (z) = (@o(z),---;@m—1(z))?, and the | ier A(t,z,D ).) has the matrix- 
symbol with entries 


(m—1) 


1, if j=i+1,i=0,...,m—2, 
Aij(t,z, 6) = Adt,2,6), ifi=m,j=0...,.m—1, 
6, otherwise. 
In the matrix form 
61 6 6 
6 0 6 6 
(t,z,6)=]  ... ee. ; 


Applying Theorem 9.16 one has pj = j,j = 0,. — 1. Therefore, bound- 


ary value problem (9.74)-(9.75) have a local ee in the scale E- nie +ol—tol” 


fi = (0,...,m—1), if the polynomial degrees m,z and mj;; of symbols Alt, z,6) 
and &;;(z,¢), satisfy, respectively, the following inequalities: 
m<m—k, k=0,...,m—1, 


and 


9.8 Reduction to a system of first order 


The general system of pseudo-differential equations (9.7) can be reduced to a sys- 
tem of first order of the form (9.72). Boundary condition (9.8) in this process also 
changes to the form (9.73). We prove the following statement: 


Lemma 9.1. Let a vector-function u(t,x) = (u;(t,x),...,un(t,x)) solve the general 
problem (9.7)-(9.8). Then the vector-function 


V(t,x) = (ui(t,x),. ve Me ama ise eee jUn(t,x),.-. DP’ un(t,x)) 


of length pj +---+ py solves a problem of the form (9.72)-(9.73), with vector- 
functions H(t,z) and ®(z) 


H(t,z) = (hy (t,z),...,hw(t,z)), hj(t,z) = (0,0,..., fi(t,z)), (9.76) 
P(z) = (61 (Z),---, Ow (Z)), 0 (2) = (Pjo(Z),-- +s Pjpj-1)s rt 
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where h,(t,z) is a vector of length p; with only nonzero pj-th component f;(t,z); 
and the matrix-operators A(t,z,Dz) = Aij(t,z,Dz) and B(z,Dz) = Bijzp,), 4, J = 
1,...,N, are block-matrices with respective blocks of sizes pj; X pj: 


6 1 0 0 
6 0 0 0 
ere . fiz, 
0 6 0 1 
0 4l pj-2 ,pj-! 
Ajj Ajj Ajj Ajj 
Aj;(t,z,Dz) = (9.78) 
| 9 0... 6 6 ] 
06... (7) (e] 
ere . fiF;. 
00 (e] (e] 
0 al pj-2 ,pj-1 
AQ Al, ... Al” AT 
and 
B® Bol Br 
10 ll pj-l 
B,j(z,D.) =| Bi Ba Ba, (9.79) 


pi-10 p»pi-11 pi-lpj-1 
(ema maa ib 


Proof. In accordance with the definition of the vector-function V(t,z), it can be 
represented in the form V(t,z) = (vi(t,z),..-, Vw(t,z)), where 


V1 (t,z) = (Vi,.--5¥p,) = (11 (t,2),---,DP! tm (t,2)) 


-1 
Vo(t,2) = Upitis---s¥prtpa) = (ualts2)s---sDP?walt,2)) , 


=i 
wn (t,z) = Vaya tists Ppt pw) a (un(¢,2),---,DP" uv(t,2)) : 


This together with equation (9.7) implies that 


N 
-i 
D,Vp, (t,z) _ > [AP Mort pp rt 2) = +A} Voy +---+p;(tsZ) + fi (252). 
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Dip, +-+py-1 1 (t,2) = Vat py-1+2(t,2Z), 
DiVp, +-+py-1 2(#,2) = Vat py-1+3(t,2Z), 
Dip, +- -+py— i(t, ie Vpi +e pw (t,2), 


2 


DzVp, +--+ py (t2) > [Adve +pj141(t,2) ++ +A, res +p; (t; 2)| + frr(t,z)- 
fl 


These equations show that the vector-function V(t,z) satisfies equation (9.72) with 
the operator A(t,z,Dz) in (9.78) and H(t,z) in (9.76). Similarly, one can show that 
V(t,z) satisfies boundary conditions (9.73) with the operator B(z,D_,) in (9.79) and 
vector-function ®(z) in (9.77). 


9.9 Existence theorems for general boundary value problems 


maa 9.18. Let operators A = {A4,(t,z,Dz)} € O|F;OPS(M1,.M(Q))| and 
= = {Bi (z,Dz)} € OPS(.NV™, “(Q)). Suppose there exists a collection Lt = 
- Loe a such that 


i) the entries of the matrices M1,q =0,..., pj — 1, satisfy the inequalities 
mi SMj— Met Pj - 4, JkK=1,...,N,q=9,..-,p7—15 


ii) the entries of the matrix W"!,m=0,...,p;—1,q=0,...,px—1, satisfy the 
inequalities 


nif <Uj-—Uet+m— gq, j,k=1,...,.N,m=0,...,pj)—1,q=0,...,pe—1. 


Then there exist numbers r > 0 and o > 0 such that for any vector-functions 
Q\P, OQ\P, = ‘ 
H(t,z) €@ [2 En. ie | , and ®(z) € Es 4/Ker(B~') a solution V(t,z) to 
boundary value problem (9.7)-(9.8) exists in a 6-neighborhood of ty and belongs 
P 
to the space C [It =o <6; Ey oe . 
isomorphic to the kernel of the operator B. 


. Moreover, the kernel of this problem is 


Proof. Applying Lemma 9.1 we can reduce problem (9.7)-(9.8) to the first order 
system of the form (9.72)-(9.73). Now the proof follows immediately due to Theo- 
rem 9.16. 


The theorem below follows from the previous by duality. 


Theorem 9.19. Let operators A = {A4,(t,z,Dz)} € O|F;OPS(M1,.4(Q))| and 
= = {Bi @Ds)} € OPS(.NV", M(Q)). Suppose there exists a collection ft = 
- ..,[n, Such that 
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i) the entries of the matrices M1,q =0,..., pj — 1, satisfy the inequalities 
mi S Mk Wi t+ Pi-@ Jk=1,...,N, q=0,...,pj—1; 


ii) the entries of the matrix W"!,m=0,...,pj;—1,q=0,...,px—1, satisfy the 
inequalities 


nid < Mk Mj tm—4q, J K=1,...,N, m=0,...,pj—1, q=0,...,pe—1. 


Then there exist numbers r > 0 and o > 0 such that for any vector-functionals 


Q\Pa Q\P,\* 
a [9 ( frtolt— al) pMeB (En. Veet 
the Cauchy problem (9.7)-(9.8) exists in a 6-neighborhood of to and belongs to the 


\P. 
space O [10 <0; (zo poe di esi ftaeyiyi 


a solution V (t,z) to 


Finally, using the duality relations between exponential and analytic functions 
and functionals through the Fourier transform established in Theorem 9.3, we can 
prove the existence results for general boundary value problems for systems of dif- 
ferential equations of the form 


N pxo-1 


DU,(t,0)+ >, x At (t, De, ¢)DiUx(t, 6) = Gj(t,6), (9.80) 
k=1 q=0 
tEeGY, CEQ, j=1,...,N 
N PR- 
y 5 8 Br (De, 6) DIU; (t, 6) = = Pin(C), (9.81) 
alee = 


Ce Q, m=0,...,pj—-1, j=1,...,N 


where Y C C is a connected domain containing tg; Q C C” does not contain polar 
sets P, and Pg associated with operators At, and Br, whose symbols are 


AL2C)= LY ajalt,o)2% € O[D;S(M1, 4(Q))], (9.82) 
|a|<mé, 

BES) = LY dip(o)e? € (iv, a(Q)), (9.83) 
pica 


q=0,...,pj—1, m=0,...,pp—1, j,k =1,...,N. 


Due to formulas (9.38) and (9.39), applying the Fourier transform, one can re- 
duce boundary value problem (9.80)—(9.81) to the problem of the form (9.7)-(9.8). 
Hence, by duality, Theorems 9.18 and 9.19 imply the following statements. 


Theorem 9.20. Let the symbols of differential operators A = {A4, (t,Dc,6)} and 


B= {Bir {(De, €)} satisfy conditions (9.82) and (9.83), respectively. Suppose there 
exists a Tr oilection f= M,..., Ln, such that 
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i) the entries of the matrices M4,q =0,..., pj — 1, satisfy the inequalities 


mi < Me Bj t+ pj—4,5,k=1,...,N,q=0,..-,pj—13 


ii) the entries of the matrix W"!,m=0,...,p;—1,q=0,...,px—1, satisfy the 
inequalities 


nil < Me Wi t+aq-m, Jjk=1,...,N,m=0,...,p7—1,¢=9,...,pe—1. 


Then there exist numbers r > 0 and o > 0 such that for any vector-functions 
H(t,z) € O[D; Op r+o|1-19|(Q)], and P(z) € Og,(Q\ Nz) a solution U(t,z) to 
boundary value problem (9.80)-(9.81) exists in a 6-neighborhood of to, where 
5 <r/o, and belongs to the space O ||t —to| < 5; On, 7+0\t-t9|(Q)] ‘ 


Theorem 9.21. Let the symbols of differential operators A = {A5,(t,De, €)} and 


B= {Bie (Dg,¢)} satisfy conditions (9.82) and (9.83), respectively. Suppose there 
exists a collection ft = [y,..., Ln, such that 


i) the entries of the matrices M1,q =0,...,pj;—1, satisfy the inequalities 


mi, < Wj — Met Pj —-4,5,K = 1,...,N,q=0,---,pi—13 


it) the entries of the matrix W"4,m =0,...,p;—1,q =0,...,px—1, satisfy the 
inequalities 


nil < Wj— Met m—q, J, k=1,....N,m=0,...,pj—1,q=0,...,pe—1. 


Then there exist numbers r > 0 and o > 0 such that for any vector-functions 
H(t,z)€@ 5 O% pot-ni(2)] , and ®(z) € OF ,(Q) a solution U (t,z) to bound- 
ary value problem (9.80)-(9.81) exists in a 6-neighborhood of to, where 6 < r/o, 


and belongs to the space C le —to| < 6; OF ial) (Q \Na)| ‘ 


9.10 Additional notes 


1. The Cauchy problem. The Cauchy problem has a long and rich history. We refer the reader to 
survey papers [Miz67, VG91, S88, Dub90] on the history and modern state of this theory. In the 
general form the Cauchy problem was first posed by Augustin Louis Cauchy and the existence 
of a unique local solution of this problem was proved in his paper [Cau42] in 1842. Sophie 
von Kowalevsky! was not aware of Cauchy’s result and reproved [Kow1874] this theorem in 
1875. The theorem was later named the Cauchy-Kowalevsky theorem. Kowalevsky showed the 
importance of the condition my <m—k,k =0,...,m— 1, for existence of an analytic solution 
of the Cauchy problem for equation (9.74) in the following example: 


' Under this name she published her paper [Kow1874]. Her original Russian full name is Sofia 
Vasilyevna Kovalevskaya. 
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D,u(t,Z) = D2u(t,z), lt] <1, |z| <1, 
u(0,z)=(z), |z|<1, 


with analeptic function @(z) in the unit disc |z| < 1. The solution of this problem has the 
representation 


Now taking p(z) = (1—z)7!, one can see that D”p(z) =n!(1 —z)~"", one obtains a power 
series 

— (2n)! ie 

n! (1 _ grt ? 


n=0 
divergent for all ¢ and z in any neighborhood of the origin (except ¢ = 0). 

2. On necessary conditions for existence of a solution. Mizohata [Miz74] (see also [Kit76]) 
showed that the condition m, <m—k,k =0,...,m—1, is necessary for the existence of an 
analytic solution of the Cauchy problem for equation (9.74). More precisely, he proved the 
following statement. 


Theorem 9.22. (Mizohata [Miz74]) In order that the Cauchy-Kowalevsky theorem for the 
Cauchy problem for equation (9.74) hold at the origin, it is necessary that 


m <m—k,k=0,...,m—1, (9.84) 


Let p = maxy.o{|o|/(k+n(k,o))}, where n(k,oc) = min{u : ai, # O}, and ai) 
ficients of the operator A, (t,z, Dz) = Lou a,qt" DY. Mizohata showed that p < 1, which is 
equivalent to condition (9.84). Kitagawa [Kit90] introduced weights px, and p, by 


are coef- 


px = maxt{ |r| /(k-+ n(k 0), [| < k} and p* = max{ ler /(k-+n(k,)), || > &}, 


and proved that in order that the Cauchy-Kowalevsky theorem for the Cauchy problem for 
equation (9.74) hold at the origin, it is necessary that p* < p,. The latter again implies condi- 
tion(9.84). 


Leray-Volevich’s (LV) condition (9.1), that is 


mi; < Uk Hj + Pk—- 4, k,j Vy vey, 


first appeared in Volevich [Vol63] in 1963, and in the context of the Cauchy problem for sys- 
tems of differential equations in Garding-Kotake-Leray [LGK67], in 1964. Mizohata [Miz74] 
called systems satisfying LV conditions (9.1) Kowalevskian in the sense of Volevich. The case 
Hy = k was used by Leray in 1953 [Ler53]. Usual Kowalevskian systems correspond to the case 
My =0,k =1,...,N. 

3. Infinite order differential operators. Differential operators of infinite order obviously do not 
satisfy LV conditions, and therefore, the corresponding system with such operators are not 
Kowalevskian in the sense of Volevich. The Cauchy problem for equations and systems with 
differential operators of infinite order was studied by Korobeynik [K73], Leont’ev [Leo76], 
Baouendi and Goulaouic [BG76], Dubinskii [Dub84], Napalkov [Nap82], and others. The rel- 
ated theory of analytic pseudo-differential operators is in the focus of many researchers; see 
survey paper [S88] on results up to 1988, and in works [Dub96, Ren10] on its current state. 
The analytic solutions of differential equations with the real time variable and complex spatial 
variables are studied in [Gal08] in model cases. 

4. On uniqueness of a solution. Holmgren [Hol01] in 1901 showed that the Cauchy problem for 
equations with analytic coefficients, but not necessarily analytic data, cannot have more than 
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one solution. However, if coefficients of the equation are C® functions, then the Cauchy prob- 
lem may not have a unique solution. Namely, Plis [P154] in 1954 constructed an example of 
fourth order equation with C*-coefficients for which the uniqueness does not hold. Later other 
examples were constructed; see [Met93]. Calderon [Cal58] in 1958 proved the uniqueness the- 
orem, which played a key role for further development of the Cauchy theory. Later, other vari- 
ations or weaker versions of uniqueness conditions were found. In particular, the uniqueness of 
a solution to the Cauchy problem for differential equations with partially holomorphic coeffi- 
cients is obtained in works [Hor83, Uch04] and for systems of such equations in [Tam06]. 
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